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PART 1. STRING DiAGRAMS




MoNoiDS anp LisTs

mﬂ; (ic;ﬁuh monoids use Usts: the iweme of o mutbiplicalion is the reverse

on of the inverses.
Proor. X-Y-y'-X' = XX =e,

However, o we are pedanbic, we could say he llowing prodf is more formal.
ook, (X-Y)-(y”"- X" = (X-(y-y"N-X' = (x.e)xX'= X X' =e.

The st and the second are both formal, thanks 1o the ollowig result.
eorem.  Lists with concateration form the fiee monoid  over some. genenors.

Lists sumplify monoids. This falk is about stiing diagrams simplifying processes.



PermuTamive STRING DiAGRAMS

DEFINITION (52 Joyal, Slreel ), A pesnubofue
string dingra 4s an acyclic hypergraph

- such, that every vertex 0S
ot o, ouce 05 ot

- lobelled. b ed signalir
s eg 5a mi signative on
. med with dislinguished.  inpuk/oukpuk




STRICT SymmeTric MoNoipAL (ATEGORY

DEFNON. A (stick  symmelric) moroidol cakeqory € consisks of a monoid
of objects, or resources, (€us,@,1) oad o colleckion of morphisms, or
proesses, €OKY), indeved by XeCuy and Ye €y, wibh operakions of
e i o)+ MR = ENEK v
0 n, ®): ( xC\\3Y) — ® ’5 );
Eﬁz{m,@dx :COGX) 3 ! ?
ad. symmeliies, Oxy: C(XeVYs YoX).

Sokisfying oll. he following axioms.



STRICT SymmeTric MoNoipAL (ATEGORY

AXIOMS.
DY Fsady =1 = idysd s (1) Oy = idx = Oxx 3
(2\ 13 (9 H h) = '[3 9)3 "L 5 (8) Oxvez = CO—X,‘/@idﬂ) 3(4:6{\/ ®0;c,7) ’
(3) f® id.;[ =,7(=" '(:d,:[ 3/3 ((3) Oxey,z = ude O-y,z) 3(Ux,z@4dv)5
(4) fe(geh) = (Jeg)eh; 40) Gy 305y = 4dyx® dy 5
(5) {.d.n @'(:d.e = 4d.(.\gB 5 (M) Ox,y ‘9’(‘)(@9) = (9@f) $ Oxyr 3

©) d30)8{39") = (&) 3(geq") ; UD) (oxyed)s(deg.)s 0, 0i) =
7( 19 fof2%es (doe:.) 3 (0. 04d) s id & sy).



STRING DIAGRAMS For  MoNOIDAL CATEGORIES

THeoremM (Joyal, Street). String dingrams form o symmebric monoudal

cokegory.
Koo ke Ko Xe Khe Ko a
C9 X X1.-.Xn
. ] l l
Xe ... Xn
4 )’m Y; Yr;l' Z1 Zm Y1 Ym

X O’ 33 / o

KoYy

y1 YmX1 Xn

o



STRING DIAGRAMS For  MoNOIDAL CATEGORIES

THEOREM (Joyal, Streek).  Permubative S\Sﬁ? dingrams forin the free. slrict

olir tdol. T groture. Tk und.
o gl b sy ol g

REMARK.. A monoidal sigratuce (or, ) is o set of objects and, 0. sek
gemfo%rs wi'pﬁman iﬁ}’&t ord, %Ziqa«ikm 9&%'9&}5l gf %bjectso? o -t

whites pasbe

whisked  thick
€4g 3o|k 3o|k S pGSh mascarpone. whie whde
al \ \_._/ \,
!crw:k! ; i peak ; s [ 5 [hsk] 5 [eld] }
{ pste e Py

whide shell 3o|k cream



MonoiDAL CATEGORIES can D0 ProBABILTY

Consider two s loliscard, - generto
probebilty theory m ¥ mbermkm with r?J«ese genetato

rj_]ae

cout

cout | .

9

cout

\

XOF

{ A

l

coin.

*} Synthelic

°
J

f morph;smtscarkscan L‘[LECQIL'?CCOUQLLMA,JLSWAZCL

(fj‘aj D -

Cho, Jocos (2040) , Frikz (2020).

