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MoNoiDAL CATEGORIES: PROCESS THEORIES

Monow\al cakegories are an algeb arallel and sequential ition.
String ding m?(s are an ntermal ' r%a:;{uage o/ monoidal %m? i
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MoNoIDAL CATEGORIES: PROCESS THEORIES

Monoidal cakegories are an algebra of parallel and sequentinl
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MoNoIDAL CATEGORIES: PROCESS THEORIES

MOﬂOLdOJ. cakegories are an allel and tial.
Strin olmgrofc?s ae an ml:e(:nlglgb %{uag:r of moﬂoulnsje.Q ugltego Lompositian.

Buk stmg diagroms do not orly decompose. sequentially and."in paraﬂcL




Part ©:  Optics

or Conkexts




OPTICS

A on'L from A b B with o hole
from' X to Y is o puir of morphisms

{A—=XeM,  g¢:YeM—B,

written. 03 <f19>, and, quotienked
by dinakucolity on M:

(fsideh [ @ = {S| (ideh)sg).




OPTICS

fin oPh'L from A b B with o hole
from' X to Y is o poir of morphisms

[-A—XeM,  g:Yom—B,
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OPTICS

fin oPh'L from A B with o hole
from' X to ¥ is & poir of morphisms

f-A—XeM,  g:YeM—,

wrilten. 03 <f19>, and quotienked
by dinokiufolity on M.

(fstidoh | @ = {S| (idehssg).




OPTICS Form a CATEGORY
Objects are paiss 3. Compasibion (s
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OPTICS Form & MonowaL CATEGORY
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OPTICS Form & DuoipAL CaTEGORY 7

Seguencing s not an opesion.: "

J [X] s not on objeck, even g
e () () is o, ¢

T|1‘iS is not n.lOﬂOidaL, bul: it s : g
still, promouoidal. J [sl 5 [cl 7 "h

[ J [y]" [H]




OPTICS Form & DuoipaL CaTEGORY 7

Sequencing (s not ax gpekion, &
defines o hom-set 1o an object {hak
does not really exist.

)\;J‘ [)\;x] isxmt (;ln o.b)ecl;,.
k. (3J<(%] +(5) s defined.

This is not monoidal, but it is
till, promonoidal.

i
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OPTICS Form a DuopAL Catecory 7

Seguencing (s not ax gpewkion., &
defines o hom-set to an object {hak
does not really exist.

K%} isxml: %ngbjat,

k. (]« +(5) is defined..

This is not monoidal , but i is
till. promonoidal .
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Part 1 : Promonoidals




PROMonoIDAL CATEGORIES

Fromoroidol. cakegories  provide a. theory of coherenk composition.. |t has

Morphisms, GOXA). C ey
- Jiaks, COKYs), % v
Htoms C(nsR). Morphism  Jownk Atom

vmm pfop«([i?wlg SP‘AH:O\Q Ainto X and “something’ M%&M&g%ﬁ%@

then. splitting th al:someﬂu@mlbg(myolmys s spibig



PROMonoIDAL CATEGORIES

Fromonoidol. calegories  provide. o. theory of coherent composition.. |t has

* Morphisms, G(X:A). A

* Joinks, C(XYsA). % qaz

’ Htoms, c(vsA). Morphism  Jownk Atom
MMM'Q PrOPQ'hj‘

MeG MeG

f C(A;XeM)xC(MsYeZ) = [ C(A;Me2)<C(M:XeY)s

f MlC*:-G(FI;X®M)"€J(I‘1:I) = C(A;X) &
MeG

[€lamox)<cin) = A



Part 2 : Conkext Jor Cakegories




CONTEXT For (ATEGORIES

(onsider ‘expressions with. holes in a. cabegory, ke the following

wesvimsw,  f:mza, azmsb;mscemsd.
These contexts form. o promonoidal cakegory.
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CONTEXT For (ATEGORIES
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CoNTOUR 15 ADIOINT To SeLice

What is o canonical. algebra of context on bp of 0. colegory?
*Each cabegory gues o cofree promonoidal, confext.
* Eoch promonoidol gwes o free cabegory, confour.
Conbext

——— FeomoNoIDAL



Cnntourag promoroidal. cakegories genertes o catego@
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NEXT

