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Program Logics via Distributive Monoidal Categories
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We derive multiple program logics, including correctness, incorrectness, and relational Hoare logic, from
the axioms of imperative categories: uniformly traced distributive copy-discard categories. We introduce an
internal language for imperative multicategories, on top of which we derive combinators for an adaptation of
Dijkstra’s guarded command language. Rules of program logics are derived from this internal language.
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1 Introduction

Program logics are sets of derivation rules used to reason about program behaviour under input
and output conditions. Statements are written as triples {p} ¢ {¢} of a command c, a precondition p
and a postcondition g. The semantics of such a triple, though, depends on the behaviour one is
interested in studying. For program correctness, intuitively, the triple is valid if, starting on input
states that satisfy p, the output states of the program satisfy q. For example, the following rule of
Hoare logic derives a correctness triple for a loop from the correctness triple of its body.

{bAp}ei{p}
{p} whilebdoc {(=b) A p}

(1)

However, correctness is only one of the possible triple interpretations; intensive research has
produced logics for a myriad of triple interpretations, and for multiple program semantics.
Program logics start by fixing a semantics for their commands, an interpretation for their

triples, and derivation rules for its logic. Command semantics can be partial [ , 1,
relational [ , ] or stochastic [ , , ]. Triples can capture program
correctness [ ], incorrectness [ , ] or quantitative aspects of execution [ ,

]. After these two choices, the logic is completed with a set of derivation rules that capture
the relevant behaviour and are sound for the intended semantics. While they appear to follow some
general pattern, the rules of program logics are defined on a case-by-case basis.

We propose the algebraic structure of imperative categories—a variant of Elgot distributive
categories—as a foundation for program logics. From the axioms of imperative categories, we derive
the usual rules of various program logics. From the models of imperative categories, we expand the
scope of these rules beyond a fixed semantics. The categorical structure becomes common to the
usual relational, partial, and probabilistic semantics, while remaining more general.

Imperative categories come with an internal language that we develop and employ through the
paper: an internal language that mimics unstructured programming, with arbitrary jumps to labelled
looping points (marked by “loop” followed by a label). Unstructured programming is needed for
full expressivity, but certainly not always desirable [ ]; in fact, while unstructured and typed,
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2 Anon.

the internal language is actually inspired by a structured and untyped one: the famous Dijkstra’s
guarded command language [ 1.

Dijkstra’s command language is recovered from the endomorphisms of imperative categories.
The simplest command combinators of the language—skip and concatenation (;)—feature as the
identity and endomorphism composition. Choice and iteration (if-then-else and while) feature as
a cocartesian and traced monoidal structure. All command combinators are derivable from the
unstructured internal language; for instance, if-then-else and while are defined in these terms.

if bthencelsecy, = blay, az \ c1,c2]; (2)
while bdoc = loop a(X){X. blay, a; \ c[p \ X.a(X)], xn(X)]}; (3)

These read as follow: to execute “if bthen ¢ else ¢;”, execute b but replace each of its two exit
conditions (@; and a;) by the two branches (c; and cz); to execute “while b do ¢”, start by labelling a
looping point () and then execute b but replacing its first exit condition (a;) with the body of the
loop (c)—while replacing c’s exit condition (1) by the looping label—and its second exit condition
with its, now only, exit condition (n).

While less familiar, the internal language derives the usual reasoning principles: for instance,
the previous definitions—together with an auxiliary skip = n(¥)—imply loop unfolding (4).

while b do ¢ = if bthen (¢ ; while b do ¢) else skip; (4)

Around commands, notice how we pass a vector of variables (¥), carrying the state of loops
and choices. This sort of state-passing translation requires a second monoidal—or premonoidal—
structure, with the ability to copy and discard the value of variables. It enables variable assignment:
if both x; and x; are variables in the vector that we pass as state, then the following command
stores in x; the value of f(x;).

(x;i = f(x))) = flx){xn()}
As a side benefit, the second monoidal structure provides the extra expressivity needed to define

couplings of programs, validity in relational Hoare triples, and notions of totality and determinism,
useful in stochastic and partial semantics.

1.1 Interpreting triples

The interpretation of program triples rests on comparing programs: the validity of a Hoare triple
{p} ¢ {q} will be defined as an inequality, assertp ; ¢ < c ; assert q. In the category of relations,
where morphisms are ordered by inclusion, we recover the validity of a partial correctness triple: it
compares the subset c; assert q of possible final states with the subset assert p ; ¢ of possible outputs
of ¢ on inputs that belong to p. In general, we require a poset enrichment on imperative categories,
leading to posetal imperative categories: poset-enriched categories with (i) traced coproducts and a
second (ii) monoidal copy-discard structure, interacting by distributivity.

The most important axiom for this posetal structure is posetal uniformity, which justifies loop
invariants. Intuitively, it says that if a command c is invariant under a branch guarded by b, then
it remains invariant under a loop guarded by b. That is, c; (b){c; }H{skip} < (b){ca; co}{c3} implies
co; while b do ¢; < while b do ¢z; cs.

With this interpretation, let us prove validity of the example triple we just introduced.

Proposition 1. The triple in Equation (1) is valid when b is deterministic.

Proor. We reason by (i) interchange of predicates and guards, (ii) determinism of the guard b,
(iii) the definition of conjunction, and (iv) the assumption of the rule, {b A p} ¢ {p}.

assert ps (b) {c} {skip} 0
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Program Logics via Distributive Monoidal Categories 3

(b) {assert p; c}{assert p} @
(b){assert b*; assert p; c}{assert (~b)"; assert p} (@
(b){assert(b” A p);c}{assert((—b)" A p)} (iSV)
(B){c; assert p}{assert((—b)" A p)}.

We conclude, by posetal uniformity, that assert p; while b do ¢ < while b do ¢; assert(—=b A p). This
means that {p} whilebdoc{(=b) A p} is valid. )

1.2 Contributions

We introduce imperative multicategories as traced distributive copy-discard multicategories. We
provide an internal language taking sound semantics in imperative categories (Theorem 54), and we
prove it complete by exhibiting a syntactic model (Theorem 56). In terms of this internal language,
we derive combinators for guards, predicates, commands, and states, inspired by Dijkstra’s guarded
command language (Section 3).

Finally, we classify triple shapes from various program logics (Section 5), and we prove the
derivation rules for Hoare logic, incorrectness logic, and an outcome-like logic (Theorems 79, 81
and 83). We extend these to their relational versions, proving the derivation rules for relational
Hoare logic and a relational incorrectness logic (Theorems 88 and 90).

1.3 Synopsis

Section 2 introduces an internal language for imperative multicategories and posetal imperative
multicategories. Section 3 specializes the language for the elements of a generic program triple
and derives a version of Dijkstra’s guarded command language. Section 4 provides categorical
denotational semantics in terms of posetally-enriched traced distributive copy-discard multicategories.
Section 5 derives correctness triples, incorrectness triples, and outcome-like triples in any imperative
multicategory. Section 6 derives relational correctness triples and relational incorrectness triples
again from the axioms of imperative multicategories.

1.4 Related work

Categorical program semantics. Categorical program semantics has a long tradition [ , ,

]. In particular, distributive categories are since long used to model both control flow and
data flow of programs [ , R ]. More specifically, distributive monoidal categories
with copy-discard structure have naturally appeared in non-deterministic, partial, and stochastic
semantics [ , ]. The approach is compatible with the long tradition of using monads for
computations [ , , , 1.

Arbib and Manes employ traced cocartesian categories to express the control flow of pro-
grams [ ], generalising Elgot’s techniques for the interpretation of iteration and choice in
partial functions [ ]; but also apart from their work, categorical semantics for iteration has
been studied extensively [ , ]. Of particular relevance to our work is the metalanguage
for guarded iteration by Goncharov, Rauch and Schréder [ ]; and the recent denotational
semantics of static single assingment of Ghalayini and Krishnaswami [ ]. When reasoning
about the semantics of loops, we employ Hasuo’s generic trace theory [ X ], which builds
on Fiore’s work on coinduction [ , ]. Uniform traces need not to exist in cocartesian
categories. In our examples, we ensure the existence of uniform traces by relying on partially
additive monads [ ], which ensure a form of iteration in the Kleisli category less restrictive
than additive monads [ ] or Kleene monads [ 1.
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4 Anon.

Categorical logic. The guarded command syntax for programs distinguishes between guards and
commands. We interpret this distinction in the categorical setting following the ideas from effectus

theory [ ], where the logic on guards derives from categorical structure.

The structure of hom-sets in imperative categories resembles that of Kleene algebras with
tests [ ] and their probabilistic variation [ ], and of guarded Kleene algebras with
tests [ , ] and their probabilistic [ ] and approximate variants [ 1.

Guards in imperative categories do not in general form a boolean algebra as they are not necessarily
deterministic.

Program logics. Since the work of Floyd [ ] and Hoare [ , ] on correctness assertions
about programs, much work on program logics has extended the scope of the original logic.
Separation logic [ , ] considers programs that access globally shared data, incorrectness
logic considers assertions about faults of programs [ , ], and outcome logics [ ,

, ] provide a synthesis of correctness and incorrectness reasoning. Verification of
probabilistic programs is an active research area that takes another view on program logics studying
weakest precondition and strongest postcondition calculi [ , R .

Relational program logics extend the reasoning of program logics to pairs of programs considering
binary relations between their inputs instead of predicates on the inputs of one program alone.
As in the predicate version, relational program logics can focus on correctness assertions about
deterministic programs [ ], or be extended to probabilistic semantics [ , ] and
approximate reasoning [ X , R ].

Categorical approaches to program logics are not new. Manes and Arbib describe the control
flow of Hoare logic with traced cocartesian categories [ ]. Outcome logic considers a class
of semantic universes given by Kleisli categories of monads with some extra structure [ 1.
Program triples can also be seen as fibrations over a category of programs [ , ] or as
functors to monotone relations [ ]. More recently, the structure of distributive categories
as been shown to derive the rules of Hoare logic, restricted to the relational semantics [ ].

2 An internal distributive language

Program logics follow simple imperative languages—e.g. Dijkstra’s guarded command language
[ ]. These tend to be bad candidates for a categorical internal language: many are untyped, and
many are too redundant to construct free categories. For instance, many have explicit commands
for identity (skip) and composition (§), implicitly blocking categorical cut-elimination; many do
poorly on relevant case-matching, rendering some categorical constructions impossible.

This section introduces the formal internal language we use for the rest of the paper. Next
sections will develop its semantics in terms of imperative categories.

2.1 Signatures: values, generators, and basic types
A distributive signature is a structure apt to represent all the morphisms of a distributive category
without their compositional structure. Instead of nesting sums and tensors, it exploits that every
nesting of sums and tensors can be normalized—not uniquely—into a sum of tensors of basic types.
In other words, all the morphisms of a distributive category can be recovered from those between
sums of tensors,
R ni i P mi i

[ 2in ®j=1X} = Xizt ®j=1 Y;.
And moreover, because of the universal property of coproducts, these correspond uniquely to tuples
of morphisms from a tensor of basic types into a sum of tensors of basic types,

o D ouing
(ﬁ ®;l:1 X; - Zle ®;n:1 Y]l )i:l‘
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Program Logics via Distributive Monoidal Categories 5

Thus, generators—the elements of a distributive signature—will be interpreted as inducing a mor-
phism from a product, Q)_, Xj, to a sum of products, >F, XY

Definition 2 (Distributive signature). A distributive signature, (8, G), is given by a set whose
elements we call basic types, B, and, for each list of basic types {X; € B};’:l, and each list of lists of
basic types, {{YJ’ € B}T:i1 ¥, aset, G(X, .o Xns [V Yo 1. [Y], ... Y5 1), whose elements we
call generators.

All morphisms in a distributive category can be brought to this form: any morphism from a
coproduct is determined by a tuple of generators; morphisms between non-normalized polynomials
correspond bijectively morphisms between any choice of normalizations.

Remark 3. Explicit product and coproduct types will not be needed: primitive types on the language
are normalized polynomials of basic types. This does not mean we cannot include them explicitly—
they are sometimes convenient—but they will be derived notions: we introduce them with bijections
to primitive types, constituting their introduction/elimination pair.

2.2 Language primitives

Let us state the three constructors that form the terms of the formal language that we employ
for traced distributive copy-discard multicategories. The language—in the style of categorical
cut-elimination [ , , R ]—tries to be as minimalistic as possible, avoiding
redundancy of constructors: ideally, every term would correspond uniquely to a morphism in a free
traced distributive copy-discard multicategory without any extra quotienting. Indeed, we only use
quotienting for a-equivalence and four axioms, regarding commutativity and loops (in Section 2.4).

Definition 4 (Variables, labels, contexts, and indices). Let V be a countable infinite set whose
elements we call variables. Let A be a countable infinite set whose elements we call labels. A context,
T =x;: X1, ..., Xp : Xy, is a list of variables and basic types, i.e. T € List(V X 8B). Indices are lists of
labels and contexts, i.e. Idx = List(A X Ctx).

Remark 5. Labels naturally appear when reasoning about jumps in Hoare logic [ ]; they also
match the exit conditions of incorrectness logic [ ].

Axiom 6 (Primitive terms). Terms of the internal language, over a distributive signature (8, G),
are inductively generated by the following rules.

RETURN

{(x,' ZX,') (S 1“}?:1 ((ZZ Xl, ...,Xn) (AN

TFa(xy,.,x,): A

GENERATOR

feGXy, .o X Yty oo Yim)s oo (Yo 15 o Yerm,))
{(xi: Xi) €THL, {(Wia 2 Yia)s oo (Yim, * Ym), T F pi s AYi

Tk fxt en Xa){Yits oo Yiimy - Pi f:1

Loop
{(x,- in) € I‘};’:l (ul ZX]), cees (un :Xn),I‘ F p: (a: Xl’ ...,Xn),A

T+ loop a(xy, ... Xp){u1, oy n. p} : A

e The RETURN rule states that, given an label, (a : Xj,...,X,) € A, and a well-typed list of
variables in context, {(x; : X;) € T'}_,, a term may just point to that label.

e The GENERATOR rule states that, given any generator, f, with well-typed list of variables,
{(x; : X;) € T}, and a term for each one of its possible branches, {p;}_,, we can evaluate
the generator and branch according to its result.
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6 Anon.

e The Loop rule states that we can introduce a label, a(xy, ..., x,,), to which the rest of the
term, p, may now jump.
From now on, let us use vector notation for lists when convenient: for instance, x : X will mean

x1: X150 Xn : Xy, and g; will mean y}, ..., Y,

Remark 7. We work up to a-equivalence of both variables and labels. While its formalization is a
routine matter, the interested reader can follow Section A.1.

2.3 Substitution

Substitution appears as a derived rule: it builds terms that, while structurally similar, employ
variables differently. Most derived structural rules (e.g., exchange, contraction, or weakening) will
follow from substitution. In the same way that we substitute variables, we can substitute labels.
The substitution rule for labels is based in the substitution rule of clones (or Lawvere theories).

Definition 8 (Variable substitution). Substitution of a list of variables, @ = uy, ..., u,, by a list of
variables, ¥ = vy, ..., vp, is defined by ;[\ 0] = v;, and w(ii\ 7] = w when {w # u;}} . Substitution
extends inductively to terms, as follows.

(a(xy, ... xp)) [6\ 0] = @1 [4\ 5], ... xn [\ ]);
(Loop @ (x1, ... Xn){y1, - Yn- P} [\ 0] = 100p @(x1, .0, Xu){Y1, -0, Y- P\ T] }5
(f ety e X (Y1, ooos Yo pi}) [4\ O] = fCer [\ T), ooy X0 [\ DAY 15 oo Yimy- pi [\ D] 55
For the last two clauses, we must assume—without loss of generality, thanks to a-equivalence—that

all variables that appear bound, v, ..., y, and y; 1, ..., Yi,m,, are fresh.

Definition 9 (Label substitution). Substitution of a label, @, by a term g with a list of bound variables
i, inside a term p, is inductively defined as follows.

a(x)[a\ i.q] = q[d \X];
o(X)[a\i.q] =w(X), whenw # a;
(Loop B(X){y. p})[a \ ti.q] = Loop B(X){y. pla \ u.ql};
FGNGi- pitila \ gl = fFG){Gi. pila \ iql}i.

Proposition 10 (Substitution rules). The following are derived rules.

VARIABLE SUBSTITUTION . LABEL SUBSTITUTION .
I, (X:X),Tarp:A (:X)eT F'rp:(a:X),A @:X),Trq:N,A
[, I,Tokp[X\id] : A T+pla\iq]:A,A

2.4 Interchange and Loop axioms

The interchange axiom declares that applying a term p and then a term g on each of its branches—
and independently of the branch—is the same as applying the term ¢ and then the term p on each
of its branches, as long as the variables that both generators use and create are separate.

Axiom 11 (Interchange). Terms of the language must satisfy the following axiom, where the first
term have indices Ay = (a; : Uy), ..., (@, : Uy) and A, = (B : _1{1),_;.., (Bm : Vm),gnq)the resulting
equation uses the tensor of both indices, i.e. A; ® Az = (y1.1 : U, V1)s ooy (Yum = Uns Vin).

INTERCHANGE

Fll—p:Al szq:Az
LTk plai \ 4i.q[B; \ 0;.yij(ui0)]li = qlB; \0j.ple: \ diyij(ui,0)]];: A ® Ay
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Program Logics via Distributive Monoidal Categories 7

Remark 12 (Premonoidal and monoidal categories). The interchange axiom distinguishes two
possible semantic universes: premonoidal categories and monoidal categories. In this text, we will
be mostly concerned with monoidal categories (those for which the interchange axiom holds), but
dropping the interchange axiom does recover a language for the premonoidal case.