Goducci, G)rmdm 4999),

®
9



MONOIDHL CATEGORIES can DO ProGRAMS

<

LRy

do (x,y):
X0y =y
SN
rehtm(x q)

3]

do (
rex qn(!j X) }

an
):

o



MonoipAL CATEGORIES can Do ProGRAMS
ALY

Hed el s R

g ey g

\Wm’J ¢\;5 (1j P 1 L‘IJ--H- I

l .
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MonoiDAL CATEGORIES cannot DO ErFecTs

"WOVH“ 7 "M"\d“ ]

“helloworld”| " hello"] "hello™ ] "aord hells
F__lﬁ _ 1 -
post |~ [post | 7 |Post | |Fosl: |

post | [post |

Manoidal. categories cannot caplue global effects: we shoud not interchange effects.
Axiom. (6) (39)8(f39) = (fef)5geg) implies interchonge, can we dop 7
(deg)s feid) = {89 = (feid) ;(ideg).



PART 2. PREMONOIDAL (ATEGORIES




PREMONOIDAL CATEGORIES
Premonoidal. caegories are monoidal cabegories withouk the interchange (.

"m“\d\\l | " \d“ 7 ,,

“helloworld” " he,luo w " hello* | e’ “world hello']

|Posl: T [post 4 |Posl: } |Posl: |
| Fosl: Post |

PRoposiTioN. [he. free alaebras of o. strong monad. form o, premonoidal. ,
EXAMPLES. P(ocessesul\ﬁi.l:h global sghe, e. 3.m (2 .): SeT _C’“gﬁfy

22| Power, Robinson, 97 5 Fower, Thielecke, 99.




PremoNoIDAL CATEGORIES

Premonoidal cateqories are monoidal akegories without the interchange (o,

|
[/ 1 [9 |

Yot

oroposiroN, The. Jree. alaebras o o steong monad. form o, premonoidal. cabegory.
EXAMPLES. P(ocessesm\gi,l:h global sake, e.q. (ngx ) Set _f"fs”g’_ .9

&2| Power, Robinson, 97 5 Pouter, Thielecke, 99.




EFFECTFUL (ATEGORIES

PROBLEM.  Some. premonoidal morphisms do inkerchonge . We need. premonsidels
“with o Chosen cenber™

pEFINITION. fin effeckful category is an identity-on-objecks Junctor
from a. symmebric {r!lonoidal.ahgtegqog V' ("the t‘:’/a\ues“)J to a
symmebric premonoidal cabegory C ("the computakions“), strictly
preserving the premonoidal structure ond Ccentrlity.

" h euo W\ ' ‘WOV\d W n h euo W\ . ‘mr\d 1)

«d.-on - objs.
cenkraC J J
vV 2% ¢ | . L
vodues Compu,tohons - P&t— | | | [P-r__
[prnt]  Lprink |
-+ This is the motivabion for Freyd cabenories. el Stoton,Lev




EFFECTFUL (ATEGORIES

Even when every effect{ul can be strictified, and. even if we keep track of
centrol and, non-ceatral morphisms,

dﬂ = does NoT imply [ T iR
? | ”?"'
we lose “(ocaliby’ of equakionol tensotting.
e Whak i there wee o belter solubion?

r 3 -1
{
|
\




EFFECTFUL (ATEGORIES

A solubion was Proposed. in the 99s. add an exlro. wire.

I

I

|

does NoT imply

l

I

v

h

|

N

J

l

22 Jeﬂr@g ) A"

h

|

|

Intecprebakion : Ruatime, needed, for compuialion, is o, resousce of your resouree heory



RUNTIME 5 et

&) Stakon, Levy, 13

+ An ext, wire represents runbime: global state
Thit|[PWhet's.t] of the system and. conteol over it.
reeking | question o JEFFREYS ﬂkﬂ.h'me (S {lmb\e we can choose 0. class
l_Prml: o{ pure morf\w;.sms. It works for effed{ul cabiegories.
id -on - objs.
et V cenkral G
)_9 fame V(LLUC’,S Computoi’.(orls

concakenake

N | output * We can always chaose ZC-C -Ior Pcemonoida&s.

nt
LPWL' ' From row on, withouk loss of gene(ohl;g, we work
fio 1. Bosic I0.  Wikh effectful categories.