Mon.. Conbext
MoNowaL ———  Feovoipac

Carecory «——  CATecory

Mon.. Conkour l N
l : "~ DUOIDAL
ek o wwopaL  CATEGORY

CATeGORY ~——
— ATEGORY



Part 3: (onNTexT FoR MoNOIDAL
(ATEGORIES




PropuoipAL CATEGORIES

pernimon. A produoidal. is a pair of promonoidals

Vieuis)  VIVEV=Ser,  Wesn):V™=Ser,  “sequentinl”,
Veie): VEVEV-Ser,  V(sx): V'™=Ser, "paralLel”

One loxly distributes over the other, %

Y: @apro(GD) — (fe()<(BeD) ,

b darec Vsequenth

‘Pz: — 4
Py: ? — :':e: Q 4 'PGYOUBL



MoNOIDAL CoNTOUR

Contouring produoidal. categories generobes a. monoidal. cabegory.,

(+) %X, (Y-)x,:x‘-»w
B
. 62}9 PRES 4 S



MoNOIDAL CoNTOUR

Contouring produoidal categories generakes o. monoidal category . Example.,




MONOIDAL ConTEXT

Consider ‘expressions with. holes in a. monoidal category, like the following

weusvsmsw, K,  Ji(m

©m)sq, Pl 9.
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MONOIDAL ConTexT

© Y -
f:(h®(ug|<;vg P29 3“'))33 - G@-_v—- 3w)
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These conho(ts form a. produoidal aategory.
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MoNoIDAL CONTEXT- CoNTOUR

Whak: is o canonical. algebra. of decompusition. on. top of a. monoidal. category?

- Ench monoidal. cabegory gives o cofree produoidal, monoidal context.
* Each produoidal gwes o free moroidal cobegory, monoidal conkour.

iy
MonoiDAL ~——— FkopuoioaL
Carecory ~——— CATEGORY

Monoidal
Conbour



MoNOIDAL ConTEXT

m (EHR'3). Opliced. string dingroms are the cofree pleducical. on o woroidol..
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MissING

opliced. string dingroms have some issues.
Th W“ﬁaebrﬁa o lol:a# bfreaucmqjm&st ks, -
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Part 4 NORMALIZATION

0pTICS For  MoNoIDAL (ATEGORIES



NorMALIZING Propuoipals

Moreover

weorem (EHRDD). e can m.ways normolize o, produoidol cabeqor.
J) Prody o LPS an Ldemc;gant

molizokion : Prodvo —

monod. L cons u‘:&:p& o free normalizokio
symmetric produot

n. u'mln.ry for

Every duoidal is indeed normolizable, but the fesult may be a. produoidal.

NV(xXsY) = V(xNeYeN),
NV(X3¥<,2) = V(X;(NoYoN)<(NoZoN)),
NW(Xs¥e,2) = W(X; NeYoNoZeN),
NV(Xsn) =NV(x51) = V(X N),

NV(XsY) = V(xsNeY),
NV(%3Y5,2) = V(x;(NeY)<(NeZ)),
NV(Xs5¥s,2) = Y(x; NoYel),

NVOGN) =NV(X51) = V(X5 N).



NEXT

I‘é\ouomm. /‘L-m — P&owomm. T N%l‘ll
MEGORY = CATEGORY < CATesdRy
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MoNOIDAL  ConTexT

am (EAR'23). Opliced. sting diagroms is the cofree Produadal on a. tonoidal .
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NORMALIZED MoNOIDAL (ConTEXT

m (EAR'Z3).  Monoidal. opics are the fiee vormalization. of 1he Cofree Pradwidal.
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NEXT

| _— NorRMAL
YMMETRIC "= OYMMETRIC @SB SyMMETRIC

oNobAL _ T _ FeoovopaL ~ - _ FeoovoipaL
CatecorY oo CaTEcORY T CATEGORY

|

1 st NORlMAL

Mon. SFlice.

MonoiaL ———  Peoovoipa. == PeobuoipaL
Chresory ~——— ‘Canreeonvs e CATEGORY «
I eicsin~ NORMAL
S “ DUOIDAL ~ ™ . DUOIDAL
Flice.

-~

CATEGORY ~——
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NORMALIZED SYMMETRIC MoNOIDAL ConTexT

 (EHR'). Optics ore the fiee sym. rovmalzakion. of {he cofree prudcidal
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Part H: EXAMPLE




ONE-TIME PaD

Q . I I .
oo gy o s i g P e

] Broadbent & Karvonen.. (ategorical Gomposable (ryptography.



ONE-TIME PRD
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7] Broadbent & Korvonen. (ateorical Gomposable (ryptography.



