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Abstract—We introduce the normal produoidal category of
monoidal contexts over an arbitrary monoidal category. In the
same sense that a monoidal morphism represents a process, a
monoidal context represents an incomplete process: a piece of
a decomposition, possibly containing missing parts. We char-
acterize monoidal contexts in terms of universal properties. In
particular, symmetric monoidal contexts coincide with monoidal
lenses, endowing them with a novel universal property. We apply
this algebraic structure to the analysis of multi-party interaction
protocols in arbitrary theories of processes.

1 INTRODUCTION

Theories of processes, such as stochastic, partial or linear
functions, are a foundational tool in computer science. They
help us model how systems interact in terms of a solid
mathematical foundation. Any theory of processes involving
operations for sequential composition and parallel composi-
tion, satisfying reasonable axioms, forms a monoidal category.

Monoidal categories are versatile: they can be used in
the description of quantum circuits [ ], stochastic pro-
cesses [ 1, [ ], relational queries [ ] and non-
terminating processes [ ], among many other applications
[ I

At the same time, monoidal categories have two intuitive,
sound and complete calculi: the first in terms of string
diagrams [ ], and the second in terms of their linear
type theory [ ]. String diagrams are a 2-dimensional
syntax in which processes are represented by boxes, and their
inputs and outputs are connected by wires. The type theory
of symmetric monoidal categories is the basis of the more
specialized arrow do-notation used in functional programming
languages [ 1, [ ], which becomes do-notation for
Kleisli categories of commutative monads [ 1, [ ].
Let us showcase monoidal categories, their string diagrams
and the use of do-notation in the description of a protocol.

1.1 Protocol Description

The Transmission Control Protocol (TCP) is a connection-
based communication protocol. Every connection begins with
a three-way handshake: an exchange of messages that synchro-
nizes the state of both parties. This handshake is defined in
RFC793 to have three steps: SYN, SYN-ACK and ACK [ ].

The client initiates the communication by sending a syn-
chronization packet (SYN) to the server. The synchronization
packet contains a pseudorandom number associated to the
session, the Initial Sequence Number of the client (CLI).

The server acknowledges this packet and sends a message
(ACK) containing its own sequence number (SRV) together with
the client’s sequence number plus one (CLI+1). These two
form the SYN-ACK message. Finally, the client sends a final ACK
message with the server’s sequence number plus one, SRV + 1.

When the protocol works correctly, both client and server end
up with the pair (CLI + 1, SRV + 1).
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Fig. 1: TCP Three way handshake.

This protocol is traditionally described in terms of a com-
munication diagram (Figure 1). This diagram can be taken
seriously as a formal mathematical object: it is a string diagram
describing a morphism in a monoidal category.

syn :: Client ~> (Client, Syn, Ack)
syn(client) = do

client <- random

return (client, client, 0)

Fig. 2: Implementation of the SYN component.

The implementation of each component of the protocol is
traditionally written as pseudocode. This pseudocode can also
be taken seriously as the expression of a morphism in the
same monoidal category, possibly with extra structure: in this
case, a commutative Freyd category (Figure 2, see Appendix
Section A.1 [ ]). That is, symmetric monoidal categories
admit two different internal languages, and we can use both
to interpret formally the traditional description of a protocol
in terms of string diagrams and pseudocode.



1.2 Types for Message Passing

The last part in formalizing a multi-party protocol in terms
of monoidal categories is to actually separate its component
parties. For instance, the three-way handshake can be split into
the client, the server and a channel. Here is where the existing
literature in monoidal categories seems to fall short: the parts
resulting from the decomposition of a monoidal morphism are
not necessarily monoidal morphisms themselves (see Figure 3
for the diagrammatic representation). We say that these are
only monoidal contexts.
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Fig. 3: Parties in the TCP Three-way handshake.

Contrary to monoidal morphisms, which only need to
declare their input and output types, monoidal contexts need
behavioural types [ 1, [ ] that specify the order and
type of the exchange of information along their boundary.

A monoidal context may declare intermediate send (1A)
and receive (?A) types, separated by a sequencing operator
(<). For instance, the channel is a monoidal morphism just
declaring that it takes an input message (Msg) and produces
another output message; but the client is a monoidal context
that transforms its memory type Client — Client at the same
time it sends, receives and then sends a message; and the
server transforms its type Server — Server while, dually to
the client, it receives, sends and then receives a message.

& € LC(Sfient: 1Msg <« ?Msg < !Msg) ;
£ < LC(Jrver: ?2Msg < !Msg < ?Msg) ;

NOISE € C (Msg; Msg) ;

Session types [ ], including the send (!A) and receive
(?A) polarized types, have been commonplace in logics of
message passing. Cockett and Pastro [ ] already proposed
a categorical semantics for message-passing which, however,
needs to go beyond monoidal categories, into linear actegories
and polyactegories.

Our claim is that, perhaps surprisingly, monoidal categories
already have the necessary algebraic structure to define mo-
noidal contexts and their send-receive polarized types. Latent
to any monoidal category, there exists a universal category
of contexts with polarized types (!/?) and parallel/sequence
operators (®/<).

1.3 Reasoning with Contexts

This manuscript introduces the notion of monoidal context
and symmetric monoidal context; and it explains how dinatu-
rality allows us to reason with them. In the same way that we
reason with monoidal morphisms using string diagrams, we
can reason about monoidal contexts using incomplete string
diagrams | L[ ].

For instance, consider the following fact about the TCP
three-way handshake: the client does not need to store a
starting SRV number for the server, as it will be overwritten
as soon as the real one arrives. This fact only concerns the
actions of the client, and it is independent of the server and
the channel. We would like to reason about it preserving
this modularity, and this is what the incomplete diagrams in
Figure 4 achieve.
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Fig. 4: Reasoning only with the Client.