WHY EFFECTFUL CATEGORIES (cer/ovr e

szll; BEDE ll= l) ]
[

’ E-put
get - get geb-discard put-p

1.1 }ngj_] |

get - put F# -gek
Consider some lens (aws, dsoawn naively.




WHY EFFECTFUL CATEGORIES (cer/eur oxpmee)

Many structures are clear once the runbime is presenk: consider the
state monad TsX = S+SxX with get & :4+5 ond puk Y:S-+1.

fch:(llll; ’fl“ LEJT)L]&’ with Y =4¢ 5

comonoid.  (runtime coackion) semimonoicd (runbime semiackion)
Spéc(aL semifrobenius  ackion

We can study o bwo-colour PROP  instead. .



WHY EFFECTFUL CHTEGORIES (Ger/pur Dameee)

S l:Vagli¥on o
OE-0 \, 9‘

L
@ |
&

i Y !
ey
{"3}-@}




CONTRIBUTIONS

1. weore . The free efecful caegory in some genebors is the free
monoidol caleqory over the Same generabors endowed with runtime.
kel

PolyGraph f@s&/ Stridk Effeckful

7. THeoReM. Effectful mﬁmes are pseudomonoids in 0. monoidal
bicategory of promonads; in the some way that monoidal
cokegories are FS&Adomo:fdids Lc({l 0. monowal” bicabegory of ategories.

Pseudomanat
_—
fos | (obegories | Monoidal cateqories

Arcows | Effeckful  cokegories o oy




ParT 3. RuntiME




FIDDING RUNTIME

Jerrrey's Nommov. fvoid, (kerchange by adding an edxa. wite: the runtime.

THEOREM. The morphisms  Ao®--@fn — Bo®--®By of the
l free effeckful cokegory over & ‘Signature’  H—T are

7 Morphsms RofA,6--6fl, — RoB,o-6B,
_\rg_ﬂ of o tmonoidal Cakﬁjgffﬁ with generobocs
.\{ {orveV3 :lf Jor €G3 % ] (\J :

and, the. expecked axioms,




SIGNATURES with [RUNTIME

DEFINITION. fn eﬂed?lul Poiﬂgmp\w (,G) is o pais o{ polygmphs s\rlarlrg the
some  objecks, ¢ty;=Ga;-

EXAMPLE.

(,’é’o={ﬂ.B,C e

Effeckful polygraphs give signaluses for effeckful. cafegories.
THEOREM.  Sfring diagrams wikh runtime consbruck an  adjunchion

Strings

7 N
ErrPorverAPH F—Lat > StRicTEFFECTRUL.
o1



STRING DiAGRAMS WITH RUNTIME

String dingrams genexoted bg .
R A, Aa o An A. R 0
KRR

R 6 Bm

for feG(A,,... A B B\ and veH(ﬂ ﬂ B By
ond, quobml:ed, by braiding axioms, askm3 R bo be on the Drinfeld centee

We prove that diogroms K @f,0-- ®Hn — R®Bo® ®Bm Jorm an e{{z&{d (okeqory.

| >



CLIQUES

Technical. problem: K 0@+ 0fly — KoB,0---0By alu thak bhe
mnﬁ;\ne i,swgn t‘?\e le?bﬂ. This F‘brelzl(s Term S(:ru;b,tuml. %ﬁdm

pernmion. A cligue is 0. collection of objects, (A e, together wikh ax
i.SOMOfPh(Sﬂ’l xéjiﬂé"’ﬂj, such that ¥:=id:, and &J%KJK = 0k .

consiruction.  The broid digue on o. list of objeds [, -.,An] hos R inserted ok
each posikion. 1 oRo...of
Refe--eff, ”

~—_, Ae--eRoef,

~ Trimble's inbuition of monoidol coherence, on the nlob.









R@ﬂe«)B AeRoP

\ H@B@R //

P

R@C@D@%\ljf é’@D@E
C®D®R®E




STRING DiAGRAMS WITH RUNTIME

Finally, the assignment detprmining the wniversal effectul, functor is

(m) d 5 H(K) - H() - s H(Eg) -
H( = H('r‘ﬁ)s H(‘:-T“-lﬂ);
(#'ﬁFH(@)M o 1, (FE

(o B ) - . (EJoid 5 io H(FHR) = o H(

F() s

) s, (cE

) = ide k. (#)sH('#l’)m:i ;

THEOREM. Sl:rmg dingroms viigh runtime construct an adjunckion
PowveraPHCOUPLE 2~ > STRICTEFFECTFUL.