ONE-TIME PAD

Broauibcalrl}:Q Kar\/onen propase o.{ormahzabon of the one-time pad in o
monoidal. category with o. Hopf‘algebra. with an integmt .

A

We. can reason. about securily using string diagrams.
5| Broadbent & Korvonen. Galegorical Compusable (ryptography.




ONE-TIME PAD

Wew&bsdiﬂm%r%n&dmbé%aqﬁi i c;lno;smg&cmtrot the broadcast ;




ONE-TIME PaD
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ONE-TiME PAD
This is not only about string dingrams; this is about code modulaihy and separabion.

oneTimePad(msg) = do
key <- randomBit

crypt <- xor(msg,key)
msg <- xor(crypt,key)

return msg

Do-nofation. is a synfax for (pre) monoidal ies; following string diagrams.
V?e can umioé sgil:h meosrsagpefpass&tg, mclﬁ.tq;;rhh inko ;mn:tsm

£ Heunen & Jacohs, Hughes, Staton & Levy, Romak .




ONE-TIME PAD I e

This is nok only about string diagrams ; this is about code modulaihy and sepaabion.

oneTimePad(alice,bob,eve,msg) = do alice(msg, key) = do
key <- bobe() crypt <- xor(msg,key)
crypt <- alice(msg, key) return crypt

() <- eve(crypt)
msg <- bobi(crypt)

return msg \
bob() =

key <- randomBit
lkey
?crypt
eve(crypt) = do msg <- xor(crypt,key)
return crypt return msg




FURTHER WORK

%] Moroidal (ontext Theosy.  Maxio Romain, Pro Thesis.

22| Deodlock-Tree Message Phssing via. Folar Shufflings. Molt Fasshaw, Chad. Nester, Magio Romai,;
extended abskrﬁlzsag for Nuv?PVTLQZ;. i ° .

2 A Moroidal Chomsky-Schiifzenberger Theorem. Motk Fasshaw, Magio Romait

in peer-review.




END




NormALIZING DuoIDALS

A duoidol (a,N,@,1) is normal whenever T >N .

* Being normol. is a praper(y (idempotent monad?).
* However, we conrot normolize any duoidol. .

eorem (Darver, hipez frane). leb (Ve,1.,4,N) o duoidal with ‘g,[o(m
coequolizers, preserved. by (@),  Then , (Bimod %, on, N,a,N) is o, normal.

duoidal.. Similacly for Symmebric. duoidals.
- Ganer & Lopez Franco. Gomrmubnbiviky .




FURTHER WORK

I the category of lenses, we can write exchanges, e.g. A
1.C (B v“z)"V) g
PROPOS The © o qxeseutnble, -
monowllT(:wal:lm (%) g(lglse.s 58815 U
v

.C(§s % v)

P le t {mb (' 7):0%

I Send ;_C(B,lxq?w@z)«su«?v)

7 Recewve | £ Honda, et al..




OUMMARY

Bob

\»Ihal:areﬂlesemw"'f’l@te diagrams?
2 M.R. OPmDmgmmsvm.Coed(nlaJus.

Whmh structure do they form?

%&ﬁi&% Algebro.dgrprorcls‘i




OUMMARY

* DO«ﬂ: 1. )ro‘lund:ot:s

» fart 7. Promonoidal (akegories

« Part 3. Conkext for (Cakegories

- Part 4. Context Jor Monoidol (Categories

» Prk 5. Normol Cokext for Monoidol Categories

* Fart 6. Normal Context for Symmetric Monoidal (ategories
* Pk 7. Send [Receive  Sessiont Types




MONOIDAL CATEGORY

DEFINITION. i moroidal cobegory is o cabeqory € logether with Junckors

sobisfying the pentagon and. triangle equalions.

©): CxC— O, 1:1—-0C, By);(Y;;”m

: neshng e\lYo !

ond. nokutol. isomorphisms ean. Junchor composd:‘o\:e i
%,sc: Ao(Bol)—(AoB)eC, § Xe(vev 5
Aczef - A, i XeM where M=YoZ.
p.:fox — A, ; i

................................................



PROMONOIDAL CATEGORY

DEFINITION. A promoroidal cabegory is o. cabegory € bogelher wikh. profunchors

O(-e=): CxCxC—~SET,  (fzsn): TS, Bynﬁl:mgCiX@(YeZ). -““f
ond. nalul bijections, ; we meon pro{urwbr meOScEm’i

Ko C(X®(Yez) ) z C((xey)@z ) C(Xf(yez) ) =

2 c&Z’i )): X s f ((XeMs)xElyoziM).

salisfying the pentagon. and. triangle equations.