The following three axioms (Theorem 13) all concern the behaviour of loops. They are inspired
by the axioms of Conway theories ([ , ], which are traced cartesian multicategories), only
adapted to the distributive setting.

Axiom 13 (Loop axioms). Terms of the language must satisfy the following three axioms.
DINATURALITY R . R R
(¥:X)eT @:X),Trp:(B:Y),A @:Y),T+q:(a:X),A

I'+ loop a(X){i.p[B\d.ql} = p[B\ §.1oop f(§){5. qla \ i.p]}]
DiaGoNAL . R . R
(¥:X)eT @:X),Trp:(B:X),(a:X),A
T + loop a(¥){i. loop B(u){i. p}} = Lloop a(¥){u. p[B\ d.a ()]} : A
UNIFORMITY R R R R
@:X),Trt: (B :_}Yl), . (ém Y (U )E),F Fp:(y:X),A
(@ : Y), (X : X). Tk gi: (8 : 7). A
(x:X)eT  (@:X),Trply\at]=¢[Bi\vigili: (B1: Y1), s (Bt Yim), A
I+ loop y(x){u.p} = £[u \ x][B: \ Loop 8;(7:){vi.qi}] : A
The main consequence of the previous loop axioms is that loops are fixed points.

Proposition 14 (Fixpoint rule). Looping on a label, Loop a(X){u.p}, is a fixed-point for substitution
on that label, p[a \ o], for any term p. In other words, the following is a derived rule.
FixpoINT
(Z:X)eT  (@:X).Trp:(a:X),A

T+ loop a(X){u.p} = p[u \ X][a \ Loop a(X){i.p}] : A

2.5 Derived structural rules

We do not need to impose the usual structural rules: these are consequences of how our terms were
constructed to start with. This has the advantage of simplifying some proofs later, where will not
have to separately check that our constructions preserve structural rules.

Proposition 15 (Label exchange, contraction, and weakening). Exchange, contraction, and weaken-
ing for labels are derivable.
LBLEXCHANGE LBLCONTRACTION LBLWEAKENING
Frp:Ap(ar:¥), (ay:¥),A, Trp:A,(a;:9),(ay:¥P), A, F'kp:ALA;
Frp:Ay(az: %), (@ :Y1),A, T rHICntrg, q,(p) : A, (@ :¥), Ay Trp:AL(a:¥), A
Proposition 16 (Index tensor exchange, contraction, weakening). Exchange, copying, and discarding
for variables on the index are derivable.

REXCHANGE
Trp:Ay(a: P, X1, X, %), A

T+ FEXCh(p) : Al’ (a' : \Ill,Xg,Xl,lyz),Az

RCOPYING RDISCARDING
T+ p: Al, (Z \Fl,X, Tz),Ag T+ p: Al, (a : “Pl,X, ‘112), Az

Tk rCopy(p) : Al’ (a : \Ill,X,X, \Fz), Az Tr rDisc(p) : Al’ (a : \Ijl,\yz),Az

, Vol. 1, No. 1, Article . Publication date: July 2025.
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8 Anon.

Proposition 17 (Variable exchange and contraction). Variable exchange, variable contraction, and
variable weakening are derivable.
VAREXCHANGE VARCONTRACTION VARWEAKENING

Fl,(x:X),(y:Y),Tzl—p:A Fl,(XIIX),(Xzix),FsziA Fl,I‘gl—p:A
I,(y:Y),(x:X),Lrp:A I, (x: X), 2 F plxg, % \ x,x] : A I,(x: X),Lrp: A

2.6 Posetal reasoning

Program logics will require not only that we reason about equality, but also about different notions of
implication and dominance that only share the common structure of partially ordered sets preserved
by the term constructors. For this, it is also convenient to assume a partially ordered set in the
generators of the language. Most of our semantic examples will actually form directed-complete
partial orders (dcpo’s) but, strictly speaking, we do not need them to do so.

Definition 18 (Posetal distributive signature). A posetal distributive signature, (B, G, <), is a
distributive signature whose sets of generators are endowed with a poset structure.

Axiom 19 (Posetal reasoning). The following are the primitive rules for posetal reasoning.

RETURN

(G X) €T, (@ X, oa Xy) €A

Tra(xy,.,x,) < alxg,..xp): A

Loor .
{(x:X) eT} Trp<q:yX,...Xn),A

I'+ (loop a(X){u.p}) < (loopa(X){i.q}): A
GENERATOR (f)
{(:X) ey, {§i:YuTrpi<q:AY, f<g
Tk fGGipiticg < 9 Gigidiz, - A
We ask for two additional conditions—inspired by our intended semantics—declaring the top
and bottom elements of this preorder to be the empty return and the diverging loop, respectively.

Tor BorTom
F'tp:(a:() F'tp:A
Trp< a():(a:() I't loopa(){a()} < p:A
The final ingredient is for loops to be considered not only up to uniformity but up to both posetal
translations of the uniformity rule. This is captured by the following posetal uniformity axioms.

Axiom 20 (Posetal uniformity). Posetal uniformity consists of the following pair of axioms.

BACK\_’YARD POSETAL UNIFORMITY R N

i : X)Lk ply \ il < €[Bi \ G.qili - By : 1) Bt Vo) A
I+ Loop y () {@.p} < ¢[@ \ 1 [B; \ Loop &,(5) {51-q:}] : A

FORWéRD POSETAL UNIFORMITY R N

(i : X).T k0B \ 1qils < pIy \ @] = (By: 11), s (B : Ton), A
T ¢[i\ 71[B: \ Loop &;(7){5-9:}] < loop y (D) {a@.p} : A

3 Guards, predicates and commands

Program triples, {p} ¢ {q}, contain three elements, but of different nature. To start with, while the
middle element, c, is a command modifying a state of the program, both p and g are conditions that
do not produce new values. In terms of categories, commands are endomorphisms ¢c: X — X on a
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Program Logics via Distributive Monoidal Categories 9

fixed type X of program states, while conditions will be—depending on the logic—either predicates,
p,q: X — I, or states, p,q: I — X.

It is tempting to conflate predicates and states. In non-deterministic semantics, for instance, they
coincide: a function from X to £ (1) is the same as a function from 1 to #(X). We must resist this
temptation. Already in the stochastic case, a function p: X — D(1) assigns a number in the unit
interval to each element, p(x) € [0, 1], representing the probability that x satisfies the property p;
on the other hand, a function s: 1 — D(X) is a distribution: it not only assigns an number to each
element, but explicitly asks them to add up to 1, as they represent the probability that the different
events in X happen.

The second temptation is to conflate predicates with the conditions that commands use in their
“if-else” clauses: what we call guards. Guards, however, are morphisms b: X — 1 + 1. They do not
deal only with choosing whether some condition holds or not, but must decide on which of the
branches to follow.

In many models, guards and predicates can be confused. For instance, a partial function X — 1
is the same thing as a total function X — 1 + 1; the first has the form of a predicate, the second
that of a guard. However, this is not true in general [ , Proposition 11 and Lemma 14] and it is
by carefully distinguishing them that we get a consistent algebra that works across probabilistic,
partial, or relational models.

3.1 Guards

Definition 21 (Guard combinators). Guards are terms of the form I' + b : Q, for an arbitrary
context I' = (x1 : X3, ..., X, : Xp) and an index of the form Q = (a; : (), > : ()). We introduce the
following guard combinators.

LEFT RigHT AND Or Nort
I'rb: Q F'kby: Q Trb:Q T'Fby: Q Trb: Q
TrL:Q TrR:Q TFbOADby: Q TrbOIVDy: Q Tk (=b): Q
Pick

F'rb:Q 'kt : A TrHE:A
T [b{tiH{E}: A

Proposition 22. Guard combinators are derived constructs, defined as follows.

[b]{t1 H2} = blar, a2 \ t1, 12];
L=a;(); R =ay(); (=b) =bla, az \ a,a;];
(bl/\bz) =b; [al,az \bz, b, [al,az \az, az]]; (b1Vbz) =b [al,az \ bz[al,az \al,al],bz];

Proposition 23. Guards form a pair of commutative monoids, and negation is an involutive homo-
morphism between them.

byiAby = byAby; (b1Aby) Ab3 = by A(baAb3); bAL = b;
byVby = byVby; (b1Vb2) Vb3 = byV(byVb3); bVR = b;
ﬁ(b]/\bg) = _|b2V—|b1; —|(—|b) =b.
For any total guard, T + by : Q, we additionally have the annihilator rules, b, AR =R and b;VL = L.

For any deterministic guard, T’ v by : Q, we additionally have the idempotency rules. byAby = by and
byVby = by.
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10 Anon.

3.2 Predicates

Definition 24 (Predicate combinators). Predicates are terms of the form I  p : Y, for an arbitrary
context T' = (x7 : X1, ..., X : Xp) and an index of the form Y = (v : ()). We introduce the following
predicate combinators.

Tor Bot AND CONDITIONAL
F'rp:Y F'rg:Y F'rp:Y F'rg:Y
re7:7 F'el:Y F'tpnang:Y F'tp+pq: Y
GUARD SUBSTITUTION
F'rb:Q Trp:Y IF're:(e:X;) (x;:X;) eX
Trb*:Y Trplxi\el: Y

Proposition 25. Predicate combinators are derived constructs, defined as follows.
T=v();  L=loopw({wO}  (prg=plvigl;  (p+s 9 = [bl{pHalk
b* = [b]{T}HL}; plxi \e] =ele\ x;.p].
Proposition 26. The following equations hold for predicate combinators: predicates form a commu-

tative monoid with conjunction and truth, with falsehood as an absorbing element, that distributes
over choices.

PAG=EqADP; pA(@ATr)=E(pAq) AT PAT=p; pAL=EL;
pA(@+r) = (P A+ (P AT).

For any total predicate, T + p; : Y, we have it collapse, p = T. For any deterministic predicate,
T+ pg: Y, we have the idempotency rule, pg A pg = pa.

3.3 Commands

Definition 27 (Command combinators). Commands are terms of the form I' + ¢ : ¥, for an
arbitrary context I' = (x1 : Xi,...x, : Xp) and an index of the form ¥ = (n : (X3,..,X},)). We

introduce the following command combinators, inspired by Winskel’s IMP language [ 1.
Sk1p ABORT WHILE IFELSE
TrHb:Q Tre: ¥ Trb:Q F'te : ¥ Thre: ¥
I'+skip:¥ T+ abort:¥ T+ whilebdoc: ¥ T'rifbthencielsecy : ¥
CONCATENATE ASSERT VARIABLE ASSIGNMENT
The ¥ They: ¥ Trp:Y {(u; : Aj) e T}, {(v; - Aj) e T},
Tr(cp36): ¥ T'tFassertp:T Thug ety i=01,..,0m: ¥

GENERATOR ASSIGNMENT
{(u,— ZA,') S F}?zl {(U] : B]) S T};"zl f (S E(Al, .y Ap; By, ...,Bm)

TFug,entty = f(01,.050m) ¥

Proposition 28. Command combinators are derived constructors, defined as follows.
skip = p(X); (c1;¢0) =i\ X.c2]; assert p = plo \ n(%)] abort = assert L;
(:=0) =pX)[a\d];  @:=f0)=f@{an)};  ifbthencielsec, = [b]{ci}H{cz}:
while b do ¢ = loop a(X){if bthenc[n \ X.a(X)] else skip};
Proposition 29. The following equations hold for command combinators. In particular, commands
form a monoid, with composition and skip.

(c15¢2) ;03 =c1;(c2;03); (c; skip) = ¢ = (skip;c); abort; ¢ = abort = ¢ ; abort;
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Program Logics via Distributive Monoidal Categories 1

if Lthencyelsecy = ¢q; if Rthency elsecy = ¢y; if(=b) then ¢y else c; = if bthency else cy;
while b do ¢ = if bthen(c ; while b do ¢) else skip; while b do abort = assert (=b)";
if bthencyelsecy ;d = if bthen(cy;d) else(cy; d);
assert p; assert g = assert(p A q); assert b = if b then skip else abort;
assert T = skip; assert L = abort; assert(p +p q) = if bthen(assert p) else(assert q)

We define a combinator that does not yield an endomorphism but that will be useful in the proofs
that employ uniformity.

Definition 30. For a guard b and two arbitrary terms t; and f,, the branch combinator is defined
as (b){t:}{t2} = blay, @z \ t1, t2]. Its typing rule is below.

BraNncH
TrbL:Q I‘I—tlel r'—tzlAz

Tk (b){e1Hea} : A Ay

3.4 States

Definition 31 (States). States are terms of the form + s : ¥, implicitly fixing an arbitrary context
I' = (x : X3,.... xp : Xp) and taking an index of the form ¥ = (g : (X3, ..., X;,)). We introduce the
following state combinators.

ABORT OBSERVE CHOICE SAMPLE
Fs: ¥ Tkp:Y Fs: ¥ Ft: P Fb:Q Fs: ¥ (x:X)eT
FL:WP Fslp:¥ Fs+pt: P F(xe—s):¥
COSUBSTITUTION MUTE
(x:X)eT (u:X)erl Fs: ¥ Fsi:(a;:X;) (x;: X;) €T
Fs(u\x): ¥ F s si: ¥

Proposition 32. State combinators are derived rules, defined as follows.
L =1loopa(){a()}; s | p = (s;assert p); s+pt =blay,as\ s, t];
(i =)= (xi=50)  s@w\x)=sp\x=ul;  [ys-si=sp\x =500

4 Categorical semantics

After having finally introduced all the components of program logics, this section provides their
categorical semantics.

4.1 Premonoidal copy-discard categories

Premonoidal categories [ , , ] provide denotational semantics to process theories
where the order of execution matters, as it usually does in impure imperative programming. Our
multiplicative fragment semantics is inspired by the theory of Freyd categories [ , , 1,
but instead of allowing a distinguished class of cartesian values, we simply ask for the ability
to copy and discard variables: those providing this ability are called copy-discard premonoidal
categories (see also [ D.

Definition 33 (Premonoidal category). A (strict) premonoidal category is a category, C, endowed
with a sesquifunctor (®): (C,C) — C and an object I € C, that are associative and unital on objects,
satisfying A® (BQC) =(A®B)®Cand AQI = A =1® A, and separately associative and unital
on morphisms, satisfying: (i) (f ®idp) ®ide = f ® (idg ® id¢); (ii) (ids ® 9) ®ide = ida ® (9 ®idc);
(iii) id4 ® (idgp ® h) = (id4a ® idg) ® h; and (iv)id; ® f = f = f ®id;.
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12 Anon.

Crucially, a premonoidal category does not necessarily satisfy the following interchange axiom.
We say that a morphism, f: A — A’, is central whenever, for any morphism g: B — B, the
interchange axiom holds:

(f®idp) § (idar ® g) = (ida ® g) § (f ® idp).
A monoidal category is a premonoidal category where all morphisms are central.

Definition 34 (Copy-discard premonoidal category). A copy-discard premonoidal category is a
symmetric premonoidal category where each object, X, has a compatible and central cocommutative
comonoid structure: a copy morphism vx: X — X ® X and a discard morphism ex: X — I, that
are associative, vx § (vx ® idx) = vy § (idx ® vx), unital, vx § (ex ® idx) = idyx, commutative,
vx § 0xx = Vx, and compatible with tensor and unit, vxgy = (vx ® vy) § (idx ® oxy ® idy) and
exey = (ex ® ey), and v = id; and ¢ = id;. A copy-discard monoidal category is a copy-discard
premonoidal category where all morphisms are central.

Definition 35 (Deterministic and total morphisms). In a copy-discard category, a morphism
f: X — Y is deterministic if it preserves copying, f ¢ vy = vx § (f ® f); it is total if it preserves
discarding, f § ey = ex.

Proposition 36 (Grandis [ , Theorem 4.1], Lack [ , §5.1]). Each copy-discard category,
(C,®,1), is endowed with a (non-natural) family of morphisms for each opposite function between
finite sets,

fx’f: C(Xy, o X3 Xp (1) ...,Xf(m)), for each f € FinSet(m;n);

these additionally satisfy (i) fy ® g5 = (f + 9% ey (D) ¥ ‘;g;(f) = (95 f)¥. and (iii) id} = idx.

Remark 37 (Values and computations). The language here proposed does not define values separately
from statements: it is not possible to substitute values for variables. Instead, it is possible to substitute
variables, generators by terms, and labels by terms. Nothing—but minimalism—prevents us from
adding this distinction; but let us note that it is not necessary for our development.

Example 38. Copy-discard premonoidal categories provide a less expressive but more general
alternative to Moggi’s monadic metalanguage [ ]: the Kleisli category of every strong monad,
comonad, or distributive law over a cartesian category forms a copy-discard premonoidal category.
Copy-discard monoidal categories have encountered applications in probability theory, at the base
of Markov categories.

However, they lack both iteration and choice, which makes them too restrictive for fully-fledged
imperative programming. We now add choice in the form of cocartesian products: not via co-
cartesian monoidal categories (which would introduce further redundancy) but via cocartesian
multicategories, which reformulate clones and Lawvere theories.