Foge,t



Part 4 : DIAGRAMS ARE PROGRAMS




ARROW-Do NorATION

EXAMPLE. HelloProgrom (reekiog | greson
| [prick |
proc (QUeSEwn,greeJ:in ) = do
() «— print —< guestion L_S?:E_]
name «— get —< () name
oukput — concatenake —< greeting, name [ concakenake

() — pri t—< 0 u,l: outpub
rekurn () pre r [‘Srt‘xtt I



ARROW-Do NorATION

Morphisms A.®--®R.— B.® 0P th | Aol ak
ovec 0 mulligraph G axe ARRow Do- NOT:'I{mN ) b{l?fkssgm preono

do (Xo,...,%n) 2 tlhlﬁremch ambuﬁ‘l;\»e. OE'QZ»(.
9.' (H""" ' H:"‘*) > Xi e X % musmw eco.vcilg once.

Q.K (H :, Y :‘:K) = XY, .oy Xie 8---.9k € G ase geneml:ovs.
fel:u.m (Ho, ,Hm) Aﬂd l_}'e tﬂPQS mus(', U\ch\'\

Heunen Hasvo, Jacoks ¢ Hudok.



Copy-DiscarD  EFFECTFUL (ATEGORIES

DEFlNlT\ON A c.d.e-cabegory is twoidentity-on-obj ed:s funch)rs
rom 0 car'les cofegory V™ (“the ") 10
ergr (“the (ogal g&,‘im compu whons”) and&
(c premoroidol. ("the computahons , skrickly
Presewmg l:he pre mono&dal. S (:md:ure and. Centamlity.

id.-on - objs
Nt o obis

o P f_t_tc

(.OCOL, pue Ccom Pul:af.to S



Copy-DiscarD ErFecTFUL Do-NoTATiON

_ [evi:Xe oo T'rva:Xa
eXOel Fxi: X [w rekurm(va,...,Vn): X48--8Xn

P"Vu‘Xl coe P"'Vn’Xﬂ
Iy f(Vn ,...,Vu)‘ y

FrviXi ... TrveXn U,,.. Yyl p: A
v Q(V| ,...,Vﬂ)-’ y,,...,ym; P : A

F'eviXi ... TrveXa Yyl p: A
| h,(V. ,...,Vn)'\"y.,...,ym; P : A




Copy-DiscarDd  EFFECTFUL  Do-NoTATION

THEOREM. Effectul do-nolation dervatio ’
eflectil e s B e 1%, o it

EXAMPLE. HelloProgram ireking k | gueskion
1 LPant
" prink ( )
rw
‘;el: () — name )- 9e$lame

print ( ( name))
return () | output

[ch@_.




EXAMPLE : ONE-TiME Pap

~Time-pad () : one-Time-pad () :
e e 1‘-
modify (ue-) - retun (0) PRoPOSITioN. The oneclime
m{—? ) B pod. protocol (s seture.
i e

reburn, ()






FFFECTFUL ALGEBRA

* Lowvere theories: models are product-presening fundors inbo SeT.
« Monoidal theories: models are monoidal Hunctors inbo SeT.
 Premoroidol. Theories: models are rurntime-picking monoidal. fundors inko SeT.



MuLTipLE DEVICES

vad.

N Any premonotdal. be pr
CEm Pl an b psrted
presertnkions may combine effects
md | ot exobic ways.

\ get
seE

get




FEEDBACK PREMONOIDAL CATEGORY

DEFINITION. A feedback premonoidal, cakeaoty is @ freyd cakegor
V=G endowed with an Pg;r:r:l:or mlaegog Y 503

Jok®: hom (S®A SeB) — hom(A,B)
thot sokisfies the Jollowing axioms.

1. a 2.
« x a a
O el S RN
7 1A = 7 _
1 11
Y, Vv U \_ \_

3 Jb¢ () -) = KD, Bonchi, Di Lavore, Romd



CLOSED CATEGORIES

A
RL;CB: H@B __>C
7 2
fc [= A — B-C
B-C
A-B A A B A B
) B@|ey
C —e-
P
B




CLOSED CATEGORIES. %-AuToNomous LAY

Symmelic woroldal, closed cobegories  fully-foithfully embed inlo %-auboromous
Cakegovies, So we Can use their graphicall caleulus’

. Every_\ o\a“)ed: has o {ormal dual. A + H%.