................................................



MonoIDAL CONTEXT- ConTOUR

Whak: is o canonical. algebra of decomposition. on. bop of 0. monoidal. category?

- Ench monoidal cabegory gwes o. cofree producidal, monoidal conbext.
* Each produoidal gives o free moroidal cobegory, monoidal conkour.

g
MonoiDAL ~—— FrobuoioaL
Carecory ~——" CATEGORY

Monoudal.
Conbour



Part 1 : PROFUNCTORS |
DINATURALITY




WISHLIST e

AeB sr(il:s inbo
(AeB)a((xeY)eB)e(Xe(Yer) ¢(CeD)
to ad: to CeD

Algebra. of lmm",el./sequenblal decomposition . (Fo) duoidal. cokegories.
Semantics of i.ncomPlehe d@fams . Monoidal context.

Message- passing. Serd - Receive. {ypes.



PROFU NCTOR.S (Funcrors €D —~Ser)

Projunchors are seks of processes  P(x:Y) indexed. conbsovariontly by o.
iputs XeC" and. covarianbly by outpuks, YeD. They hwe adiors,

(): C(X;X)xPX;Y) —= POGY),
©: P(x;y) * D(Y;¥) -~ PGy,

salisfying
§>(p<g) = >p)<g s complibily
1>4>p=sH>p &1>p =ps lZ'ItOLhOn
P<9°<3‘=P<(3°;3‘); p < id =p. (ight ackion



NorMALIZING SYMMETRIC DUOIDALS

A duoidol (4,N,@,1) s e-symmeic whenever @1 is symm. monoidal..
» We con normalize symmetric duoidals as usual .
* However, there is o more specidlized. procedure.

( - dug
el 8 PRl on s & o A

71 Goyner & Lopez Franco. Commukabiviky .




PROFUNCTOR. (OMPOSITION

| process of th Q iso process i P communicaking with one in Q).
That is, <P ;.)cz (X z) t.s gwen bgpr;fg(x Y) followed by 0€QM,2) for some Y.

Gi ePXxy), qe Q(Ys2),
PR | gt i e
o b g o, b fm’ )<Q(Y;1)
" X
- ng&&hfbgetayq POGY)-QLY;
9
(P<f1q) ~ PS> YI_E! P(X;Y)*Q(Y;Z)/,% :

These ofe. ‘dinatually’ eguivalent.



DINATU DINATURALITY

We could Jdme contexts as paics of DEFINITION. oj bj
marptisns, bk ve would, Uke e (A:B) oS o
{oUoEnrggméJo o b:eqm morB it ?{ h;&,; . a’ o’

e Mok ol g: M b
qmwabg?ﬁmn@ )
<fsthoid)|9> ~ <f |(hoid)sg>.

» , In, other words, it is an dement of
: MeC
C(A;XeM) x C (YoM:B).




OPEN DIAGRAMS

E;l] ~r / hom(AsXoM) x hom(YeM;B) ~




OPEN DIAGRAMS

A

~> | hom(AsXeM)x hom(YeM:XeN)x hom (oN:B)

8 A
/ m;:t(ﬂ;MeXeNeX'eO)xlwm(MaYeNa)"eD;B) “—~
B

< X %



OUMMARY

Whatareﬂl&mw'"?'ﬂte ‘1‘“3‘“'"57

Bob

\.Jhu:h structure do they form?

%ﬁsﬂ%ﬁd Algebm.di‘;rpro?ess




OPLICE- CONTOUR

What is o, canonical. algebra of decompasition. on bop of a. abegory?
* Each promorocdal gwes o free cobegory.  Contour
bach cobegory gives o cofree promonoidal. Splice

Conlour
e

Car + Promon

~—0_"7
Spluce




OPLICE- CONTOUR

We can rewre Mellies & Zeilberger for promonoidals instead o] mulbioategories.

* Universal conbext = cofree  promonoidal. .

» Morphisms with. hales : w;msv;msw,
Splme(C) is the moroid of the duskity C+C.

* Con we do the same for monoidal cabegories?

7] Mellies & Zeilberger. Parsing as a. Lifting Foblem .