4.2 Cocartesian multicategories

Multicategories are well-known algebraic structures for the modelling of sequent logic [ ,
]; their cartesian version, cartesian multicategories, is the multi-sorted version of clones. We
will employ cartesian multicategories with a twist: their intended semantics is not in categories we
would think of as cartesian, but on the “opposite to a cocartesian category”. To emphasize this, we
call them cocartesian multicategories.
The structure of copy-discard premonoidal category we just detailed will still be present, but now
as an operation on multimorphisms. Cocartesian multicategories that are, at the same time—and
in a compatible way—copy-discard premonoidal categories form predistributive multicategories;
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Program Logics via Distributive Monoidal Categories 13

respectively, cocartesian multicategories that are at the same time—and in a compatible way—copy-
discard categories form distributive multicategories. While these are less studied in the literature,
their representable counterparts distributive categories are well-known; we extract coherence
results from this literature [ ].

Definition 39 (Multicategory). A multicategory (or, equivalently, a comulticategory), M, is a collec-
tion of objects, M,y ;, together with a collection of multimorphisms, M(X; Y3, ..., Y,,), for each object,
X € Myp;, and each list of objects, Y1,..., Y, € Myp;.

For each object, X € Myy;, there must exist an identity morphism, idx : X — X; and for each
object, X € My}, each n-list of objects, Y1, ..., ¥, € Mgy, and each n lists of objects, Z; 1, ..., Zj m, €
Moy, there exists a composition operation,

(3): MO Y, Yo) X [ [ MY Zi oo Zim,) = MO Za, 0 Znm,)-

i=0
Composition and identities must satisfy the unitality axiom, stating thatid § f = f = f § (id, ..., id);
and the associativity axiom, stating that

f5(g15 (hits oo humy)s s Gn § (Bnts oo Bnmy,)) =
f ; (913, ceey gn) ; (hl,l’ ceey hl,ml’ eees hn,l’ ceey hn,mn)~

Remark 40. Multicategories can be also axiomatized in terms of a composition operation on a
single index, which is sometimes more comfortable. We write the single composition operation
as £ 5,9 = f3(id, ..., g9, ..., id). It must satisfy (i) that (f ; g) $ih = f3%: (g3j-ir1 h) whenever
i < j <i+m—1where g has m outputs, and that (ii) that (f3; 9) $; h = (f §;_;41 h) 3; g whenever
i+m-1<j.
Lemma 41 (Terms form a multicategory). Terms, with composition, form a multicategory. The
composition of two terms with appropriately matching types, I + p: A1, (@: Yy, ..., Yi), Ay and
(y1 : Y1)y eoes (Ym = Yim) + q: A, along the label w, yields a term, T + (p §,, q): A1, A, Ay, inductively
defined as follows.

o (%) 5, q = q[g\ x];

a(xX) s, q=a(X), fora+ w;

(loop a(X){u.p}) 5., ¢ = Loop @(X){u.(p 5, @)};
(FCNHGi-pi}) 50 g = T (pi 50 D }-

The identity term, % : X + id: (a : X), is defined by id = a(X).

Proposition 42 (Cut-elimination). The following cuT is a derived rule.

Cur
rr p: Al’ (w: Y1> cees Ym),AZ (yl : Yl)’ eeey (ym : Ym) - q: A

I'r (p;w q) A],A,Az

By only considering labels — and forgetting about the variable structure — terms follow the
structure of a cocartesian multicategory. This is the equivalent opposite of a cartesian multicategory
(a clone, or a colored Lawvere theory). In particular, a cocartesian multicategory is a symmetric
multicategory.

Definition 43 (Cocartesian multicategory). A cocartesian multicategory is a multicategory M with,
for each finite function, o: m — n, an action, (e) - 6*: M(X; Y1), ... Yo(m)) — M(X;Y1,... 13),
satisfying axioms,
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1) frid*=f,and f-0* - " =f-(c37)%;

2) g5(fi-0)senfn-0p) =(g5 (f1s s fu)) - (01 + ..+ 00)";

B3) g-0"§(fis- fr) = (95 (fo()s o fo(m))) - (0(kts e ki)™
Here, by o(ky,...kn): kg(1) + ... + kg(m) = ki + ... + kn, we denote the block function that acts
as the identity on each one of the blocks, and as ¢: m — n among them [ ].Byo; + ... +
On: ki + ...+ kp = ki + ... + k;, we denote the coproduct of finite functions. Later, we will use
[o1, ..., on]: k1 + ... + ky, — k to denote the cotupling of functions sharing a codomain.

Proposition 44 (Terms form a cocartesian multicategory). Terms form a cocartesian multicategory
with label substitution. The following rule is derivable and satisfies the axioms in Theorem 43.

LABEL COACTION
T'rp: (ay : ‘Pa(l)), oy (@ ‘Pg(m))

T+ p[al, R/ £ \ﬂo-(l), ,ﬂo-(m)] : (ﬂl : \Pl), cees (ﬂn : \I/n)

4.3 Distributive copy-discard multicategories

Definition 45 (Predistributive multicategory). A (strict) predistributive multicategory is a cocarte-
sian multicategory, (M, *), with a monoid on objects, (Mo, ®, 1), and, additionally, operations

(exU): M(X; Yy, ... Y,) > M(X®U; Y, ®U, ..., Y, ® U),

(Uxe): M(X;Y,...,.Y,) > MURX;U®Y,,...U®Yy,),
that must satisfy (i) left unitality, (I < f) = f, (ii) left associativity, U < (V = ) = (U ® V) x f, (iii)
right unitality, (f < I) = f, (iv) right associativity, f = (U = V) = (f xU) «V, and (v) compatibility,
(Uxf)=V=Ux(fxV).

Definition 46 (Predistributive copy-discard multicategory). A predistributive copy-discard multi-
category is a predistributive multicategory moreover endowed with the structure of a premonoidal
copy-discard category on its unary morphisms.

Lemma 47 (Terms form a predistributive copy-discard multicategory). Terms form a predistributive
copy-discard multicategory. Variable multiwhiskering (MULTIWHISK-R and MULTIWHISK-L), where we
add the same type to the premises and to each one of the conclusions, are derivable.
MULTIWHISK-L MULTIWHISK-R

IF'tp:(ar:¥1),...(an:¥y,) Frp:(ay:¥),...(ay:¥,)

LLw: X)FrXxp:(a: X,¥),... (@, : X, ¥,) T,(w:X)Fp=xX:(a;:9Y,X),...(an: ¥, X)

The copy-discard category structure follows from the rest of the structural rules (Theorem 16).

Predistributive multicategories, in particular, can compose two morphisms f € M(X; Y3, ..., Yy,)
and f* € M(X";Y], .., Y;,) in two different ways: either as (f ® X’) § (X ® f',...,X ® f'), or as
X®f)s(f®X,...,f ®X). These two cannot coincide; their types do not even match. However,

they coincide up to a symmetry: this constitutes the interchange axiom.

Definition 48 (Distributive multicategory). A (strict) distributive multicategory is a cocartesian
multicategory, (M, *), with a monoid on objects, (M,;, ®, 1), and a tensor operation, (®), taking
an n-multimorphism and an m-multimorphism, and yielding an (n - m)-multimorphism,

MO Y, oo o) XM(X Y], V) > MX® X Y1 @Y, Y1 @Y, .Y, @Y, .Y, ®Y,),

that satisfies the following axioms: (i) associativity, f ® (g ® h) = (f ® g) ® h, (ii) unitality,
f®id=f =id ® f, (iii) interchange,

(f3(g1ngn) ® (f §(g1 - dm)) = (F® )5 (91 ® 91,091 ® Grps s Gn ® G5 oo G ® G-
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Program Logics via Distributive Monoidal Categories 15

Remark 49. In this definition, we choose to order pairs lexicographically—so that Y; ® Y;, appears
before Y,, ® Y,,—but we could have chosen to order pairs antilexicographically. This convention
corresponds to choosing left-sesquistrict over right-sesquistrict distributive categories [ ]

4.4 Traced distributive multicategories

Definition 50 (Traced distributive multicategory). A traced distributive multicategory is a dis-
tributive multicategory endowed with a fixpoint operator, fix: M(X; X, Y1, ..., Yn) = M(X; Y1, ..., Vo),
satisfying the following axioms:

e morphism naturality, fix(f) § (a, ... an) = fix(f ¢ (a1, ..., an));

e action naturality, fix(f) - o* = fix(f - idy + ¢¥);

o strength, fix(f = X) = fix(f) = X and fix(X = f) = X = fix(f);

o duplication, fix(fix(f)) = fix(f - [id, 1d;] + id},);

o dinaturality, fix(f §; g - [idp, 1d,]*) = g §; fix(f §; g - [idp, idp, 1d,]7).
Respectively, a traced distributive copy-discard multicategory is a traced distributive multicategory
endowed with the structure of a copy-discard category on its unary morphisms.

Remark 51 (Terms form a traced multicategory). As expected, terms form a traced distributive
copy-discard multicategory with looping. We additionally imposed on them the following uniformity
axiom: the last ingredient to an imperative multicategory.

Definition 52 (Uniform trace). A uniformly traced distributive multicategory (or, Elgot multicate-
gory), is a traced distributive multicategory additionally satisfying the following uniformity axiom:
for any appropriately typed multimorphisms, the equality

B (fiyeon fu) - (vp +idp)* = g5 (id, .7, id, b, 7, R) - (idy + Vi)™

implies the following equality of traces, h § (fix(f1), ..., fix(fn)) - v, = fix(g - v};,), where we write vy
for the k-cotupling of the identity.

4.5 Imperative multicategories
We can finally introduce the definition of imperative multicategory and immediately employ it to
realize the denotational sound and complete semantics of its internal language.

Definition 53 (Imperative multicategory). An imperative multicategory is a uniformly traced
distributive multicategory, endowed with copy-discard category structure on its unary morphisms.

Theorem 54 (Denotational semantics). Consider an assignment from a distributive signature
(8B,G) to the underlying distributive signature of an imperative multicategory, (Cop;, C), given
by an assignment on objects, (o))op;: B — Cop;—which extends to an assignment on lists of types,

[o]®: List(B) — Cyy;, defined inductively by [|® = I and [X, X]® = [X]®[X]®—and an assignment
on generators preserving their type,
(o) : G(X; Y, V) = C((XD; (Vi) + oo + (V).

It extends to an assignment, [o]: (% : X F (@ : V1), ... (@1 : Yy)) — C([X]%;[VA]® + ... + [Y.]®),
from terms to morphisms of the multicategory C.

Remark 55. Regarding the coproduct, we essentially use the translation between clones and cartesian
multicategories [ , ]. Regarding the tensor, we are essentially using the translation from
arrow do-notation to copy-discard categories.

Theorem 56 (Soundness and completeness). The denotational semantics is sound and complete for
imperative multicategories.
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[X1 X1
[a:(Z)]] = 0 0
o - . - X1
1] X1 [¥1 %] K] [¥1

X1 [loop a; (¥){u.p}] =
[pl‘q] v; (If] ® id) [¥11 [¥]

[FG lapl] = [Ipd][lp] |[lpe] |
- <

%] vl % §

%1 %1

Fig. 1. String diagrams for the semantics of the internal language.

4.6 Posetal imperative multicategories

Reasoning requires an order on morphisms; an order that is respected by all of the operations of
the category. We model this by enriching our categories on partially ordered sets.

Definition 57 (Posetal distributive copy-discard multicategory). A posetal distributive copy-discard
multicategory is a distributive copy-discard multicategory where every set of multimorphisms
has a poset structure compatible with composition, tensor, and coproduct actions: for all f, f* €
M(X; Yy, ..., Yy) with f < ', we have f- 0" < f" - 0% forall g;, g; € M(Y;;Zi1, ..., Zim,) With g; < g,
we additionally have f'§ (g1,....gn) < f’ § (9}, .. gy); forall b, b’ € M(X"; Y], ..., Y;) with h < K/, we
additionally have f®@ h < f @ K.

Definition 58 (Posetal uniform trace, cf. Hasegawa [ 1). A posetal uniform traced distributive
multicategory is a traced distributive multicategory whose underlying multicategory is posetally-
enriched and whose fixpoint, additionally, satisfies the posetal uniformity axiom: for any appropri-
ately typed multimorphisms, the inequalities

hs(fiyeo fu) - (vp+idp)* < g (id, .7, id, b, ™, k) - (id, + Vi)™
B (fiseon fu) - (vn+idp)* 2 g ¢ (id, .7, id, b, ™ h) - (idy + Vi) s

imply, respectively, the following inequalities of traces,
ke (fix(f1), .. fix(fn)) - vy, < fix(g-v},), and kg (fix(f1),... fix(fn)) - vi, = fix(g - v;,).

Finally, let us introduce the structure we use for program logics: posetal imperative categories.
These express all the constructs of imperative programs but also the logical operations of program
logics.

Definition 59 (Posetal imperative multicategory). A posetal imperative multicategory is a posetal
distributive copy-discard multicategory with posetal uniform trace, and additionally satisfying: (i)
that its zero map is the least element of any set of multimorphisms, and (ii) the discarding map is
the top element any set of unary morphisms to the monoidal unit.

4.7 Examples, and representability

Most of our examples have still an extra property: the multicategory is representable, meaning
that multimorphisms correspond to morphisms to a tensor object (the coproduct). Formally, a
multicategory is representable when it has, for every list of objects, Y3,...,Y, € My, an object
Y1 + ...+ Y, € Mgy, and a family of morphisms case,: Y1 + ... + Y, — Yi,..., Y, closed under
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composition and inducing an isomorphism M(X; Y] + ... + Y,) = M(X; Yy,... V) [ ,§87].Ina
cocartesian multicategory, under this isomorphism, we obtain maps inj; ,: ¥; = Y + ... + Y.

We may explicitly impose this property by asking for two families of generators, case, €
G(Y1+..+Y,;Y,..,Y,) and inj;, € G(Y; Y1 + ...+ Y,), which must be total, deterministic, and
central, and moreover satisfy the following equations [ , Definition 8.1].
case, (w){y;.inj; , (y){ua(w)}}, = a(u);
inj; , (x;){u.case, (u){y;.ai(y:) }} = ai(x;);
case;(w){u.a(u)} = a(u);
case, (u){x;.casem (x;){yi;-i;(yi;)}} = casen.m(u){yi;ai;j(yij)}:

Definition 60 (Imperative category). An imperative category is an imperative multicategory with
representable coproducts.

Remark 61. Every multicategory freely induces a representable multicategory; every imperative
multicategory freely induces an imperative category. The rest of this section looks at some examples
of posetal imperative categories. As common in program semantics, these are Kleisli categories of
commutative monads.

Lemma 62. In a distributive copy-discard category, the structure morphisms of coproducts, i and {,
are total and deterministic.

Definition 63. A monad on a category C is a triple (T, 5, (—)”) of a functor T: C — C, a fam-
ily of morphisms nx: X — T(X) indexed by objects X of C, and an operation on hom-sets
(=)7: C(X,TY) — C(TX, TY) satisfying (i) ny; = idrx, (i) x5/~ = f,and (iii) [~ 597 = (f597)".

The Kleisli category of a monad T: C — C commonly serves as semantics for computations in
C with T-effects [ 1.

Definition 64. For a monad T on a category C, its Kleisli category, kI(T), has the same objects
as C and the morphisms X — Y are the morphisms X — T(Y) in C. Identities are given by the
monad unit, x, and the composition is defined with Kleisli extensions, f $g~.

We introduce the monads whose Kleisli categories will be our running examples. This section
shows that they do indeed have the structure of a posetal imperative category.

Example 65. Consider the category Set of sets and functions. The maybe monad on Set acts on
objects as L(X) = X + 1; its unit is the inclusion nx: X — X + 1; and the Kleisli extension of a
function f: X - Y + 1is [~ (x) = f(x) for x € X, and f~ (%) = %, where * denotes the element of
1. Morphisms in its Kleisli category, Par, specify partial functions.

Example 66. Consider the powerset monad on Set. Its action on objects is P (X) = {E C X}; its unit
nx(x) = {x} maps each element x € X to the singleton {x}; and the Kleisli extension of a function
f: X —>P(Y)is f7(E) ={f(x) € Y | x € E}. Morphisms in its Kleisli category, Rel, are relations.

Example 67. Consider the subdistribution monad on Set. We will consider countably supported
subdistributions [ , ]. For a set X, these are functions o: X — [0, 1] whose support,
supp(o) = {x € X | o(x) > 0}, is countable and whose total probability mass is at most 1, i.e.
Yixex 0(x) < 1. The subdistribution monad maps a set X to the set D (X) of countably supported
subdistributions on X; its unit x (x) = J, maps each element x € X to the Dirac distribution at
point x; and the Kleisli extension of a function f: X — D(Y) is f~(0)(y) = X o(x) - f(x)(y).
Morphisms in its Kleisli category, Stoch, are discrete stochastic channels.

Example 68. Consider the category StdBorel of standard Borel spaces and measurable functions
between them. A subdistribution on a standard Borel space (X, Ax) is a measurable function
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18 Anon.

o: (X, Ax) — ([0,1], B) whose total probability mass o(X) is at most 1, where B is the Borel
o-algebra on the interval [0, 1]. The subdistribution monad on StdBorel [ , ] maps a
standard Borel space X to the standard Borel space G(X) of subdistributions on it with the o-
algebra generated by the set of evaluation maps evyy: G(X) — [0, 1] for all the measurable subsets
U of X.

When the base category has a monoidal structure, we may ask that the monad interacts well
with it to ensure that the monoidal structure lifts to the Kleisli category.