+ Some, diagrams are valid; some are rok.
- (A-B)= A*sB.

-0 ¢ & v

Shulman

—-




PROMONF\DS AND STR.IN(J DlF\GRHMS FOR.
E FFECTFUL CHTEGORXES , (ROMAN, 2022).
ArXiv: 2205, 07664

STR\NG D\%RF\MS FOR PREMONO\DQL (:QTEGOR\ES ,
ArXiv: 2305.06075 (ROMAN, SoBOCINSKI, 2023).
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EFFECTFULS AS PsEupoMoNoips

Pseudomonoids are  2-dimensional moroids.

tneorem (2] Steeek, Day). Monowlol res e pswdamonoids in the
monoidal bicakegory o af

E_ o Ct U/L res Qj’d H’]US emo (daL
TFL‘EORE&- centre H {are ?Stﬂiomonoés n tth mongoudai bi ry
of promonads wtth the "pure  tensor.




PURE TENSOR

We ol bicakegory : hisms and rmabions
There deé o},mfy:bb?a of free %Mﬁmgm wsr:aigroups Emm{o °

. The tenso I’MS, C:V V D:W#WP )
2'&;3::“’% ’ c"%m‘ V"WS"O\\?‘ xmm elzme:ts aremdémmbed by C
Pc€ CDIX.Y;X.Y) for peCXX), or
gp€ CD(XY;X.Y) for 9eDAY)-

quobionted by feswWp=wpsfc and gosve = Vesgo, plus other axioms.

v, 2 i o it
and. the pure. bensor is d.t{!wm \:MXh rapact (:ol%hem.



PURE TENSOR

We already have o bicabegory:  promonads, morphisms and tansformabions.

There exists o. robion of free ‘product with commubing subgroups.
X R Y X R VY X R Y X &Y

v ) 7 7
| | [

X' R Y X &Y X' R Y X R vy

for veWV(xx) Jor weW(vY') for fe€(xx)  for 9eD(x.x)

AL these commufabivity restrictions are belter encoded by string dingrams.
* Thanks bo on et wire.



PremoNoipaL CATEGORIES

pEFINITION (| Povier fbinson), A binoidal. cabegory (C@©1) . is o cabegory wiith
on object 1eC and an ossignment on objelkqthuk is Separabely Junctorial on
each component, (Ae-):C—~C and (-oB):C~C.

» That is, (®) is a. sesquifunctor. -
* A morphism J:A-+B is cenbral. if (Joid);ideg) = (deg)sfeid) for any g:A+B.

DEFINITION (2| Power, lobinson). .ﬂ K:emidal, mkgorg (@,@,1) is o. binoidol
P

cakegory with natusal central
Kepc: (AOBYOC — AoBe(), p,:flel—=A, A, :IeA—A,

sabisfying pentagon and briongle equabions. [t is strick if these are ideddies.



TYPE THEORY oF SyMMETRIC MonotoaL (ar

This was a,lnnguage Jor compubakions. What obouk volies 7

Morphisms  A.@--@R.— B,®--®Bw of the free sym. monoidol cak.
OVQ(PG, mulligraph G are terms of the O{Jo\\gw{lt\g ta[’e' “l;\(;[elgrg,

- {eGA.00iB)  Trxll .. Torxef ;
xflrxA [T S, x)B

ey oo Tarxa:hs

Shuf ([, .. T FIxi, .. ] : A0 R,
Arm:A.e---®A0 | %P xa:Be v 2:C
S (FAY - [xxdemsz <C

TUPLE

SPLIT






PoLy GRAPHS

DEFINITION. A polygrash & is given by o seb of objects, Gy, ond. o set
0{ arrows ’G (AO. PO.L‘&“;‘PB oo Br\) 7 {(’T sequences Ho, ...,An ﬂﬂd.JBo,...,Br\.

EXAMPLE.. | A8 "
] 3

ﬁ: { h,8,C s T ?
C C

L y
Polyaraphs give signatures or monoidal. categories: string di
e I el e g e

THEOREM. Str'mg dmgmms construck an adjuncb‘on.

Strings

Powverapr Z - > StricMonCar,

Forget

= )