DUOlDHLS fin, exlo. dimension side-steps Eckmann.- Hilkon.

peFNmioN. A duoidal cabenory is 0. cakegory V wilh two promomoidal. sbruckures

a VsV =V | “segsplit” N o=V, “seq unik”
o VsV =V, “parsplit’ r 1=V, par unit’
such Thol. one laxly distribubes over the other,

Y faprelGaD) — (he(ra (BeD) |
l"o’ I —™ N,

P: N — NaN ,

Y I — 101 .

We ask coherence for these maps.



RecAp: OPLCED MonoipAL ARRoOWS

A f A

H - A

g =T

: (3] g
SC(0:%)  SCE¥e%) sCver)  SC(En) 5L(s1)
P sl opglt e o

M (EHR'3).  Spliced. moroidal. astows ase the cofree prducidal. on a waroidal..



Part© : NORMAL (oNTeXT FoR
SymM. MoNOIDAL (ATEGORIES




RecAp: OPUCED MonoipaL ARRoOWS

SC(0:%)  SCE¥e%) SClver) SN 5£(s1)
pe sl pldl sl el

=FHefF T
Q.H_t
~F

M (EHR'3).  Spliced. moroidal. astows ase the cofree produidal. on a weroidal..



MONOIDAL LENSES

A
i 2]

B
B

LC (%szf) LC (g,,v"v LC (%,,vﬁv LC (%‘:N)

morphism squnuhgl. pogp ¥ segmhl.

M (EHR'23).  Spliced. moroidal. astows ase the cofree pruducidal on a mevoidal..



Recap
NoRMAL

?\mnmc oo, ontoue Svnncmc il SYMMETRIC
OIDAL T IDAL 4 IDAL
CFR'EGORY e 8ar£eouv - &reeom/

1 OgA l LA 1

o, Contos it 1 NORMAL
MonoibaL = P&owonom. S P&owomm.
Careeory o LATEGORY = CATEGORY -

IB (i) " . ﬂﬂb ME) TS -
l too Wotealization NORMAL
oo ~  DUOIDAL 1 DUOIDAL
foroon. Catecory ~——— (CATEGORY

— R
Catecory ~——  CAresoRy
¢ plice SC



Part 7 SESSION TYPES




ONE-TIME PaD

Bob : LDist(z —B;'Ba?B)

We can i ohism. and. th
of o prmty ca!;egorg %{roéu':;; b;t sk(mmmdmeimem V. the laxloes



SOMF_ OOME. K EFERENCES

71 Gorver, Lopez franco.  Commulnbivily.

7l Mélies, Zeilberger. Possing as a lifling problem.

71 Pastro, Streeb. Doubles for monoidal. caliegories.

&2 Booker, Streek . TannaKa. dualily and. convolubion. for duoidal. categories.

2| Eosashaw, Heflord., Romar. The Frodusidal Algebra. of Process Decompasikion.




ReLaTion 10: WIRING DineRAMS

T Spivak., VasilaKopoulou,, Ropel. .

'lﬁem g o M: /rorr;o rt;. eét:rga%’ esnyd'znntekrw prodwdal. extracts a



RELATION To: (ORNERING DiaGRAMS

We can also split processes
in the free proarow equipment.

Double cateqosical CRALs.
8

Limited, bo the symmekric case.
The following is ok expressible.

M (Nester, Boisseou, Romin). In the symmebric case, conkexts and. one-sided
corttering cells coincide. Thus, they form Ehe free normal symm. cofree producidal .



RELATION To: LINEARLY DisTRIB. CATS.

linear ackegories provide semanbics for concurrency. Can. we compase?
* Types track polaribies assigned. by the user, instead of send /receive.
* Much, richer struchure : choice, fixpoints, ...

Surpﬁ's(:g(ﬂ, {he\'e is some cleas malthemah'cql. connecbion .

CONJECTURE. _|SOMiX cnhegorws are normal duoidal categorw.s
A normal duoidal (C,x,aN) is iSomix (C,@-x,¥-q,N).

@) Cocketh et ab 5 Bluke, Cocket, Seely



ALGEBRA OF LENSES

B-l-

L0~

a* ¢t a*
7Y l
ged . [
5 . |4
A c '
A* o
A+
; |
Lo |
f
13 <
c
_
- v




MONOIDAL SPLICE- CONTOUR.

)
S/

N F@@_ WEsviasw) = f(helwksvipsgsw)s
4 J oKV psgsw )39
N L’!%ﬂ%ﬂ t
_ [uf
@ . _ ﬂ Hﬂaﬂﬂﬂﬂ
s




ProbuoiDAL ALGERRA

B o oF MoNoiDAL CONTEXTS
| &2 Earmshow, Hefford, Roman .
Composibion ' derity

ParALLEL ProTeENSOR
SequenTiaL PROTENSOR




Algebro. of parallelsequentiol decomposikion. (FoYduoidal cakegories.
Semantics of incomplete diagfams . Monoidal contexE .