Definition 69. A monad T on a symmetric monoidal category (C, &, I) is strong if there is a natural
transformation txy: X ® T(Y) — T(X @ Y), the left strength, that is compatible with the monoidal
structure and with the monad structure: (i) Arx § trx = T(Ax), (i) txevy.z § T(axyz) = axyTZ
(idx ® ty,z) $ tx,yez, (i) (idx ® y) § tx,y = nxey,and (iv) (idx ® py) $tx,y = tx;1v $ T (txY) § fixey,
where a, A and p denote the associator, and left and right unitors, and p denotes the monad
multiplication, pux = id?x.

A strong monad is commutative if the two morphism of type TX ® TY — T(X ® Y) obtained
by composing strengths and symmetries coincide: trxy § T(ty y) § fixey =ty 1y § T(tx.y) § fixey,
where ty , = 05t §T(0) is the right strength obtained by combosing the left’strength t with the
symmetry o.

All the examples of monads in this section are known to be commutative with respect to the
cartesian product in their base categories. Any monad is commutative with respect to coproducts.
Thus, all their Kleisli categories are distributive copy-discard categories, as the next proposition
shows.

Proposition 70. The Kleisli category of a strong monad T: C — C on a distributive copy-discard
category C is also a distributive premonoidal copy-discard category. If the monad T is commutative,
then its Kleisli category is a distributive copy-discard category.

Posetal imperative categories also require a trace for the coproducts. We apply a result that con-
structs such trace for monads satisfying a condition called partial additivity [ ]. The conditions
for partial additivity are rather technical and we recall them below.

Definition 71 ([ , Definition 4.2]). A monad T on a category C with countable coproducts
and products is partially additive if its Kleisli category is poset-enriched with a zero object and the
morphisms Bx: T([], X,) — [, T(Xy), defined by pairing the canonical maps [ [, X, — T(X;),
are monic and form a cartesian natural transformation.

Proposition 72 ([ , Example 4.4] and [ , Section 7]). The maybe monad, powerset monad,
and subdistributions monad on the distributive category of sets and functions, Set, are partially additive.
The subdistributions monad on the distributive category StdBorel is a partially additive monad.

While the law of uniformity is well known since at least Hasegawa’s work [ ], the one of
posetal uniformity received far less attention (to the best of our knowledge only [ ). We
illustrate a result that allows to prove posetal uniformity for a large variety of example, in particular,
all those considered in this text. Recall that a Dcpo | -enriched category is a category where each
homset has countable directed joins and a bottom element that are both preserved by composition.

Our starting point is the following result that ensures the existence of a uniform coproduct
trace [ 1.

Theorem 73. [ , Theorem 5.2] Let C be a category with countable coproducts and a monad,
T: C — C, such that

, Vol. 1, No. 1, Article . Publication date: July 2025.



883
884
885
886
887
888
889
890
891
892
893
894
895
896
897
898
899
900
901
902
903
904

906
907
908
909
910
911
912
913
914

916
917
918
919

921
922
923
924
925
926
927
928
929
930
931

Program Logics via Distributive Monoidal Categories 19

e it is a partially additive monad;
o its Kleisli category, kI(T), is Dcpo | -enriched;
o and its Kleisli category, kI(T), has monotone cotuplings;

then, this Kleisli category is partially additive and has a uniform trace, (kI(T), +, 0, tr).

Putting together Theorem 73 and Theorem 70, we obtain that these Kleisli categories have almost
all the structure that we need.

Corollary 74. The Kleisli category of a partially additive monad on a distributive category satisfying
the assumptions of Theorem 73 is an imperative category.

With Theorem 74, we are only left to prove posetal uniformity. Starting from Theorem 73, and
exploiting a result by Hasuo [ ] that generalises forward and backward simulations as lax and
oplax coalgebra morphisms, we can prove that the monoidal trace of the theorem above is not just
a uniform trace but, crucially for our developement, a posetal uniform trace.

Proposition 75. Under the conditions of Theorem 73, the Kleisli category of a monad, kI(T), has a
posetal uniform trace.

Corollary 76. The Kleisli categories of the maybe monad, powerset monad, and subdistributions
monad on the distributive category Set, and of the subdistributions monad on the distributive category
StdBorel are posetal imperative categories.

5 Distributive program logics

Program triples are tuples containing a precondition predicate, a command and a postcondition
predicate. Program logics are concerned with proving the validity of a triple, but what validity
means depends on the program logic in question and the properties it is concerned with.

For instance, the program triples {p} ¢ {g} and {s} ¢ {{} may mean any of the inequalities in
Figure 2, for a command c, predicates p and ¢, and states s and t.

State Predicate Assertion
Correctness sgc<t p=<csq assertpgc < cgassertq
Incorrectness sgc=>t p=csq assertp 5 ¢ > ¢ g assertq

Fig. 2. Inequalities that define validity of program triples {p} ¢ {g} or {s} c {t}.

This section expresses program logics in the language of imperative categories. The next section
introduces couplings to cover relational program logics in a similar fashion. This level of generality
allows us to instantiate the rules that we prove here in all the examples of Section 4.7.

Each program logic defines validity of triples with one of the inequalities above. Hoare logic [
uses assertp § ¢ < c § assert g, incorrectness logic [ s ] uses s § ¢ > t, and outcome
logic [ ] uses p < ¢ § q. These are only three of the possibilities outlined above, but nothing
prevents us from considering the other ones as well.

The structure of imperative categories allows us to derive rules for any chosen triple shape: the
posetal enrichment is crucial for interpreting validity of triples; the categorical structure ensures
the skip and comp rules; the monoidal copy-discard structure gives the AssiGn and sAMPLE rules;
the distributive coproducts give the rules for choice; the posetal-uniform trace gives the rules for
loops.
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5.1 Correctness triples

This section considers assertion-correctness triples. In the category Rel of sets and relations, these
are known as Hoare triples [ ]

Definition 77 (Assertion-correctness triple). In a posetal imperative category, an assertion-
correctness triple, {p} ¢ {q}, consists of a morphism c: X — Y, a predicate on the input, p: X — 1,
and a predicate on the output, q: Y — 1, satisfying assertp §¢ < ¢ § assert q.

Remark 78. In the imperative category Rel of sets and relations, assertion-correctness triples are
equivalent to state-correctness triples: assert p§c < c§assert q if and only if p°P §¢ < ¢°P. Predicates
have, in general, a richer logic compared to states. Therefore, we choose the former triple shape.

We derive the rules of Hoare logic [ ] as presented by Winskel’s reference book [ 1.
Additionally, we include rules for nondeterministic choice and iteration that accommodate examples
outside of the category of relations.

Theorem 79. The following are valid assertion-correctness triples in any posetal imperative category
where abort < f and f § T < T for all morphisms f.

SKIp comp ASSIGN
{ptei{qg} {q} 2 {r} e deterministic and total
{p} skip {p} {prer;ea{r} {plu\eltu=e{p}
CHOICE LOOP UNROLL
{pten{qt  {p}ea{q} {p}c{p} {p} if bthen(c; whilebdoc) else skip {q}
{p} ifbthencyelsec; {q} {p} whilebdoc{p} {p} whilebdoc{q}
IFELSE WHILE
{pAb*Ye1{q} {p A (=b)*} e {q} b deterministic  {b" A p}e{p} b deterministic
{p} if bthenc;elsec; {q} {p} whilebdoc {p A (=b)"}
MONOTONE AND FALL
P12 {p2} c{q2} Q2 =q {p1}e{q:} {p2} c{q2}
{p1}e{q:} {p1 Ap2te{qi A gz} {p} abort {q}
ASSERT ToP BOT
gAr< 1L

{p+5q} assertr {p AL} {pe{T} {L}elq}

5.2 Incorrectness triples

This section considers state-incorrectness triples. In the category Rel of sets and relations, these
are known as reverse Hoare triples [ ] or incorrectness triples [ 1.

Definition 80 (State-incorrectness triple). In a posetal imperative category, a state-incorrectness
triple, {s} ¢ {¢}, consists of a morphism, c: X — Y, a state on the input, s: 1 — X, and a state on
the output, t: 1 — Y, satisfying s g ¢ > t.

We derive the rules of incorrectness logic [ ] in the more general setting of posetal im-
perative categories. The original incorrectness rules for choices and loops are a particular case
of the ones below. They are obtained by setting the guard b: X — 1 + 1 to be the relation
<={(x,0) | x € X} U{(x,1) | x € X}, where 0 and 1 denote the two elements of 1 + 1. Similarly,
the nondeterministic assignment rule of incorrectness logic [ ] is a particular case of the
saMPLE rule when the state sy is chosen to be T°P, the opposite relation of the true predicate. The
guard « and the state T°P do not exist in general posetal imperative categories, so we present the

, Vol. 1, No. 1, Article . Publication date: July 2025.



981
982
983
984
985
986
987
988
989
990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029

Program Logics via Distributive Monoidal Categories 21

rules with a generic guard b and a generic state sy. The rules that we present hold, in particular, for
probabilistic examples like Stoch.

We omit the substitution rules in incorrectness logic [ ] because they follow from alpha
equivalence. We omit the local variable rule because it relies on the existence of the state T°P,
which does not exist in general. The coNSTANCY rule of incorrectness logic [ ] requires the
conjunction of preconditions. In copy-discard categories, conjunction of predicates always exists,
but not conjunction of states. Thus, we omit this rule. Similarly, the command assume(p) does not
necessarily exist in posetal imperative categories. Thus, we substitute the AssUME rule with the
ASSERT rule. The backward variant rule for loops relies on Kleene’s theorem for fixpoints. This
seems to require more assumptions on the categorical structure, so we decided to omit the rule.

Theorem 81. The following are valid state-incorrectness triples in any posetal imperative category
where abort < f for all morphisms f.

compP comP (ERROR)
o Staly (el  (tail}
{s} skip {s} {s}er;ea{r} {shersea {1}
ASSIGN SAMPLE
{stx=y{s(x\y)} {s}x = so{llcs 50}
CHOICE (LEFT) CHOICE (RIGHT) CONVEX
{s | b*} e {1} {s | (=b)*} ez {1} {s1}c{t:} {s2} c{t2} b constant
{s} ifbthencyelsecy {t} {s} if bthenc;elsecy {i} {s1+p s2} c{t1 +p 12}
ITER
[TER ZERO (s | b*)c;whilebdoc {1}
{s} whilebdoc{s | (=b)"} {s} whilebdoc {1}
MONOTONE
51> 8 (2 () b > 1 ASSERT FAIL BOT
{s1}c{t1} {s} assertp {s | p} {s} abort {1} {s}te{L}

5.3 Outcome-like triples

This section considers predicate-correctness triples. In Kleisli categories of Set-monads T satisfying
some assumptions, these correspond to outcome triples [ ].

Definition 82 (Predicate-correctness triples). Ina posetal imperative category, a predicate-correctness
triple, {p} ¢ {q}, consists of a morphism c: X — Y, a predicate on the input, p: X — 1, and a
predicate on the output, q: Y — 1, satisfying p < c§g.

The logic for assertions in outcome logic is richer than the one we consider here: we restrict to
the combinators for predicates that come from the categorical structure so that we can interpret
the triples and prove their rules in any posetal imperative category. As a consequence, our rules
slightly differ from the ones for outcome logic [ ]. As for incorrectness logic, we present
the rules with generic guards b as we do not assume the existence of the guard «. The cHOICE
rule below needs equal postconditions, contrary to that of outcome logic. The structure of posetal
imperative categories does not ensure the existence of a predicate T® that is satisfied by all elements
of T(X), including failure. Thus, this structure cannot express the EMPTY and zERO rules of outcome
logic [ ] and implies a different ASSERT rule. We omit the For rule as it follows by induction
from the rule for compositions and add the sampLE rule for nondeterministic assignment.
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Theorem 83. The following are valid predicate-correctness triples in any posetal imperative category
where abort < f for all morphisms f.
comp ASSIGN

SKIP {r}er{q} {q} e {r} e deterministic SAMPLE
{p} skip {p} {prersead{r} {plu\el}u=e{p} {plu\sl}u < s{p}
UNROLL CHOICE
{p} if bthen(c; while b doc) else skip {g} {ptei{q} {p}ea{q} b total
{p} whilebdoc{q} {p} if bthencyelsec, {q}
IFELSE

(b* Ap}ei{q) {(=b)* A p} ez {q) b total and deterministic

{p} if bthencyelsecy {q}

ASSERT CONVEX
(b)Y Ag=1 b deterministic {p1}c{qi} {p2}c{qz} b constant
{p+5 q} assertdb” {p} {1+ p2} e {q1 +b ¢z}
MONOTONE BOT
p1=p2 {p2}c{q2} 92 < 1
{p1}c{q:} {L}e{q}

6 Distributive relational program logics

Relational program triples compare pairs of programs in a shared context. They are a tuple of two
commands, a precondition on the product of the input types and a postcondition on the product of
the output types. As for (not relational) program triples, the validity of relational program triples
can be defined in terms of any of the inequalities in Figure 3. This time, p and q are predicates on a
product type, s and t are states on a product type, and the commands need to be replaced by couplings

of commands as one cannot assume that their effects are independent [ , , ].
State Predicate Assertion
Relational correctness sgh™ <t p<h gq assertp §h™ < h™ § assertq
Relational incorrectness ssh™ >t p=hmsq assertp sh™ > h™ §assertq

Fig. 3. Inequalities that define validity of relational program triples {p} ¢ ~ d {q} or {s}c¢ ~ d {1}, where
h>c & d is a coupling of the commands c and d, and h™ = h§ 15 ..

Definition 84. A coupling of two morphisms, fi: X; — Y; and f;: X, — Y, in an imperative
category, is a morphism h: X; ® X; — Y; ® Yo + Y1 + Y, such that h § [1y,id, 0] = 7y § f; and
h§[ s, 0,1d] = 728 fa, where [, id, 0] indicates the copairing of the first projection 71 : X1®0X, — Xi,
the identity idy, and the zero morphism 0: X; — Xj. A strong coupling is a coupling of the form
h$iy,ev,, where iy,gy,: V1 ® Y2 = Y1 ® Y, + ¥ + Y> denotes the coproduct injection.

We write that h is a coupling of f] and f; as k> f; & f>. Given a coupling h: X1®X, — Y;1®Y, +Y1 +Y,,

define h™: X; ® X; — Y1 ® Y, by postcomposing with the maps to the zero object, i~ = h § ﬂ'Y oY,

Remark 85. We spell out the definition of coupling for states in Stoch to show that, in this case, our
definition of coupling coincides with the definition of x-coupling for subdistributions [ ].
Two states s: 1 — X and t: 1 — Y in Stoch are two subdistributions s € D(X) and t € D(Y). A
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coupling of s and ¢ is a subdistribution u: 1 — X' XY +X+Y such that s(x) = X ey u(x, y) +u(x, %)
and t(x) = X, ex u(x,y) + u(*,y), where (x, x) denotes the element x in the second component
of the coproduct, and (%, y) denotes the element y in the third component of the coproduct. A
subdistribution on X X Y + X +Y is the same as a distribution on X X Y + X + Y + 1, thus couplings of
states in Stoch coincide with x-couplings of subdistributions [ ]. Similarly, strong couplings
coincide with (total) couplings of subdistributions [ , 1.

Strong couplings enforce the same termination behaviour as total couplings of subdistributions
do [ . Ifh»> fi & f2 is a strong coupling, (fi ) ®e=hs(e®¢) =e® (f2 §¢), where f; s ¢
gives the termination predicate of f;.

Remark 86. When all morphisms are deterministic, then strong couplings trivialise: all strong
couplings of f and g need to be f ® g. This is the case of the category Par of sets and partial
functions.

6.1 Relational correctness triples

This section considers relational assertion-correctness triples. In the category Par of sets and partial
functions, these correspond to relational Hoare triples [ 1.

Definition 87 (Relational assertion-correctness triples). In a posetal imperative category, a re-
lational assertion-correctness triple, {p} ¢ ~ ¢’ {q}, consists of two morphisms, ¢c: X — Y and
¢’: X’ — Y’, a predicate on the product of the inputs, p: X ® X’ — 1, and a predicate on the
product of the outputs, g: Y ® Y — 1, such that there exist a coupling, h > ¢ & ¢/, satisfying
assertp g h™ < h™ §assertq.

Benton’s work [ ] restricts to strong couplings, which simplify in the case of partial functions
(Theorem 86). The validity condition of a triple {p} ¢ ~ ¢’ {¢}, thus, simplifies to assert p§ (c®c¢’) <
(¢ ®¢’) ¢ assert g. We present the rules in the general case to allow semantics different from partial
functions.

Theorem 88. The following are valid relational assertion-correctness triples in any posetal imperative
category where abort < f for all morphisms f.

SKIP COMP
{p}er~di{q} {qyca ~dy {1}
{p} skip ~ skip {p} {p}(crsc2) ~(di;da) {1}

ASSIGN
e1, ey total and deterministic

{pl(u,uz) \ (e, en)]} (ur =e1) ~ (uz =ez) {p}

CHOICE

{pter~c2{q} {pter ~dz{q} {ptdi~c2i{q} {ptdi ~da{q} by, by total
{p} (if by then cy else d;) ~ (if b thenc;elseds) {q}

IFELSE
‘ {(b* ®bs") ApYer ~ez{q)
{((=b1)* ® (=by)*) A pydy ~ dy {q} by, by total and deterministic
{(by =Dby) A p} (if by thencyelsed;) ~ (if by thencyelseds) {g}
LOOP

{prei~codpy  Aprer~skip {p}  {p} skip~ca{p} b1, b; total
{p} (whileb; docy) ~ (whileby doc;) {p}
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WHILE
{(b* ® by") A preg ~ca{(by =by) Ap} b1, by total and deterministic

{(b1 = b2) Ap} (whileby docr) ~ (while by docp) {((=b1)" @ (=b2)") A p}

MONOTONE SYMM
pr<p:  Apbe~diqg)  @<q {pye~diq}
{pi}e~d{q} {o;ptd~clo;q}
ASSIGN-L CHOICE-L
e total and deterministic {p}c~ skip {q} {p}d ~ skip {q} b total
{plx\el} (x:=e)~skip {p} {p} (if bthencelsed) ~ skip {g}

IFELSE-L

{((b* @ T) A p}e~skip {q} {((=b)"® T) Ap}d ~ skip {q} b total and deterministic
{p} (if bthencelsed) ~ skip {q}

Loopr-L WHILE-L
{p}c~skip {p} b total {(b"®T)Ap}e~skip {p} b total and deterministic
{p} (whilebdoc) ~ skip {p} {p} (whilebdoc) ~ skip {((—=b)" ® T) A p}

6.2 Relational incorrectness triples

This section considers relational predicate-incorrectness triples. In the category Stoch of sets
and partial stochastic functions, these correspond to quantitative probabilistic relational Hoare
triples [ 1.

