DIAGRAMMATIC FORMAL CATEGORY THEORY 3

3. DISTRIBUTIVE LAWS OF PROMONADS

3.1. Promonads. Promonads are promonoids in the double category of categories,
but they can be characterized simply as identity-on-object functors. In some sense,
they endow a category with new morphisms, new hom-sets given by a profunctor:
the unit of the promonad transforms old morphisms into new morphisms, and the
multiplication represents composition.

Definition 3.1. A promonad (C,*,°) over a category V is a profunctor C: V -~ V
together with natural transformations representing inclusion (°)xy: V(X,Y) —
C(X,Y) and multiplication (x)x vy z: C(X,Y) x C(Y,Z) — C(X, Z), and such that
i. the right action is premultiplication, f° xp = f > p;
ii. the left action is posmultiplication, px f° =p < f;
iii. multiplication is dinatural, px (f >¢) = (p < f) * ¢;
iv. and multiplication is associative, (p1 * p2) x p3 = p1 * (P2 * p3).

Equivalently, promonads are identity on objects functors, and their main exam-
ples are the Kleisli categories of monads and comonads.

Proposition 3.2. Every monad (T, 11,1) induces a promonad (T,*,°).

Proof. Let us define T(A, B) = hom(A, T'B). This is a profunctor with the actions
u>f=usfand f<v=fgTv. Wedefine fxg=fsTgspand u” =ugn. O

Proposition 3.3. Every comonad (D,0,=) induces a promonad (D, *,°).

Proof. Let us define D(X,Y) = hom(DX,Y"). This is a profunctor with the actions
u>f=Dusfand f<v=fsv. Wedefine frg=03Dfsgand u®° =c5u. O

3.2. Distributive laws. We can define distributive laws among monads, among
comonads, but also between comonads and monads. All of these need to be axiom-
atized separately, but all of them give rise to new Kleisli categories.

We introduce the notion of a distributive law of promonads. Promonads are a
way of unify the axiomatization of Kleisli categories without caring whether they
come from a monad or a comonad. The different notions of distributive law can be
shown to be particular cases of this more general notion.

Definition 3.4. A distributive law of a comonad (D, ,=) over a monad (7, 11,7)
is a natural transformation Ax: D7 X — T'DX satisfying

(1) DngAx=mn,and A§TAgpu=DusA,

(2) A3T==c, and 63 DAgA = A3 7.

Definition 3.5. A distributive law between two promonads (C,«,°) and (D, *,°)
over the same category V is a family of functions

dap.c: DA, B) x C(B,C) — [7 C(A,B') x D(B',C),

natural in A and C, dinatural in B, quotiented by dinaturality of B’, and separately
preserving identities and composition.
In other words, it must satisfy the following axioms.
(1) left naturality, d(u > f | g) =1let d(f|g) — (¢ | f)in (u>g" | f),
(2) right naturality, d(f | g <u) =let (¢’ | f/) = d(f | g) in (¢' | f <w),
(3) left unitality, d(u® | g <v) = (u>g|v°),
(4) right unitality, d(u < f | v°) = (u° | f <wv),
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(5) left compositionality,
d(q1 * g2 | p) =let d(gz | p) = (¢ | 2) in
let d(q1 |p) = (p" | ¢1) in
(" | di * 43)
(6) and right compositionality,
d(q1 % g2 | p) = let (p' | ¢3) < d(gz | p) in
let (p” | 1) = d(qu [ p) in
®" | i * 43)-
Proposition 3.6. A distributive law, Ax: DTX — T DX, of the comonad (D, 0,¢)

over the monad (T, 11,7) induces a distributive law between their corresponding
Kleisli promonads D and T.

Proof. We define the transformation d: T*D — D % T to be
d(f 1 g)=(DfsX|Tg)=(Df[A5Tg).
We will now check that this distributive law satisfies the axioms.
(1) left naturality,
dlu>flg)=dusf|g)=(DusDf |A3Tg)=(u>Df|A3Tg),
(2) right naturality,
d(flg<u)=d(f|gsu)=(DfsA|TgsTu)=(DfsA|Tg<u),
(3) left unitality,
du” [g<v)=d(usn|gsv)=(DusDnsA|[TgsTv)
= (Dugn|TgsTv)=(Dusglvsn) =(u>gl|v°),
(4) right unitality,
dlu>flv)=dusflesv)=dDusDf | AsTegTv)
= (DusDf [e3Tv)=(c3ul f3Tv)=(u"| f <),
(5) left compositionality,
difixfolg)=d(fisTfasplg)=(Dfis DT f23DpsA|Tg)
= (Dfi§DTf25X5TA3 1| Tg)
= (DfsASTDf5TAs | Tg)
= (Dfis A TDfa3TA5105Tg)
= (DfisA|TDf25TA3TTg5 1),
(6) right compositionality,
d(f | g1+9g2) =d(f|038Dg1392) = (Df [ A§T03TDgr5Tg2)
=(Df|0sDXgAsTDgy $Tg2)
= (Df103DA§DTg15X57g2)
= (Df303DX5DTgy | A5Tg2)
= (0§ DDfsDAs DT gy | A3 Tga).

This proves that our definition determines a distributive law. (I