Message- passing. Serd - Receive. {ypes.



E NDORELATIONS IN A MoNoiD

let M be any monoid. Endorelations Jorm a. duoidal pasek. Commitative d M is.

R4S (x,y) = 3z. R(x2)a5(z4). N(x,y) = (x=y),
ROS (x.8) = Torxexs) R(x8) A SGusdr (useg), T Gog) = Cecens)

For instance the ficst laxator says
R(x:2.) AS(21:40)

(R<Sr8 (R4S (x,y) = Ixxeyge2za. xoxo 4 R beiz) A5 aige) * 9:9:29 -

2.2 R(x::2.) S(@y)

e Sy
— Bx.ng‘ylz'z,:'. XXXy A R.(Xz'.Zg)A ZIzz‘:lelA S(Zi 581,) A 3.31‘.’3 .

Normalizakion gives offine elafions or biaffine velabions.



PROFUNCTORS

ae::'l;l&mr A Frojw\ctor P:C»D
P:(™*xD — Ser.

E | , 0.jom sets P sY)
e e
with actions
(>): hom(X;X) x PCx;y) = POGY),
©: Px.y) * hom(Y;¥) = PG;y"
thok ore Junchorial. -

1>(p<9) = (>p)<
i’igﬁg=(£si)>Pp .

Frojunctors compose via. coends
PQL) = PixeY)=QET)
= |Y_B| P&Y)*QMY;1)w,, .



NormaLIZING DuoiDALS

Consider . duoidal V. 0,1.4,N), | Lo rormal , we reed.
l:ochangﬁ@wcﬁtt:f@hl iso.unil?.N v va o rorel gy, e

*N is already & ®-mowid, wth NON-N and T-N.
* The cakegory™ of N@-bimodules is monoidal:

Ne(AdB)eN — (Nan)@(A4R)e (NaN) — (NeAeN)4 (NeREN) — fAdB,

o, e e e ot ekt oo e e frex (0,

AleneB = fleB —* Aeb.

Gaeer, Lo ). b Ve, 1.4,N) o duoidal wi i izecs,
e s, o & i e ez



NORMALIZING PRODUOIDALS Moot e,

Consider o produidal category (V. 0,1,4,N), We can awwavs” rormalize it
There is a. “bimodule promonad’, and, ifs categoy gives @ nofmelizakion.
NV(X;9) = W(xsNeveN), NVXsY) = WxsNeY),
NWV(X;¥+,2) = V(x;(NeYon)<Nozon)), NV(X5¥<,2) = W(X;(NeY)<(NeZ)),
NWV(x;Ye.2) = V(X; NeYoNoZoN), NV(X3Ye,2) = V(X5 NoYol),
NVsn) =NV(X5T) = W(xs N), NVOGN) =NVXGT) = V(X N).
weorem (EHRLD). Lt (Vio,1,4,N) 0. produsidal cabegory. Then, (N, ow,24,N)

is o, normal Pfoduoidal.. Morever, WN: Prodvo — Produo.

weonen (EARLD). Lot V0, T.4.N) 0. prodhoidel. clegory. T, (Y, 0, 40,)
is 0 no"nd.sympfodum}dnl.. Moreover, W: Prodvo — Produo.



NorMALIZING SYMMETRIC DUOIDALS

&nsgggz s%n?mmlr?ri i.\\/vﬁf.d’m. H we wark o vormal. cabegory, we reed.

* N is aready & @-monoid, with NON-N and T-N.
'The‘fnhegou:‘jyo} N®-modules s monoidal s

N@(A4B) — (Nan)@(A4B) — (N@A)a (NOB) — fAdB,

o, e e el Ly Cof e e e e (00

leNeh = feh —» flob .

ipgzFon). e (V0,7,4,n) o syn” duoidal. it vl opualizes,
el Rl vl e i



MoNOIDAL  ConTeXT

1M (BHR'2Y).  Monoidol context is the cofree Froduddal on a monoidal .

1A
x[:l_fj | A 1A 1A
y }F\ xE{J xcl:f_—l]x ER
x.{g-: : y g y - N -.‘y' [:‘j
v"‘h:-' S:B ? B ?B
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