Definition 89 (Relational predicate-incorrectness triples). In a posetal imperative category, a
relational predicate-incorrectness triple, {p} ¢ ~ ¢’ {q}, consists of two morphisms, ¢: X — Y and
¢’: X’ = Y’, a predicate on the product of the inputs, p: X ® X’ — 1, and a predicate on the
product of the outputs, g: Y®Y’ — 1, such that there exist a coupling, h>c&¢’, satisfying p > h™3q.

We derive the rules of relational predicate-incorrectness logic. Compared to the rules of quantita-
tive probabilistic relational Hoare logic [ ], we do not assume that guards are deterministic,
so we derive additional rules for nondeterministic choice and iteration. The STRASSEN rule of
quantitative probabilistic relational Hoare logic [ ] is missing as it is a consequence of
Strassen’s theorem, a characterisation of couplings particular to subdistributions.

For two guards, b;: X; — 1+ 1and b;: X; — 1+ 1, we denote with b; = b, the predicate on
X; ® X, that succeeds when b; and b, are both true or both false, and fails otherwise. We use
b1" ® by to denote the predicate on X; ® X, obtained as the monoidal product of b X, > 1and
by": X, — 1. For a predicate p: X; ® X; — 1, we indicate with o ; p: X, ® X; — 1 the predicate
obtained by permuting the inputs.

Theorem 90. The following are valid relational predicate-incorrectness triples in any posetal impera-
tive category where abort < f and f § T < T for all morphisms f.

SKIP comp
{pter~di{q} {q}ca ~dz2 {r}
{p} skip ~ skip {p} {r}(crse2) ~ (di ~dp) {7}

ASSIGN SAMPLE

heci &cy

{pl(u,uz) \ (01,02) ]} (w1 =01) ~ (uz =02) {p} {pl[(u1,uz) \ h7]} (ug = c1) ~ (ug < c2) {p}
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CHOICE

{p}er~eaiq} {p}er~d2{q} {p}di ~c2{q} {p}di~da{q} by, by total
{p} (if by then ¢y else dy) ~ (if by thencs else ds) {q}

IFELSE
‘ {(:" ® b") ApYer ~ea{q)
{((=b)* ® (=by)*) A p}dy ~ dy {q} by, by total and deterministic
{(by = by) A p} (if by thency elsedy) ~ (if by thency else dy) {q}
LOOP

{pter ~ca{p} {p} ey ~skip {p} {p} skip ~ cz {p} by, by total
{p} (whileb; docy) ~ (whileby doc;) {p}

WHILE
{(b;* @ b,") A preg ~ca{(by =by) Ap} b1, by total and deterministic

{(by = by) A p} (whileby docy) ~ (whilebydocy) {((=b1)" @ (=b2)") A p}

MONOTONE CHOICE-L
pr=p:  Apbe~digt  q@=q  {plc~skip{q}  {p}d~skip{q} b total
{piye~diq} {p} (if bthencelsed) ~ skip {q}
SYMM I SAMPLE-L
{rte~d{q} AN ¢ total

{o;ptd ~c{o;q} {plx\ol} (x=0) ~skip {p} {plu\cl} (uec)~skip {p}
IFELSE-L

{((b* @ T) A p}e~skip {q} {((=b)"® T) Ap}d ~ skip {q} b total and deterministic
{p} (if bthencelsed) ~ skip {q}

Loop-L WHILE-L
{p}c~skip {p} b total {(b"® T)Ap}e~skip {p} b total and deterministic
{p} (whilebdoc) ~ skip {p} {p} (whilebdoc) ~ skip {((=h)" @ T) A p}

7 Conclusions and future work

We have introduced posetal imperative categories as a principled approach to program logics
(Section 4). We have defined a sound and complete syntax for them (Section 2), which allowed us to
derive the rules of various existing program logics and relational program logics (Sections 5 and 6).

7.1 Further work

External logic, fibrations, and enrichment. While we focused on the logics given by the internal
structure of the category, we could derive more variants if we accept the logic to be external (e.g. the
extra operation @ of outcome logic). In particular, a fibration would structure the use of two different
categories: one for predicates and one for commands. We considered poset-enriched categories to
express program triples. We could extend the treatment to metric-enriched categories to express
quantitative properties of program behaviour.

Separation logic and premonoidal semantics. The logic of bunched implications has semantics in
categories that are both cartesian closed and monoidal closed with a second tensor; additional
distributivity with coproducts is admissible [ ]. We believe a careful adaptation of our tech-
niques could derive separation logic from categorical first principles: this could account for its
probabilistic versions [ ], or be extended to higher-order versions [ ]. The condition
that modules have restricted access to some parts of memory [ ] may be modelled with
premonoidal categories and their internal language [ ].
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A Proofs for Section 2 (An internal distributive language)

Let us restate the rules of the lanugage in a more compact way, using vectors instead of lists.

RETUEN R
(¥:X)eT (a: X) e A
Tra(X):A

GENERAT?RA R R R
feGX:1,...Y) :X)eT {(Hi : Y), T+ pi: A},

Tk fG{y: = Pi}f=1

Loop . .
{(x;: X;) e T, @:X),Trp:(a: X),A
T+ loop a(X){ii = p}: A

A.1 Alpha equivalence

We work up to a-equivalence of variables and labels, formalized by nominal techniques and variable
permutations [ , , ]: essentially, the groups of automorphisms of both variables and
labels, Aut(V) and Aut(A), act on terms by structural induction (Theorems 91 and 92) and bound
variables are quotiented accordingly (Theorem 94). Because we ask the sets of variables and labels,
V and A, to be countably infinite sets—and because any term contains always a finite number of
variables and labels—there are always variables and labels that do not appear in any finite collection
of terms: these are called fresh.

Definition 91 (Label automorphisms on terms). Automorphisms of labels, 7 € Aut(A), act on a
term, ¢, yielding a new term, 7 - ¢, inductively defined as follows.

- (a(¥)) = (ra)(%);
v+ (Loop a(¥){ii.p}) = loop (ra)(¥){ii.(r - p)};
v (fCOGipiH) = fFEO{Gi(z-pi)}
Definition 92 (Variable automorphisms on indexed terms). Automorphisms of variables, o €
Aut(V) act on a term, p, under an index, yielding a new term, o - p, inductively defined as follows.
o (a(X)) = a(oX);
o - (loop a(X){u.p}) = loop a(cx){cii.(c - p)};
o (fGCGi-pi}) = f(oX){ogi.(o - pi)}-

Note how automorphisms act on both bound and free variables; the distinction between bound and
free variables only becomes apparent when discussing alpha-equivalence (Theorem 94).

Remark 93 (Simple permutations, and shadowing). From now on, we write (x y) to refer to the
permutation that exchanges x by y and viceversa. We also write (# ¥) for the composite permutation
(un x,) - .. (ug x1). Importantly for shadowing, this is different from (u; x1) ... (uy x,): while both
permutations coincide whenever the variables are different, the first permutation decides that u;
will shadow u; whenever i < j for x; = x;.

Axiom 94 (Alpha-equivalence of terms). Two terms, under the same context and index, '+ p : A
and I + g : A, are a-equivalent when they are related inductively by the following rules.

RETURN

{(Xi ZXi) € F}?:l (a: Xl, ,Xn) e

Tra(xy,...xn) = a(xy,..xn) : A
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Loor
{(#:X) eT} y fresh (i : Y) fresh
I'r (a) -(ya)-p) = (H9) (¥ B)-q) : y(Xi,.. Xp), A
I'+ (loop a(xX){ii.p}) = (loop B(¥){v.q}) : A

GENERATOR (f)
(G X)) €TYL, (@i Vo) fresh),  {Gi: Yo T r (i dh) - pi) = (390 - q0) = Abiy
TkF f(y_c’){z_i,pl le = f(a_c’){z_)’,q,}le A
Definition 95 (Alpha-equivalence of derivations). Two derivations are a-equivalent if, after
refreshing the variables on their contexts and the labels on their indices, their terms are a-equivalent
under the same context and labels. That is, we say that (X : X) F p: (@ : ¥) and (§: X) F q: (B : )
are a-equivalent their substitutions with fresh variables and labels coincide.
2: X+ (Z0)(6@)p) = EY) (@h) q: @ D)

Proposition 15 (Label exchange, contraction, and weakening). Exchange, contraction, and
weakening for labels are derivable.

LBLEXCHANGE LBLCONTRACTION LBLWEAKENING
Fl—p:Al,(al:‘I’l),(azz‘lfz),Az FI—p:Al,(alz‘I’),(azz‘I‘),Az FI—p:Al,Az

T+ p: A, (a2 : \112), (al : \Pl)>AZ T+ ICntrahaZ(p) HVAYH (a : \II),AZ Ik p: A, (a : \I’), AV

Proor. In order to derive LBLEXCHANGE, we proceed by structural induction on terms: (i) if the
term is a return statement, we simply notice that membership to the set of labels has not been
altered; (ii) if the term is a loop, we apply the induction hypothesis to the body of the loop, which,
from (@ : ¥), Ay, (a1 : V1), (a2 : ¥2), Az, becomes (@ : V), Ay, (a3 : ¥2), (a7 : ¥1), Ay; and (iii) if the
term is a generator statement, we apply the induction hypothesis to each one of its branches.

In order to derive LBLCONTRACTION, we proceed by structural induction on terms: (i) we apply
a, whenever we find a; or a3, and leave the rest of the term unchanged. We may assume that any
label @ that we find at the head of a loop is fresh.

ICntrg, g, (a1 (x1, ... X)) = @(x1, ..., Xp);
ICntrg, g, (a2(x1, ..., X)) = a(x1, ..., Xp);
[Cntrg, g, (@(x1, ... X)) = @(x1, ..., Xp), for w # a1, 0 #
ICntrg, g,(l00p @(x1, ..., x4){p}) = 1oop @ (x1, ..., x,){ICntrg, a,(p)};
ICntrg, o, (f (X){7;: = pi}) = F(X){Y; = ICntra, o, (pi)}-
Finally, in order to derive LBLWEAK, we proceed by structural induction on terms: (i) if the term
is a return statement, we simply notice that membership to the set of labels has not been altered;

(ii) if the term is a loop, we apply the induction hypothesis to the body of the loop; and (iii) if the
term is a generator statement, we apply the induction hypothesis to each one of its branches. O

Proposition 16 (Index tensor exchange, contraction, weakening). Exchange, copying, and

discarding for variables on the index are derivable.

REXCHANGE
Trp:Ay(a: P, X1, X, %), A

T+ FEXCh(p) : Al’ (a' : \Ill,Xg,Xl,lyz),Az

RCOPYING RDISCARDING
T+ p: Al, (Z \Fl,X, Tz),Ag T+ p: Al, (a : “Pl,X, ‘112), Az

Tk rCopy(p) : Al’ (a : \Ill,X,X, \Fz), Az Tr rDisc(p) : Al’ (a : \Ijl,\yz),Az
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Proor. Inorder to derive REXCHANGE, we proceed by structural induction on terms. We exchange
two variables each time we find the right label, @; and we leave the rest of the term unchanged.
rExch(a(yq, ..., X1, X2, oy Yn)) = A(Y1, -0 X2, X15 s Yn);
rExch(w(zy, ...,zm)) = @(z1, ..., zm), when @ # a;
rExch(loop w(x1, ..., xn){p}) = loop w(x1, ..., x,) {rExch(p)};
rExch(fGO{gi = pij}) = f(){gi = rExch(p;;)}.
In order to derive RCOPYING, we proceed by structural induction on terms. We return twice the
variable we are duplicating; and we leave the rest of the term unchanged.
rCopy (@ (Y1, .o Xy ooy Yn)) = A(Y1, o0s X, X,y oty Yn);
rCopy(@(z1, ..., Zm)) = ®(z1, ..., Zm), Wwhen o # a;
rCopy(loop w(x1, ..., x,){p}) = Loop w(xy, ..., x,){rCopy(p)};
rCopy(f(X){yi = pi;}) = f(){yi = rCopy(pij)}-
In order to derive RD1SCARD, we proceed by structural induction on terms. We avoid returning
the variable we are discarding; and we leave the rest of the term unchanged.
rDisc(@ (Y1, - X, ooy Yn)) = @€ (Y1s ety ooy Yn);
rDisc(@(z1, ... Zm)) = ®(z1, ..., Zm), When o # a;
rDisc(loop w(x1, ..., x,){p}) = loop w(x1, ..., xn){rDisc(p)};
rDisc(f(X){g: = pi;}) = f(X){g: = rDisc(p;)}.
[m]
Proposition 17 (Variable exchange and contraction). Variable exchange, variable contraction,
and variable weakening are derivable.

VAREXCHANGE VARCONTRACTION VARWEAKENING
Fl,(x:X),(y:Y),Tzl—p:A Fl,(xl:X),(xsz),le—p:A Fl,l“zl—p:A

Fl,(y:Y),(x:X),FZ I-pZA Fl,(x:X),Fg I—p[xl,xz\x,x]:A Fl,(x:X),Fg I-PZA

Proor. We derive VAREXCHANGE by structural induction: (i) if the term is a return statement,
variable membership has is not altered and it can be constructed in the same way; (i) if the term is
a loop, we apply the induction hypothesis to its body; and (iii) if the term is a generator, we apply
structural induction on each one of the branches.

We derive VARCONTRACTION by structural induction: (i) if the term is a return statement, it now
contains x in place of x; and x3, so it can be derived with the new context; (ii) if the term is a loop,
we apply substitution to its variables and the induction hypothesis to its body; and (iii) if the term
is a generator, we apply structural induction on each one of the branches.

We derive VARWEAKENING by structural induction: the whole term is left unchanged. O

B Proofs for Section 3 (Guards, predicates and commands)

Proposition 23. Guards form a pair of commutative monoids, and negation is an involutive homo-
morphism between them.

byAby = byAby; (b1Aby) Abs = by A(baAb3); bAL = b;
byVby = byVby; (b1Vb2) Vb3 = b1V (byVbs); bVR = b;
—|(b1/\[72) = =byV-by; —|(—|b) =b.
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For any total guard, T + by : Q, we additionally have the annihilator rules, b, AR =R and b;VL = L.
For any deterministic guard, T v by : Q, we additionally have the idempotency rules. byAby = by and
byVby = by.

Proor. Let us prove byAb, = byAb;. We reason by (i) the definition of conjunction, (ii) the
interchange axiom, and (iii) the definition of conjunction.

biAb, gé
(i)
bilai,az \ by, br[ar,az \ @z, a2]] (?)
124

bylay, @ \ by, by[ay, @z \ az, a]] =
biAb,.

Proving by Vb, = b, Vb, is analogous.

Let us prove —(b;Aby) = —byA—b;. We reason by (i) definition of conjunction and negation, (ii)
the identity substitution, (iii) composing substitutions, (iv) the definition of negation, again, (v) the
definition of negation, and (vi) the definition of disjunction.

~(binb2) g
bilay, az \ by, balas, az \ az, az]][ar, a; \ a2, a1] (2)
bilana:\ bolara \ @) bolanaz \ @z o] ana \ @ ai] <
bilana; \ byl \ @nai] boana; \ anai]] Bt
(=b)[ar, @z \ ba[ar, a2 \ @y, a1], ba[ay, a2 \ @z, a1]] g)
(<b)laraz \ (~by)[an @ \ @], (<by)|ar, @, \ @ )] 4
—b1V—bs.
The rest of the proofs are analogous. O

Proposition 26. The following equations hold for predicate combinators: predicates form a commu-
tative monoid with conjunction and truth, with falsehood as an absorbing element, that distributes
over choices.

PAG=EqAD; pPA(GAT)=(pAQ) AT; PAT=p; pAL=EL;
pA(gHpr) =(pAg) +p (pAT).
For any total predicate, T + p; : X, we have it collapse, p = T. For any deterministic predicate,

T+ pg: Y, we have the idempotency rule, pg A pg = pa.

Proor. Let us prove, for instance, that p A (g +, 1) = (p A q) +» (p A 7). We reason by (i) the
definition of conjunction, (ii) the definition of conditional, (iii) the interchange axiom, and (iv) the
definitions of conditional and conjunction again.

PAgGHpT (é)
pIv\ g+l =
plv\bley,a;\ g.r]] o
bley,a; \ p[v\ql.p[v\rl] =
(pAg) +p (pAT).
The rest of the proofs are analogous and follow from computing substitutions. O
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Proposition 29. The following equations hold for command combinators. In particular, commands
form a monoid, with composition and skip.

