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Introduction: combining process theories and effects

Monoidal categories can be understood as process theories: processes (morphisms) transform
resources (objects). Given resources P and Q, we have the joint resource P ⊗Q, and likewise
for morphisms. We use string diagrams [JS91] to depicit and reason about such processes
(Figure 1). Strings are resources, boxes are processes, juxtaposition is tensor (⊗) and joining
strings is composition. Diagrams that are topologically equivalent denote equal processes.

Premonoidal categories are a refinement of monoidal categories, introduced by Power and
Robinson [PR97] to model processes with effects. In premonoidal categories, interchange of
processes does not hold globally (Figure 1): the order of effectful statements matters. Jeffrey
and Román [Jef97, Rom23] showed how to use string diagrams for premonoidal categories. By
threading an extra string through every effectful process, interchange by ‘sliding’ is prevented.

print print“hello” “hello”

“world”“world” print print

Figure 1: Dashed string threaded through print prevents interchange. Without it, the diagrams
are equivalent, but denote different programs. With it, the diagrams are topologically distinct.

This string represents a global effect or ‘runtime’. However, when modelling multiple effects,
some effectful processes may interchange. In the presence of this global effect, equations are
required to capture such interchange, limiting the reasoning we can perform by string diagram
manipulation. We overcome this by extending the graphical syntax to include multiple ‘effect’
strings, which we term devices. By device, we mean informally: I/O peripherals, databases,
memory cells, etc. In general, devices correspond to definite noun phrases, and resources,
indefinite. If we only have one oven, oven ⊗ oven will be prohibited by construction. We show
that any premonoidal category admits a presentation by string diagrams with multiple devices.
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Figure 2: Flour, water, etc. are resources: we can mix in parallel. If we have only one oven
and cash register, they are devices: we cannot bake in parallel, or sell in parallel. However, we
can sell the first bread before or after we bake the second: these interchange.
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Device signatures

Monoidal categories can be presented by monoidal signatures and equations between string
diagrams over the signature [Sel10]. We augment these signatures by allowing each process to
additionally use zero or more devices.

Definition 1. A device signature is given by a set of resources R, a set of processes P , a set
of devices D, functions s, t : P → R∗ assigning source and target words of resources to each
process and a function d : P → P(D) specifying a set of devices used by each process.

Graphically, we represent this data as in Figure 3. Dashed strings represent devices, and
solid strings, resources. Here, we consider only one type of resource, which is left unlabelled.

set get rnd

Figure 3: Signature with two devices: memory cell (green) and random number generator (red).

Proposition 1. Device signatures freely generate premonoidal categories.

Informally, the morphisms of this category are the string diagrams in which each device ap-
pears exactly once in each vertical ‘slice’ through the diagram (Figures 1, 2, 4 and 5). Formally,
we extend the braid clique and runtime category constructions introduced by Román [Rom23].
A device presentation further specifies some equations between these string diagrams. For ex-
ample, we should ask that get # set equal the identity. In the next section, we show that every
premonoidal category may be given such a presentation in a canonical way.

Example 1. Mazurkiewicz traces [Maz89, DR95] model the behaviour of concurrent machines.
Traces generalize words, the behaviour of sequential machines, by allowing specified pairs of
actions to commute. It follows from recent work of Earnshaw and Sobociński [ES23] that traces
are morphisms in premonoidal categories over device signatures in which there are no resources
(Figure 4). In traces, actions are merely names; they do not effect transformations of resources.
Our setting provides the possibility of a trace theory which goes beyond merely atomic actions.
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Figure 4: A trace with three devices. Actions α, δ, γ can commute, but e.g. α and β cannot.
These devices may be conceived of as counters in shared memory, incremented by the actions.

Example 2. Recent work of Barrett, Heijltjes, and McCusker [BHM23, Bar23] introduces
a categorical semantics for the functional machine calculus, a model of effectful computation
based on the lambda calculus, augmented with stacks modelling different effects. This seems
well-suited to presentation in terms of premonoidal categories with devices, and we adapt
one of their examples. Figure 5 gives a morphism in the premonoidal category presented by
the signature in Figure 3. Two random numbers are generated and sequentially stored and
retrieved from the memory cell, before being added. The second random number generation
can be interchanged with the first storage and retrieval, but the two random number generator
calls cannot be interchanged, nor can the two uses of the memory cell.
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Figure 5: The second call to rnd may occur before or after the first set/get, but not before the
first call to rnd. This is enforced by the device strings. Example adapted from Barrett [Bar23].

Premonoidal categories admit device presentations

Any premonoidal category can be presented by devices. The existence of a tautological presen-
tation by one device is exactly the result of Jeffrey and Román [Jef97, Rom23]. Here we show
that more refined presentations can be given, which in general can involve an infinite number of
devices. We extract such a presentation via the interference graph of a premonoidal category.

Definition 2. The interference (or dependence) graph of a premonoidal category C has vertices
the morphisms of C, and an undirected edge (f, g) if and only if f and g do not interchange.

Roughly speaking, an edge between processes in this graph means that they cannot be
executed in parallel. Each maximal clique containing more than one vertex is a device. The set
of devices used by a morphism is the set of non-trivial maximal cliques to which it belongs. This
defines a device signature, and we can further impose any equations holding in the category.

Proposition 2. The interference graph of a premonoidal category C determines a device pre-
sentation of C that contains a device for each non-trivial maximal clique.

Example 3. The free cornering of a monoidal category A, models message passing between
concurrent processes [Nes23]. The free cornering comprises square cells with resource trans-
formations going from top to bottom, and resource passing occuring on the left and right.
This gives rise to a premonoidal category ⟨A⟩, described by Nester [Nes22]. This premonoidal
category may be presented by two devices, corresponding to the left and right boundaries.

Centralizers in a premonoidal category

The centralizer of a subset S of a monoid M contains all elements commuting with every
element in S. When S = M we speak of the centre. In the context of premonoidal categories,
the analogue of commuting elements is interchanging morphisms. The centre of a premonoidal
category in this sense, is a monoidal subcategory [PR97]. We can also define centralizers with
respect to this relation. Centralizers are now premonoidal subcategories, and every premonoidal
category stratifies into a lattice of centralizers, each of which models a subset of the devices.

Proposition 3. The centralizer of a set of morphisms in a premonoidal category is a pre-
monoidal category.

Proposition 4. Every premonoidal category C admits a lattice of premonoidal subcategories,
bounded below by its centre, and above by C.

Carette, Lemonnier, and Zamdzhiev [CLZ23] introduced centres for strong monads. Effect-
ful categories, mildly generalizing premonoidal categories, are in bijection with strong promon-
ads on (symmetric) monoidal categories [GF16, Rom23, JHH09]. Extending the centre of a
monad to centralizers of strong promonads would provide a conceptual approach to centraliz-
ers. We also expect tensor products of strong promonads, which can be presented by string
diagrams, to be a good setting in which to study combinations of device presentations.
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