(c15¢2) ;03 =c1;(c2;03); (c; skip) = ¢ = (skip;c); abort; ¢ = abort = ¢ ; abort;
if Lthencyelsecy = cq; if Rthenc; elsecy = cg; if (=b) then ¢y else c; = if bthen cs else cq;
while b do ¢ = if bthen(c ; while b do ¢) else skip; while b do abort = assert (ﬂb)#;
if bthencyelsec;y ;d = if bthen(cy;d) else(cy; d);
assert p; assert ¢ = assert(p A q); assert b* = if b then skip else abort;
assert T = skip; assert L = abort; assert(p +p q) = if bthen(assert p) else(assert q)
ProOF. Let us prove, for instance, that whilebdoc = if bthen(c ; while b do ¢) else skip. We

reason by (i) the definition of while, (ii) the fixpoint rule (Theorem 14), (iii) the definition of while,
and (iv) the definition of command concatenation.

while b do ¢ ©
loop a(X){if bthenc[n \ X.a(X)] else skip} @)
if bthen c[n \ X.1oop a(X){if bthenc[n \ X.a(xX)] else skip}] else skip @
if bthenc[n \ X. while b do c] else skip W
if b then(c; while b do c) else skip .
The rest of the equations follow from similar principles. O

Lemma 96.
Ls (bi){eiHea} < (b2){dy ; 1}{d2}
I; (while by docy) ;¢ < (whileby dody) ;ds

Proposition 97. The following equations hold for deterministic guards.
(b)) {skip}{skip} = (b)) {assert b"}{assert (=b)"}
if bthen ¢, else ¢, = if bthen(assert b ; ¢;) else(assert (=b)" ; ¢3).
Lemma 98. For a total guardb: X — 1+ 1, then if b, then skip else skip = skip.

Lemma 99. In a commutative imperative category, predicates and guards interchange: for a predicate
p: X > landaguardb: X — 1+ 1, then assert p ; (b) {skip}{skip} = (b){assert p}{assert p}.

Lemma 100. In a commutative imperative category, constant guards interchange with anything: for
aguardb: 1 — 1+ 1 and a morphism f: X — Y, then [ ; (by) {skip}{skip} = (bx){f}{f}, where
bx = ¢ex §b is the guard on X associated to b.

C Proofs for Section 4 (Categorical semantics)

Definition 101 (Sesquifunctor). A (two-variable) sesquifunctor, F: (A,B) — C, consists of an
assignment on objects, F(A,B) € Cy; for A € Aypj and B € By, and two assignments on
morphisms,

F(f;idg): F(A; B) — F(A’; B), for each f: A — A’; and
F(ida;9): F(A; B) — F(A; B), foreachg: B— B’;
satisfying the sesquifunctoriality axioms,

(1) F(f 5 f"idp) = F(f.idp) § F(f";idp),
(2) F(ida;95¢9’) = F(ida, g) ¢ F(ida;¢’), and

, Vol. 1, No. 1, Article . Publication date: July 2025.



1667
1668
1669
1670
1671
1672
1673
1674
1675
1676
1677
1678
1679
1680
1681
1682
1683
1684
1685
1686
1687
1688
1689
1690
1691
1692
1693
1694
1695
1696
1697
1698
1699
1700
1701
1702
1703
1704
1705
1706
1707
1708
1709
1710
1711
1712
1713
1714
1715

Program Logics via Distributive Monoidal Categories 35

(3) F(ids;idp) =idags.

Crucially, a sesquifunctor does not necessarily satisfy the bifunctoriality axiom,
F(f;idp) § F(ida; g) # F(idas; g) ¢ F(f;idp).

Definition 102 (Symmetric premonoidal category). A symmetric premonoidal category—precisely,
a symmetric strict premonoidal category, or permutative premonoidal category—consists of a (strict)
premonoidal category endowed with a family of morphisms, c45: A ® B — B ® A, satisfying all
formal distinctly typed equations.

Lemma 47 (Terms form a predistributive copy-discard multicategory). Terms form a predis-
tributive copy-discard multicategory. Variable multiwhiskering (MULTIWHISK-R and MULTIWHISK-L),
where we add the same type to the premises and to each one of the conclusions, are derivable.
MULTIWHISK-L MULTIWHISK-R

F'rp:(ar:V1),...(an: V) F'rtp:(ar:V1),...(an: V)
LLw:X)rXxp:(ar1: X, V1), (@n : X, ¥) L(w:X)Frp=xX:(ar:¥9,X), .. (an: ¥y, X)

The copy-discard category structure follows from the rest of the structural rules (Theorem 16).

Proor. In order to derive MULTIWHISK-R, we proceed by structural induction on the term: (i)
if the term is a return statement, we add the extra variable; (ii) if the term is a loop, we apply
the induction hypothesis to the body of the loop; (iii) if the term is a generator, we apply the
induction hypothesis to each one of its branches. In order to derive WHISKERING, we first apply
MULTIWHISKERING and then RDISCARDING.

a(x) <X = a(¥,w);
loop a(X){u.p} = X = loop a(X, w){#,v.p < X[w \ v]};
(fFGCO{ts-piti) < X = f(X){di.(pi 2 X)}.
In order to derive MULTIWHISK-L, we can use MULTIWHISK-R and the variable exchange rule

(Theorem 16). O

Remark 103. Variable whiskering (whisk), where we add the same type to the premises and to one
of the conclusions, is also derivable by weakening.
WHISKERING

Trp:(ar1:1),...(ay:¥y,)
T, (x : X) + whisk(p) : (a1 : ¥1,X), (a2 : ¥2), ..., (&n : ¥p)

Theorem 54 (Denotational semantics). Consider an assignment from a distributive signature
(8B,G) to the underlying distributive signature of an imperative multicategory, (Cop;, C), given
by an assignment on objects, (®)op;: B — Copj—which extends to an assignment on lists of types,
[]®: List(B) — Cop;, defined inductively by []® = I and [X, X]® = [X] ® [X]®—and an assignment
on generators preserving their type,

(o): G(X; Y1, ... Yn) — C((X); (Y1) + ... + (Ya))-

It extends to an assignment, [o]: (% : X F (@ : V1), ... (@1 : Yy)) — C([X]®;[VA]® + ... + [Y.]®),
from terms to morphisms of the multicategory C.

ProoF. Let context and index be I’ = (x1 : Xj, .., x, : Xp) and A = (a7 : (Y1, ..., Yi,)), ... (@1
(Y1, ..., Y,)). We proceed by structural induction on terms.

Let us define the interpretation of the RETURN statement. Given any finite function o: m — n, we
write X, for the list of m variables that we pick according to the function, X, = Xo(1)s - Xo(m)- Recall
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that, in any copy-discard category, we have a morphism 6* € C(X; ® ... ® Xp; X5(1) ® ... ® X5(n))-
Recall, moreover, that in any cocartesian multicategory, given any index i, we have an action
(o) -i*: C(A;B) —» C(A;Cy, ..., B® . C;). We define the interpretation of a RETURN statement as
follows.

[T+ai(i;):A] =(c%)-i*

Let us define the interpretation of the Loop statement. The difficulty of this case is that we
want to allow two classes of variables: those that get updated by the loop and those that do not.
Categorically, there is no such distinction, and all variables must be copied to each iteration of
the loop to be discarded at the end. Given two finite functions, 6: m; — n and r: my, — n, we
write their copairing—the function that acts as ¢ on the first m; elements and as 7 on the last
my—as [0, 7] m; + my — n. In the following formula, the morphism [o,id,]*: X; ® ... ® X, —

Xo(1) ® ... ® Xg(m) ® Xq ® ... ® X, picks apart the variables that will be updated by the body of
the loop; the morphism v = (1d + [idp, 1dn])*: Xo(1) ® . @ Xo(m) ©X1 ® ... O X = Xo(1) ® ... ®
Xom) ®X1®...80X, ®X; ®...0 X, passes a copy of the non-updated variables to the next iteration;
and the inclusions i, : k; — k; + n are used a51 Y1®..0Y,;®X1®..8X, 2 V1®...0Y; to

project the relevant variables. We define the 1nterpretat10n of a Loop statement as follows.
[T + loop a(%,){u.p} : A] = [o,id,]* 5 fix(v s ([u : XeTkp: Al ®idy)) ¢ (i,:‘l, - i,:l).

Let us define the interpretation a GENERATOR statement, where we are given a generator of the
form f € Q()_f; 171, . ?[). Given a list of finite functions, o,: m;y — n,...,0;: m; — n, we write
[o1,...,01]: m1 + ... + m; — n for its pairing. In the following formula, v = [id,,id,]* copies
the input and (e) - [id;, ..., id;]* merges the ¢ groups of outputs into a single one. We define the
interpretation of a GENERATOR statement as follows.

[T+ FEGepiti : Al = (v () ®idn) 3 ([F1:Y0T F pr s Ao [T:Ye T F pe s Af]) - [idy, ..., id ]

We provide auxiliary string diagrams in Figure 1. O

Theorem 56 (Soundness and completeness). The denotational semantics is sound and complete
for imperative multicategories.

Proor SKETCH. Regarding soundness, it remains to show that the definition in Theorem 54 is
well-defined with respect to the axioms of the language: interchange and loop axioms in Section 2.4.
Fortunately, the axioms have been chosen so as to correspond to existing axioms of traced distribu-
tive copy-discard multicategories. Indeed, the language’s interchange axiom has been picked to
reflect the interchange axiom of distributive multicategories; and the loop axioms (DINATURALITY,
DIAGONAL, UNIFORMITY) have been picked to reflect the axioms of the trace. It only remains to
formally track this correspondence by structural induction in the rules.

Regarding completeness, we have been building the syntactic model of the theory as we have been
introducing the structure. We have already shown that terms form a multicategory (Theorem 41),
that it is a cocartesian multicategory (Theorem 44), and that it is a predistributive copy-discard
category (Theorem 47). This syntactic model means that any equation that holds for any traced
distributive copy-discard multicategory holds for the syntax. O

Definition 104 (Posetal distributive copy-discard category). A posetal distributive copy-discard cat-
egory is a distributive copy-discard category where every hom-set has a poset structure compatible
with composition, tensors and coproducts: forall f, f": X - Y, ¢,g': Y »> Zand b, h': V — W, if
f<fl.g<g andh<h, thenfsg<f'sg,.fO@h<f ®handf+h<f +h.
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Definition 105 (Posetal uniform trace, cf. Hasegawa [ 1). A posetal uniform traced monoidal
category is a traced monoidal category (C, @, Z) whose underlying monoidal category is posetally-
enriched and whose trace, additionally, satisfies the posetal uniformity axiom: the existence of
u: U — Vsuchthat f§(u®idy) < (u®idx) ig implies that tr(f) < tr(g),forany f: UsX —» UdY
and g: V& X — V @ Y; similarly, the existence of v: V — U such that (v @idx) § f < g3 (v ®idy)
implies that tr(f) < tr(g).

Definition 106 (Posetal imperative category). A posetal imperative categoryis a posetal distributive
copy-discard category whose coproduct has a posetal uniform trace.

Definition 107 (Copy-discard coproducts). A copy-discard category has copy-discard coproducts if
it has coproducts and the coproduct injections are total and deterministic. We will denote unbiased
finite coproducts with »}, binary coproducts with + and the initial object with 0.

Definition 108 (Distributive monoidal category). A distributive monoidal category is a finitely-

cocomplete monoidal category such that the canonical morphisms 5;}1 Ly i XeY, —
X® Y, Yand (5)‘(5“_)(";1/: YLXi®Y - (XL, X;) ® Y are isomorphisms.

Definition 109 (Distributive copy-discard category). A distributive copy-discard category is a
copy-discard category (C, ®, I) with chosen finite copy-discard coproducts such that the canonical
distributors

Sy, D X®Yi—>X®NL Y, and &8 YL Xi®Y— (XL X)®Y,
are natural isomorphisms. In particular, there are binary distributors,
Syyz: X®(Y+Z) > X®@Y+X®Z and &5, :(X+Y)®Z->X®Z+Y®Z.
Lemma 110. The following holds in any distributive category.
ixx § (xx + 1vy) § (Sxcy + Syky) 8 Ox yoxay = IX ® Ix
Proor. The distributors are the canonical coproduct maps below.

XY L XY+ XZ —— XZ XZ LS XZ+YZ <+—YZ
m lﬁiLA m \L(YRA
X(Y+2) X+Y)z

We rewrite the left-hand side using (5, 8) that the distributors are the canonical ones, (6, 9) the
properties of coproducts, and (7) naturality of injections.

ixx § (xx +lyy) § (5)_(;Lx,y + 5;;]3(,1/) ;5)_<§’;X+Y
= 1xx § ((1xx § [idx ® ix.idx ® 1y]) + (tyy § [idy ® 1x.idy ® 1y])) § 55 yxsy (5)
= 1xx § ((idx ® 1x) + (idy ® 1)) § 65 Y.xsy (6)
= (idx ® 1x) § tx(x+Y) § Ox yoxay 7)
= (idx ® 1x) § tx(x+Y) § [1x ® idx+y, ty ® idx+y] (®)
= (idx ® 1x) § (1x ® idx+y) )]
=ix ®lx.

This concludes the proof. O

Proposition 111. Let C be a copy-discard category that is also distributive monoidal. Then, it is a
distributive copy-discard category if and only if the copy and discard morphisms are compatible with

coproducts, vx+y = (vx + {xey + {vex + Vy) § (5)‘(;LX’Y + 5;33(’),) 3 5)_(,RY;X+Y andexiy = (ex +éey) § -
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38 Anon.

Proor. Suppose that the copy and discard morphisms are compatible with coproducts. We show
that ix § ex+y = €x, i.e. that the outer diagram below commutes.

X—f>1

| o lm
X+Y—)1+1

The diagram (i) commutes by naturality of the injection tx; the diagram (ii) commutes by unitality
of the structure morphism of the coproduct yr; the diagram (iii) commutes by hypothesis. Similarly,
we show that 1x § vx4+y = vx § (ix ® 1x), i.e. that the outer diagram below commutes. We omit the
symbol ® for the monoidal product to ease readability.

X v s XX

(1) -
(if)
: XX +YY S XX +XY +YX +YY @1
v+v (57L+57L)367R
(iii)
X+Y - > (X+Y)(X+Y)

The diagram (i) commutes by naturality of the injection ty; the diagram (ii) commutes by Theo-
rem 110; the diagram (iii) commutes by hypothesis.

Conversely, suppose that the coproduct injections are total and deterministic. Then, the two
diagrams below commute.

—> X +Y < X — > X+Y <——Y

-

XX "7257‘) ()( + )’)()<.4' )’) <_765;__ YY

By the universal property of coproducts, we must have ex,y = [ex, ey] = (ex + ey) § 1 and
equation (10) below. Equations (11, 12) follow from properties of coproducts, while (13, 14) follow
from the canonicity of distributors.

VX+Y

= [vx § (x ®1x), vy § (1y ® 1y)] (10)
=(vx +vy) § [ix ® 1x, 1y ® 1y] (11)
= (vx +vy) § ((idx ® 1x) + (idy ® ty)) § [1x ® idx4y, 1y ® idx4y] (12)
= (vx +vy) § ((idx ® 1x) + (idy ® 1)) 5 83 oxry (13)
= (vx +vy) § ((ixx 3 5xx y) + (yy s 5yx v)) 3 5;_(,Ry;x+y (14)

= (vx +vy) § (xx + 1vy) § (Sxiy + Ovixcy) § Ox yuxay
= (vx + Oxy + {yx +vy) § (5XXY + 5YX y) 5 5XI§/X+Y

]

Lemma 62. In a distributive copy-discard category, the structure morphisms of coproducts, i and {,
are total and deterministic.

, Vol. 1, No. 1, Article . Publication date: July 2025.



1863
1864
1865
1866
1867
1868
1869
1870
1871
1872
1873
1874
1875
1876
1877
1878
1879
1880
1881
1882
1883
1884
1885
1886
1887
1888
1889
1890
1891
1892
1893
1894
1895
1896
1897
1898
1899
1900
1901
1902
1903
1904
1905
1906
1907
1908
1909
1910
1911

Program Logics via Distributive Monoidal Categories 39

Proor. By initiality of 0, we obtain that vy § ({x ® {x) = {x § vx and that & = {x § ex. By the
hypothesis on the discard maps, ¢, and by naturality of y, we obtain that the maps p are total:
ex+x = (ex +ex) 1 = px sex. By (15) the hypothesis on the copy maps, v, by (16, 17) the canonicity
of the distributors, by (19, 21) naturality of y, and by (20) by properties of coproducts, we obtain
that the maps p are deterministic.

vxx § (px ® pix)

o (S-L -L o §—R o
= (vx + {xx + {xx +vx) (5)(;)(3)( + 5)(;)(,)() 9 5X,X;X+X § (Ux ® px)

= (vx +vx)§ ((1xx 3 5)}5@() + (1xx § 5;};LX,X)) 35;(,%(;x+x § (ux ® px) (15)
= (vx +vx) § ((idx ® 1x) + (idx ® 1x)) 3 S xax § (Hx ® ix) (16)
= (vx +vx) § ((idx ® 1x) + (idx ® 1x)) (17)
§ ((ix ®idxex) + (1x @ idx1x)) § Hix+x) (x+x) § (fx ® fix) (18)

= (vx +vx) 5 ((1x ® 1x) + (1x ® 1x)) § ((x ® px) + (px ® px)) § pxx (19)
= (vx +vx) § pxx (20)
= ux S vx (21)
o

Remark 112 (Bimonoidally strict distributive category). A distributive category is bimonoidally
strict—or simply strict, in this text—when both its monoidal and cocartesian structures are strict.
Every distributive category is equivalent to a bimonoidally strict one: in fact, equivalent to one
where one of the left distributor (respectively, the right distributor) is the identity [ ]. However,
not every distributive category is equivalent to a fully strict one: if both distributors were to be
identities, the following strict equality

AC+ AD+ BC+BD = (A+ B)(C+ D) =AC + BC + AD + BD,

would force the coproduct to be commutative, instead of symmetric.

Proposition 75. Under the conditions of Theorem 73, the Kleisli category of a monad, kI(T), has a
posetal uniform trace.

Proor. We first recall the construction of the monoidal trace in Theorem 73. Hereafter, identities
(e.g.idy: Y — Y), injections (xky: U — U + X) and coproducts (+) are all in kI(T). Moreover, we
write 2,eNY for the countable coproduct of an object Y and V: X,cnY — Y for the copairing of
idy.

Foreach f: U+ X — U + Y in kI(T), one deﬁnesf: U+X)—> (U+X)+Yas f§(ky+idy).
This is a coalgebra for the functor Id + Y: klI(T) — kI(T). One can show that 3,enY carries a final
coalgebra for such functor and thus one has a unique coalgebra morphism ! 7 (U+X) > Z,enyY.
It is shown in Theorem 5.2 in [ ] that defining Tr(f): X — Y as

tr(f) = kx5l 5V (22)

provides a uniform monoidal trace.

In order to prove posetal uniformity we rely on a previous result [ , Proposition 5.6], stated
under the same conditions of Theorem 73 but restricted to the case C = Set; one can carefully
check that its proof also works for arbitrary categories C with countable coproducts.

Take f: U+X - U+Y,9: V+X -V +Yandu: U — Vin kl(T) and assume that

fsweidy) > (ueidx) 5 g. (23)
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40 Anon.

As for f : U —> U + Y, we define the coalgebra §: V — V + Y and consider the unique coalgebra
morphim !4: V' — Z,enY. From (23), one easily derive that

Fo((u+idy) @idy) > (u@idx) 3,

namely, using the terminology in [ ], (u +idx) is a lax-coalgebra morphism from f to §. Now
(u+1dx)3lg: U+ X — X,enY is also a lax-coalgebra morphism. By Proposition 5.6 in [ ], the
unique coalgebra morphism ! piU+X 2 ZpenYis the greatest lax coalgebra morphism and thus

12 (u+ idx)gly. (24)

We can then conclude with the following derivation.

tr(f) =KX;!f3V (22)

> kx5 (u+idx)sly 5V (24)

=kx3lgsV (coproduct)

= tr(g) (22)

For proving the other implication, one proceeds by reversing the inequalities and use the fact that,
by Proposition 5.6 in [ 1! 7 is the smallest oplax coalgebra morphism. O

Corollary 76. The Kleisli categories of the maybe monad, powerset monad, and subdistributions
monad on the distributive category Set, and of the subdistributions monad on the distributive category
StdBorel are posetal imperative categories.

Proor. For the monads on Set, the assumptions of Theorem 73 are already checked in [ ].
We now check the conditions for the monad G on StdBorel. The countable coproduct of standard
Borel spaces is again standard Borel, so StdBorel has countable coproducts. The Kleisli category of
G is poset-enriched with the pointwise order and it has a bottom element, the zero subdistribution.
Moreover, hom-sets are DCPOs because the supremum of an increasing sequence of measurable
functions is defined pointwise and bounded increasing sequences of real numbers have a supremum.
Finally, cotuplings are monotone because they are so pointwise. O

D Proofs for Section 5 (Distributive program logics)

Theorem 79. The following are valid assertion-correctness triples in any posetal imperative category
where abort < f and f § T < T for all morphisms f.

J— comp ASSIGN
{r}ec1{q} {q} ez {r} e deterministic and total
{p} skip {p} {prersea{r} {plu\ellu=e{p}
CHOICE LOOP UNROLL
{p}ei{q} {p}e2{q} {p}c{p} {p} if bthen(c; while b doc) else skip {g}
{p} ifbthencielsec, {qg} {p} whilebdoc{p} {p} whilebdoc{q}
IFELSE ‘ WHILE
{pAb*Yei{q} {pA(=b)*}er{q} b deterministic  {b" Aplcip} b deterministic
{p} if bthenc; elsecz {q} (p} whilebdoc {p A (=b)"}
MONOTONE AND FALL
p1 =2 {p2}c{q2} P2 =q {p1}c{q:} {p2}c{q2}
{p1}c{q:} {p1 Ap2}e{qi A g} {p} abort {g}
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ASSERT TOP BOT

gAr<.1L
{p+5q} assertr {p Ab"} {pYc{T} {L}c{q}

Proor. The skip rule follows from neutrality of skip (Theorem 29) and reflexivity of the preorder.

assert p ; skip = assert p < assert p = skip ;assertp

The comp rule follows from its first and second premises, implicitly using associativity of
concatenation (Theorem 29) and the congruence of the preorder.

assertp;cy;cy <cp;assertq;ca <cq;co;assertr

The assiGN rule follows from the definition of expression substitution (Theorem 24), determinism
of e and, implicitly, from reflexivity of the preorder.

assertplul\e];(u=e) =assert((u=¢e);p);(u=e) =(u=e);assertp

The cHoice rule follows by (i) Theorem 99, (ii) both assumptions, {p} ¢; {¢} and {p} ¢z {¢}, and
(iii) the definition of composition.

assert p ; if bthenc else c; ((%
123

if bthen(assert p ; c;) else(assert p ; ¢3) <
(iii)

if bthen(c; ; assert q) else(c; ; assert q)
(if bthency elsecy) ; q.

The 17ELSE rule follows from (i) determinism of b (Theorem 97), (ii) Theorem 99, (iii) the definition
of predicate conjunction (Theorem 24) (iv) the hypotheses, and (v) the definition of composition of
program fragments (Theorem 27).

assert p ; if bthen felseg @
assert p ; if bthen(assert b” ; f) else(assert (=b)" ; g) @
if bthen(assert p ; assert b” ; f) else(assert p ; assert (=b)" ; g) w
if b then(assert(p A b") ; f) else(assert(p A (—b)") ; g) (%j

if bthen(f ; assert q) else(g ; assert q) =
(if b then felse g) ; assert q.

For the roop rule, we apply the uniformity principle (Theorem 29); the antecedent of the unifor-
mity rule follows from (i) Theorem 99, and (ii) the correctness assumption.
assert p ; (b)) {c}{skip} ((%
123
(b){assert p ; c}{assert p} <
(b){c ; assert p}{assert p}

Then, by uniformity, assert p ; while b do ¢ = assert p ; whileb doc ; skip < whileb doc ; assert p.
The wHILE rule is similar to the Loop rule, but additionally uses (ii) determinism of b (Theorem 97).

assert p; (b){c}{skip} t
(b){assert p ; c}{assert p} @
(b){assert b ; assert p ; c}{assert (—b)" ; assert p} w
(b){assert(b” A p) ; c}{assert((=b)" A p)} (igV)
(

b){c; assert p}{assert((—=b)" A p)}
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2010 Then, assert p ; while b do ¢ = assert p ; while b do ¢ ; skip < whilebdoc;; assert((ﬂb)# A p).

2011 The unroLL rule follows from (i) Theorem 29 and (ii) the assumption.
o , ()
otz assertp ; (whilebdoc) (é)
2013 ii
S014 assert p ; (if b then(c ; while b do ¢) else skip) %)
1
2015 (if b then(c ; while b do ¢) else skip) ; assert g =
2016 (whilebdoc) ; assert g
2017
b0l The moNoOTONE rule follows from monotonicity of composition.
2019 assert p; ;¢ < assert py ;¢ < cj;assertqy < c;assertq
2020 . .
. The anD rule follows from the properties of assertions (Theorem 29).
2022 assert(p; A pa) ; ¢ = assert py ; assert py ; ¢ < assert p; ; ¢ ; assert gz
2023 < c;assertq ; assertqy = c;assert(q; A gz)
2024
2025 The raIL rule follows from the properties of abort (Theorem 29).
2026 assert p ; abort = abort = abort ; assert g
o The AssiRT rule follows from (i) Theorem 29, (ii) the definition of commands composition
2028
s (Theorem 27), (iii) the hypotheses, (iv) Theorem 29, (v) Theorem 99, (vi) Theorem 29, and (vii)
Theorem 29.
2030 _
@
2031 assert(p +p q) ; assertr =
2032 if b then(assert p) else(assert q) ; assertr ((Q;
201214 1213
2093 if bthen(assert p ; assert r) else(assert q ; assert r) <
2034 . (iv)
2035 if bthen(assert p ; assert r) else(assert L) =
2036 if bthen(assertr ; assert p) else(assert r ; assert p ; assert L) ©
2037 assertr ; assert p ; if b then skip else abort (2)
2038 N (vii)
- assertr ; assert p ; assert(b”) =
2039
2040 assertr; assert(p A b")
2o The Top and BoT rules follow from (i) the extra hypotheses, (ii) Theorem 29, and (iii) Theorem 29.
2042 (i)
2043 assertp;c < assert L ;c (uzl)
(ii) (iii)
2044 assert T ;¢ = abort ;c (:)
, - ;
2045 c () c; abort <
2046
c;assert T c;assertq
2047
2048 ]
2049 . . ) . . . .
050 Theorem 81. The following are valid state-incorrectness triples in any posetal imperative category
s Whereabort < f for all morphisms f.
2052 - comp comP (ERROR)
2053 {s} e {1} {t}ea {r} {s}ter {L}
2054 {s} skip {s} {s}er;ea{r} {s}ersea{L}
2055 ASSIGN SAMPLE
2056
2057 [Jx=gls(x\p)}  (s)x—so{lles 50}
2058
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CHOICE (LEFT) CHOICE (RIGHT) CONVEX
{s | b*}eq {t} {s | (=b)*}ep {t} {si}e{t1} {s2} ¢ {t2} b constant
{s} ifbthencielsecy {t} {s} if bthenc;elsecy {1} {s1 +p s2} c{t; +p 1o}
ITER
[TER ZERO {s | b"} c;whilebdoc {t}
(s} whilebdoc{s | (=b)"} {s} whilebdoc {1}
MONOTONE ASSERT FAIL BOT
S1 282 {s2} c{t2} fp 2t
{s1}ec{t1} {s} assertp{s | p} {s} abort {L} {ste{L}

Proor. The skip and comp rules follow from Theorem 29. The comp (ERROR) rule follows from
naturality of abort (Theorem 29).

s;skipzs §;C1;Cp=2t;c02U s;c136 =L =1
The AssiGN and sAMPLE rules follow from the definitions of the state combinators (Theorem 31).
s;(x=y) =s(x\y) s5(x —sx) =18 sx

The cHoIcE (LEFT) and cHOICE (RIGHT) rules follow from (i) the hypothesis, (ii) Theorem 29, (iii)
Theorem 31, and (iv) the assumption.

@ (i)

s; (if bthency else cy) > s; (if bthency else cy) >

s ; (if bthen c; else abort) @ s ; (if bthen abort else c;) @

s;asserth” ;c; (i s ;assert (—b)" ; ¢, (iif)

) (i9) ) (i9)

(s1b7);0 > (s 1 (=b)")sc2 >
¢ t

The convex rule follows from the definition of command composition (Theorem 27).
siHpsasc=(sp;¢) +p (s25¢) 2t +p b
The 1TER ZERO rule follows from (i) the hypothesis, (ii) Theorem 29 and (iii) Theorem 31.
s ; while b do c(i.)s ; while b do abort (g)s ; assert (ﬁb)#(ig)s | (=b)*

The 1TER rule follows from (i) Theorem 29, (ii) the hypothesis, (iii) Theorem 29, (iv) Theorem 31,
and (v) the assumption.

s;whilebdoc =

s; (if bthen(c ; while b do c) else skip) (i)
s ; (if bthen(c ; while b do c) else abort) @)
s:assertb” ;c;whilebdoc (izv)
(s L b%) s c: whilebdoc Y

t

The moNOTONE rule follows from monotonicity of command composition. The ASSERT rule applies
Theorem 31. The ra1L rule follows from Theorem 29. The BoT rule follows from the hypothesis.

$1;C =8¢ =1 =21 sgassertp=s|p s;abort = L s;c> L

]
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Theorem 83. The following are valid predicate-correctness triples in any posetal imperative category
where abort < f for all morphisms f.

COMP ASSIGN

SKIP {r}ei{q} {g}co{r} e deterministic SAMPLE
{p} skip {p} {prersea{r} {plu\el}u=e{p} {plu\sltu < s{p}
UNROLL CHOICE
{p} if bthen(c; whilebdoc) else skip {g} {ptei{q} {p}ec2{q} b total
{p} whilebdoc{q} {p} if bthencyelsecy {g}
IFELSE

(b* A p} e {q} {(=b)* A p}es{q} b total and deterministic

{p} if bthenc;elsecy {q}

ASSERT CONVEX
(=b)'Ag=1 b deterministic {pr1}c{qi} {p2} c{q2} b constant
{p+vq} assert b {r} {p1 +p p2} c{q1 +b g2}
MONOTONE sor
pr<pe Apbele) @ <q
{p1}c{q1} {L}c{q}

Proor. The skip and comp rules follow from Theorem 29. The AssIGN and sAMPLE rules follow
from Theorem 24.

p=skipsp  p<ciq<ciieir  (u=e)sp=plulel  (ues)ip=plu\s]

The cHoIcE rule follows from (i) Theorem 98, (ii) the definition of command composition
(Theorem 27), and (iii) the assumption.

P (2
(if b then skip else skip) ; p ((g;
ptpp <

(i)

(c159) +b (c239)
(if bthencyelsecs) 5 q

The 1FELSE rule is proven similarly, additionally using (iv) determinism of the guard b (Theorem 97)
and (v) Theorem 29.

P =
(if b then skip else skip) ; p (o)
(if bthen assert b else assert (—b)") ; p @
(assertb” ; p) +p (assert (—b)" ; p) ©
(assert(b” A p)) +p (assert((—=b)" A p)) ((lél;

(c1:q) +b (c259) -
(if bthencyelsecs) 5 q

The uNRoLL rule applies Theorem 29.

p < if bthen(c; whilebdoc) else skip ;g = whilebdoc; q
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The asseRT rule follows from the definition of predicate combinators (Theorem 24), the assump-
tion and determinism of b.
asserth” ;p=p+, L=p+, (=b)" Aq=p+sq
The convEX rule uses that constant guards commute with commands (Theorem 100).
p1+op2<(c;q1) +p(c5q2) =c;(q1+b q2)
The MONOTONE rule uses monotonicity of composition. The BoT rule use the extra hypothesis.

pPr<p2Zciqasciqq L<c;q

E Proofs for Section 6 (Distributive relational program logics)
We study the algebra of couplings.
Lemma 113. Consider morphisms ¢;: X; — Y; and d;: Y; — Z; fori = 1,2 in a commutative

imperative category. If there are couplings g > ¢; & ¢z and h > d; & ds, then there is a coupling
(95 [hdi§u,dy5i2]) > (c15d1) & (cz5dy).

ProOF.
g5 hdigu,dasiz] §[m,id 0] =
9515 [(hs[m,id, 0]), di] =
9515 [(msdi),di] =
g% [m,id,0] 5 dy =
el gdy
Similarly, one shows that g § [A,d; §11,d2 §12] § [712,0,id] = w § 3 § da. m

Lemma 114. For two total morphismscy: X; — Yy and cp: X, — Y, in a commutative imperative
category, their monoidal product always gives a coupling: ((c1 ® ¢2) §11) > ¢1 & c2.

ProOF. We use totality of c;.

(c1 ® ¢2) 511 § [r1,1d, O] =

(c1®c2) §m =

715 €
Similarly, one shows that (¢; ® ¢3) § 11 § [712,0,1id] = 7 § ¢, by totality of ;. O
Lemma 115. For two morphisms c1: X1 — Y; and c3: X; — Y, in a commutative imperative
category, a coupling h» ¢; & ¢y induces a coupling (c 3h§ (o +0%)) > 2 & ¢1.

Proor. This is easily checked as symmetries are isomorphisms. O

Lemma 116. Consider morphisms c;,d;: X; — Y; and total morphisms b;: X; — 1+ 1 fori =1,2
in a commutative imperative category. If there are couplings g» c¢; & c2, g’ > ¢y & da, W' > dy & ¢,

and h> d; & d;, then there is a coupling I > (if by then ¢y else d;) & (if by then c; else dy) defined by
I = if by then(if by then g else g’) else(if b, then h’ else h).
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46 Anon.

Lemma 117. We use that b, is total.
s [my,id, 0] =
(if by then(if b, then g else g") else(if by then b’ else h)) § [y, 1d, O] =
if by then (if by then(g ¢ [, 1d, 0]) else(g’ § [71,1d, 0]))

else (if by then(h’ 5 [1,1d, 0]) else(h § [y, 1d, 0])) =

if by then(if by then(sr; § 1) else(; § ¢1)) else(if by then (g § dy) else( §dy)) =
if by then(m; § ¢q) else(r; §dy) =
my § (if by thency else dy)

Similarly, one shows that 1 § [, 0,1d] = 7, § (if b, then ¢, else d;) using that by is total.

Lemma 118. Consider morphisms c;, d;: X; — Y; and total and deterministic morphisms b;: X; —
1+1 fori = 1,2 in a commutative imperative category. If there are couplings g>c1 & c; and h>dy & ds,
then there is a coupling I > (if by then ¢; else d;) & (if by then ¢, else d,) defined by | = assert(b; =
by) ; (if(b; ® by) thengelse h).

Proor skeTcH. The proof follows the same idea as that of Theorem 116, but additionally uses
determinism of the guards to duplicate them in the assertion. O

Lemma 119. Consider morphismsc;: X; — X; and total and deterministic morphismsb;: X; — 1+1
fori = 1,2 in a commutative imperative category. If there is a coupling g > c¢1 & cz, then there is a

coupling 1;(g) » (while by do ¢1) & (while by do ¢2) defined by
Loop a (x, y){b1 () {b2(y){g(x. y{x.y.a(x.y) Hx"y ) Hy 8y ) Hx. y B(x. )} H{x. y B(x.y) }}.

Lemma 120. Consider morphisms c;: X; — X; and total morphismsb;: X; > 1+ 1fori=1,2ina
commutative imperative category. If there are couplings g > ¢1 & ¢z, by » ¢1 & idx,, and hy » idx, & cz,
then there is a coupling (g, hy, hz) > (while by do ¢1) & (while b, do ¢3).
Loop (e(x,y), B1(x1,y1), Ba (2, y2), Y (X'), 8(y" ) {x, y, x1, Y1, x2, Y2, ", ¥ (
(b1 ® b2)(x,y)
{gla(x, y) Ho(x") Hy(y)}}
{hi{B1 (e, y) HO () Hy (o) }}
{ha{B2(x2, y2) HO (x0) Hy (y') }}
{a' (x0,y0)}
+ by (x1, y) {h{B1 (e, y) HE(X) Hy (o) } He' (%0, o) }
+ b2 (%2, y2) {ha {B2 (32, y2) HE' (x0) Hy (y) } Ha' (x0, yo) }
+ b1 (x" ) {er{8(x") } 8" (x0) }
+ b2y ) {e2{y (¥ I HY (wo) )

Theorem 88. The following are valid relational assertion-correctness triples in any posetal imperative
category where abort < f for all morphisms f.

SKIP COMP
{p}er~di{q} {qyca ~dy {1}
{p} skip ~ skip {p} {p}(crsc2) ~(di;da) {1}

ASSIGN
e1, ey total and deterministic

{pl(u,uz) \ (e, e0)]} (ur =e1) ~ (uz =ez) {p}
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CHOICE

{p}er~eaiq} {p}er~d2{q} {p}di ~c2{q} {p}di~da{q} by, by total
{p} (if by then ¢y else dy) ~ (if by thencs else ds) {q}

IFELSE
‘ {(:" ® b") ApYer ~ea{q)
{((=b)* ® (=by)*) A p}dy ~ dy {q} by, by total and deterministic
{(by = by) A p} (if by thency elsedy) ~ (if by thency else dy) {q}
LOOP

{pter ~ca{p} {p} ey ~skip {p} {p} skip ~ cz {p} by, by total
{p} (whileb; docy) ~ (whileby doc;) {p}

WHILE
{(b;* @ b,") A preg ~ca{(by =by) Ap} b1, by total and deterministic

{(by =b2) A p} (whileby docy) ~ (while by docy) {((=b)" @ (=b2)") A p}

MONOTONE SYMM
pr<p:  Apbe~diqg)  @<q {pye~diq}
{pi}e~d{q} {o;ptd~c{o;q}
ASSIGN-L CHOICE-L
e total and deterministic {p}ec~skip {q} {p}d ~ skip {q} b total
{plx\el} (x:=e)~skip {p} {p} (if bthencelsed) ~ skip {g}

IFELSE-L

{(b"®T)Ap}e~skip {q} {((=b)" @ T) Ap}d~skip {q} b total and deterministic
{p} (if bthen celsed) ~ skip {q}

LOOP-L WHILE-L
{p}ec~skip {p} b total (" @ T)Ap}e~skip {p} b total and deterministic
{p} (whilebdoc) ~ skip {p} {p} (whilebdoc) ~ skip {((—=b)" @ T) A p}

ProorF. skip. By Theorem 114, the monoidal product gives a coupling: ((skip ® skip) ¢ 1) »
skip & skip. By unitality, we obtain the rule.
assert p ; ((skip ® skip) ¢ 1)~ = assert p ; (skip ® skip) = assert p

comp. Suppose there are couplings g1>c1 &d; and gz>c, &d; satisfying assert p;g; < g;;assert gand
assert q;g, < g, ;assertr. By Theorem 113, there is a coupling (g:5[g2, c251 d251]) > (c15¢2) & (d13ds).
Then, applying the definition of (—)~ and the assumptions, we obtain the desired inequality.

assertp; (g1 % [g2,c251,da 3 1]) =
assertp; g; ;7r1+ 3925 7T1+
assertp; gy ; 9,
g7 ;assertq; g,

g1 39, ;assertr

IAN A

+ +
gi; 7y ;92 ;T ;assertr
(g1% g2, c281,dy 31])” ; assertr

ASSIGN. By Theorem 114, the monoidal product gives a coupling: (((u; =e1) ® (uz ==e3)) 51) >
(u1 =e1) & (uz == ez). This coupling satisfies the triple by determinism of e; and e,.

assert(p[(ur, uz) \ (e1,€2)]) 5 (((u1 = €1) ® (uz = €2)) §1)° =
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2304 assert(p[(ug, uz) \ (en,e2)]) ; ((u1 = e1) ® (uz = ey)) _
,2;305 ((u1 =e1) ® (uz = ey)) ; assert p _
ZE: (((u1 =e1) ® (uz =€2)) 51) ; assertp

2308 cHOICE. The assumption gives us couplings as in the hypotheses Theorem 116, so that we
2309 obtain a coupling if by then(if b, then gelse g’) else(if b, then h’ else h) of if by then ¢ else d; and
2310 if by then ¢, else d;. We show that it satisfies the triple.

:E assert p ; (if by then(if by then g else g') else(if by then h else b))~ =

2313 assert p ; (if by then(if by then g~ else g'7) else(if by then b’ else h™)) =

2314 if by then (if by then(assert p ; g~) else(assert p; g'7))

s else (if by then(assert p ; h'7) else(assert p ; h7)) <

ii: if by then (if by then(g™ ; assert q) else(g’™ ; assert q))

2318 else (if by then(h'™ ; assert ) else(h™ ; assert q)) =

2319 (if by then(if by then g~ else g'7) else(if b, then A~ else h™)) ; assert q =

ijl) (if by then(if by then g else g”) else(if by then b’ else b))~ ; assert g

2322 IFELSE. The assumptions give us couplings as in the hypotheses of Theorem 118, so we obtain that

2323 assert(b; = by); (if (b1 ®b,) then g else h) is a coupling of if b; then ¢; else d; and if b, then c; else ds.
2324 Then, we derive the inequality using determinism of b; and b;, the definition of (—)~, and the
2325 assumption.

ij: assert(by = by) ; assert p ; (assert(b; = by) ; (if(b; ® by) thengelse h))~ =
238 assert(by = by) ; assert p; (if(by ® by) theng~ else h™) =
2329 assert(b; = by) ; (if by then (assert(b;” ® b,") ; assert p; g”)

z:? else (assert((—b;)" ® (=by)") ; assert p; h7)) <
9332 assert(b; = by) ; (if(by ® by) then(g™ ; assert q) else(h™ ; assert q)) =
2333 assert(b; = by) ; (if(by ® by) theng™ else h™) ; assert q =
23§4 (assert(by; = by) ; (if(b; @ by) thengelse h))™ ; assert g

Zzzz WHILE. We use the assumption, determinism of b; and b;, and Theorem 119.

i: assert(p A (b1 =b2)) 5 (b1(x){b2(y){g” (x, Y {x, y.a(x, y)  }Hx, y.B(x, y) }Hx y.B(x, y)})
o D10 {b2(y){(assert(p A (bi" ® b27)) 5 97) (x, y){x y.a(x, y)}}

2340 {x,y.assert(p A (=b" ® =b;"){BO}}}

zzz {x,y.assert(p A (=b1" ® ~b,")){BO}}

v BB {(g sassert p) (v, ) (. va(x. 1)}

2344 {x,y.assert(p A (=b;" ® =b;"){BO}}}

2:2 {x,y.assert(p A (=b;" ® —b,")){BO}}

2347 Then, by uniformity, we obtain the desired inequality.

IA

0 assert(p A (by = b)) : (Toop a(x,y) (b1 (x) {b2(y) {9 (x.v)

{x yae ) Hx' ¥ (I HY 8@ )NHx yBCo )} Hx y.B(x. )1 ) =
2351 assert(p A (b1 = by))

2352
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2353 s (Toop a(x, y) {b1 (x){b2() {9~ (x, ) {x, y.a(x, y) }H{x, y. B(x, ) }Hx, y B(x, y)} D) <
izi Loop a(x, y){b1 () {b2(y){g” (x. y){x.y.a(x.y)}}

2356 {x,y.assert(p A (=b1" ® =by")p)B(x, y)} Hox, y. assert(p A (=by" @ =b,")p)B(x,y)}} =
2357 (Loop a(x, y){b1(x){b2(y){g” (x, ) {x, y.a(x, ) }H{x, y.B(x. )} Hx. y.B(x. y)}})

zzzi ;assert(p A (=by" ® =by"))

2360 The derivation for the Loop rule follows the same idea of that for the wHILE rule: it relies on

2301 Theorem 120 and uniformity, but it does not need determinism of the guards because they don’t
2362 need to be duplicated in the pre- and post-conditions.

2363 MONOTONE. Let h > ¢ & d be the coupling given by the assumption.

2364

2365 assert p;; h~ < assertp;; h~ < h™ ;assertq; < h™ ;assertq;

23

;Z: syMM. Let h>c&d be the coupling given by the assumption. By Theorem 115, (65hi(o+0*))>d&c

b5 and this satisfies the desired inequality.

2369 assert(c;p); (cshs(oc+a%))” =

2370

9371 assert(o;p);o;h” 50 =

2372 osassertp;h™ ;o <

2373 o;h” ;assertq;o =

s o;h™;0;assert(o;q) =

2375

2376 (6;h;(c+0%))" ;assert(o;q)

:Z:; The one-sided rules are particular instances of the two sided rules, by taking (assiGN-L) the
expression e, to be the variable uy, (CHOICE-L, IFELSE-L) the commands ¢, and d; to be skip and

2379

Jas0 (roop-L, wHILE-L) the guard b; to be R and the command ¢; to be skip. O

i:: Theorem 90. The following are valid relational predicate-incorrectness triples in any posetal impera-

,sg5  [1ve category whereabort < f and f § T < T for all morphisms f.

2384 k1P comp

2385 {pher ~di{q} {qtea ~da {r}

2380 {p} skip ~ skip {p} {p}(eriee) ~ (dv ~do) {r}

BETGSIGN SAMPLE

2388 heci &cy

S pluw) \ o)} (= o) ~ (=00 {ph {p[ ) BT (i ) ~ (12 e e2) {p)

2% CHOICE

2391 {rher~ca{q} {r}er ~da{q} {phdi ~c2{q} {prdi ~d2{q} by, by total

j;: {p} (if by then ¢y else d;y) ~ (if by thenc; else dy) {q}

Jioi IFELSE ‘ ‘

s A" b)) ApYer ~ ez {q)

Jsoc {((=b)* ® (=by)*) A p}dy ~ dy {q} by, by total and deterministic

9397 {(by =Dby) A p} (if bythencyelsed;) ~ (if by thencyelseds) {g}

2398 Loop

2300 {pter~caipt  Apler~skip {p}  {p} skip~cz{p} b1, b, total

2400 {p} (while b; doc;) ~ (while by doc,) {p}

2401
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50 Anon.

WHILE
{(b* ® by") A preg ~ca{(by =by) Ap} b1, by total and deterministic

{(b1 = b2) Ap} (whileby docr) ~ (while by docp) {((=b1)" @ (=b2)") A p}

MONOTONE CHOICE-L
pr=p:  Apbe~digt q@=q  {plc~skip{qg}  {p}d~skip {q}  btotal
{piye~diq} {p} (if bthen celse d) ~ skip {q}
SYMM I SAMPLE-L
{pte~d{q} AN ¢ total

{o;ptd~cfo;q} {plx\ol} (x=0) ~ skip {p} {plu\cl} (uec)~skip {p}
IFELSE-L

{((b* @ T) A p}e~skip {q} {((=b)"® T) Ap}d ~ skip {q} b total and deterministic
{p} (if bthencelsed) ~ skip {q}

LOOP-L WHILE-L
{p}c~skip {p} b total {(b"®T)Ap}e~skip {p} b total and deterministic
{p} (whilebdoc) ~ skip {p} {p} (whilebdoc) ~ skip {((=b)" @ T) A p}

ProorF. skip. By Theorem 114, the monoidal product gives a coupling: ((skip ® skip) ¢ 1) »
skip & skip. By unitality, we obtain the rule.
p = (skip ® skip) ; p = ((skip ® skip) 1)~ ; p

comp. Suppose there are couplings g; > ¢; & d; and g, > ¢, & d, satisfying p > g7 ;qand g > g ;7.
By Theorem 113, there is a coupling (g1 § [ga, ¢2 § 1, d2 § 1]) > (¢1 § c2) & (dy § d2). Then, applying the
definition of (—)~ and the assumptions, we obtain the desired inequality.

(91392 c250d251]) 51 =
G157y 5 G2y 5T
9139557
9139
p

ASSIGN. By Theorem 114, the monoidal product gives a coupling: (((u; =€) ® (uy :=€;)) §1) >

(uy = e1) & (uy = ez). This coupling satisfies the triple by definition.
pl(unuz) \ (e e2)] = (w1 =€) ® (uz==e2)) ;p = ((u1 =€) ® (uz:=ez) 1)~ 5 p

SAMPLE. Given a coupling h > ¢; & ¢y, the triple is satisfied by definition.

pluL,u) \h"1=h";p

cHOICE. The assumption gives us couplings as in the hypotheses Theorem 116, so that we
obtain a coupling if by then(if b, then g else g’) else(if b, then b’ else h) of if by then c; else d; and
if b, then c; else d;. We show that it satisfies the triple using totality of the guards.

(if by then(if by then g else ¢') else(if b, then h" else h))™ ; q

(if by then(if by then g~ else g'7) else(if by then A~ else k7)) ; q

if by then(if by then(g™ ; q) else(g’™ ; q)) else(if by then(h'™ ; q) else(h™ ; q))
if by then(if by then p else p) else(if b, then p else p)

p

IAIA

A1
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IFELSE. The assumptions give us couplings as in the hypotheses of Theorem 118, so we obtain that
assert(b; = by);(if (b1 ®b;) then g else h) is a coupling of if by then c; else d; and if b, then c; else ds.
Then, we derive the inequality using determinism of b; and b,, the definition of (—)~, and the
assumption.

(assert(by = by) ; (if(b; ® by) thengelse h))™ ; q

assert(b; = by) ; (if(b; @ by) theng elseh™) ; q

assert(b; = by) ; (if(b; @ by) then(g™ ; q) else(h™ ; q))

assert(b; = by) ; (if(by ® by) then (by" ® by") A pelse ((—by)" ® (=by)") A p)
assert(b; = by) ; (if(b; ® by) then p else p)

assert(b; =by) ;p =

(by=b2) Np

WHILE. We use the assumption, determinism of b; and b, and Theorem 119.

b1(x){b2(y){g~ (x,y){x, y.((by = b2) A p){a()}}}
{xy.(p A (201" ® =" N{BON Hx. y.(p A (=) ® =b2"){BO}} <
bi(x){b2({x.y.(p A (017 @ b)) {a(}}}
{x.y.(p A (=b1" @ = )N{BONHx y.(p A (=b1" @ =B )N{BO}Y =
assert(p A (b1 = by)) ; (b1(x){b2(y){x, y. 2O} Hx, y. L0} Hx. y.B0}) =
Then, by uniformity and the extra hypothesis, we obtain the desired inequality.
(p A (b1 =b2))
assert(p A (by = by)) ; (Loop @(x, y) {b (x) {ba(y) {x, y.a(x, ) }x. y.BONHx, y.B0}D)
Loop a(x, y){b1(x){b2(y){g” (x. y){x.y-a(x.y)}}
{x.y.(p A ((=b1)" ® =02 )NBOIHx y.(p A ((=b1)" ® =b27)BO)}}
(Loop a(x, y){b1(x){b2(y){g (x. ) {x, y.a(x, y) }{x, y. B(x, y) }Hx, y B(x, 1) }})
s (p A ((=b1)" ® =by"))

The derivation for the Loop rule follows the same idea of that for the WHILE rule: it relies on
Theorem 120 and uniformity, but it does not need determinism of the guards because they don’t
need to be duplicated in the pre- and post-conditions.

MONOTONE. Let h > ¢ & d be the coupling given by the assumption.

1 VAN |

[\

[\

P1Epr2h 5q2h 5qa

symMm. Let h>c&d be the coupling given by the assumption. By Theorem 115, (6¢hi(o+0%))>d&c
and this satisfies the desired inequality.

(0shg(c+0)) ;039

o;h™ ;05059

o;h”;q
o;p

The one-sided rules are particular instances of the two sided rules, by taking (AssIGN-L) the
expression e, to be the variable u;, (saAMPLE-L) the command c to be skip, (cHOICE-L, IFELSE-L) the

IA
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Anon.

commands c; and d; to be skip and (Loor-L, wHILE-L) the guard b, to be R and the command c; to

be skip.
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