Here, we define SYN* = SYN$PRJ to be the same as the SYN
process but projecting out only the client CLI number. We also
define a new ACK* that ignores the server SRV number, so that
ACK = PRJSACK". These two equations are enough to complete
our reasoning.

Monoidal contexts and their incomplete diagrams are de-
fined to be convenient tuples of morphisms, e.g. (SYN|ACK) in
our example; what makes them interesting is the equivalence
relation we impose on them: this equivalence relation makes
the pair (SYN § PRJ|ACK*) equal to (SYN|PRJ § ACK*). Dinat-
urality is the name we give to this relation, and we will see
how it arises canonically from the algebra of profunctors.



1.4 The Produoidal Algebra of Monoidal Context

Despite the relative popularity of string diagrams and
other forms of formal 2-dimensional syntax, the algebra of
incomplete monoidal morphisms has remained obscure. This
manuscript elucidates this algebra: we show that, as monoidal
morphisms together with their string diagrams form monoidal
categories, monoidal contexts together with their incomplete
string diagrams form normal produoidal categories. Normal
produoidal categories were a poorly understood categorical
structure, for which we provide examples. Let us motivate
“normal produoidal categories” by parts.

First, the “duoidal” part. Monoidal contexts can be com-
posed sequentially and in parallel, but also nested together
to fill the missing parts. Nesting is captured by categorical
composition, so we need specific tensors for both sequen-
tial (<) and parallel (®) composition. This is what duoidal
categories provide. Duoidal categories are categories with
two monoidal structures, e.g. (<, N) and (®, ). These two
monoidal structures are in principle independent but, whenever
they share the same unit (I = N), they become well-suited to
express process dependence [ ]: they become “normal”.

Finally, the “pro-” prefix. It is not that we want to impose
this structure on top of the monoidal one, but we want to
capture the structure morphisms already form. The two tensors
(<,®) do not necessarily exist in the original category; in
technical terms, they are not representable or functorial, but
virtual or profunctorial. This makes us turn to the produoidal
categories of Booker and Street [ 1.

Not only is all of this algebra present in monoidal contexts.
Monoidal contexts are the canonical such algebra; in a precise
sense given by universal properties. The slogan for the main
result of this manuscript (Theorem 6.6) is that

Monoidal contexts are the free normalization of the cofree
produoidal category over a monoidal category.

1.5 Related Work

Far from being the proposal of yet another paradigm,
monoidal contexts form a novel algebraic formalization of a
widespread paradigm. We argue that the idea of monoidal
contexts has been recurrent in the literature, just never ap-
pearing explicitly and formally. Our main contribution is to
formalize an algebra of monoidal contexts, in the form of a
normal produoidal category.

In fact, the Symposium on Logic in Computer Science
has recently seen multiple implicit applications of monoidal
contexts. Kissinger and Uijlen [ ] describe higher order
quantum processes using contexts with holes in compact
closed monoidal categories. Ghani, Hedges, Winschel and
Zahn [ ] describe economic game theory in terms
of lenses and incomplete processes in cartesian monoidal
categories. Bonchi, Piedeleu, Sobocinski and Zanasi [ ]
study contextual equivalence in their monoidal category of
affine signal flow graphs. Di Lavore, de Felice and Roman
[ ] define monoidal streams by iterating monoidal
context coalgebraically.

Language theory. Motivated by language theory and the
Chomsky-Schiitzenberger theorem, Mellies and Zeilberger
[ ] were the first to present the multicategorical splice-
contour adjunction. We are indebted to their exposition, which
we extend to the promonoidal and produoidal cases. Earnshaw
and Sobocinski [ ] described a congruence on formal lan-
guages of string diagrams using monoidal contexts. We prove
how monoidal contexts arise from an extended produoidal
splice-contour adjunction; unifying these two threads.

Session types. Session types [ 1, 1 ] are the
mainstay type formalism for communication protocols, and
they have been extensively applied to the m-calculus [ 1.
Our approach is not set up to capture all of the features of
a fully fledged session type theory [ ]. Arguably, this
makes it more general in what it does: it always provides a
universal way of implementing send (!A) and receive (?A)
operations in an arbitrary theory of processes represented by
a monoidal category. For instance, recursion and the inter-
nal/external choice duality [ 1, [ ] are not discussed,
although they could be considered as extensions in the same
way they are to monoidal categories: via trace [ ] and
linear distributivity [ ].

Lenses and incomplete diagrams. Lenses are a notion of
bidirectional transformation [ ] that can be cast in
arbitrary monoidal categories. The first mention of monoi-
dal lenses separate from their classical database counterparts
[ ] is due to Pastro and Street [ ], who identify them
as an example of a promonoidal category. However, it was with
a different monoidal structure [ ] that they became popular
in recent years, spawning applications not only in bidirectional
transformations [ ] but also in functional programming
[ 1 [ ], open games [ ], polynomial
functors [ ] and quantum combs [ ]. Relating this
monoidal category of lenses with the previous promonoidal
category of lenses was an open problem; and the promonoidal
structure was mostly ignored in applications.

We solve this problem, proving that lenses are a universal
normal symmetric produoidal category (the symmetric mo-
noidal contexts), which endows them with a novel algebra
and a novel universal property. This also extends work on the
relation between incomplete diagrams, comb-shaped diagrams,
and lenses [ L[ ].

Finally, Nester et al. have recently proposed a syntax for
lenses and message-passing [ 1, [ ] and lenses
themselves have been applied to protocol specification [ 1.
Spivak [ ] also discusses the multicategory of wiring
diagrams, later used for incomplete diagrams [ ] and
related to lenses [ ]. The promonoidal categories we
use can be seen as multicategories with an extra coherence
property. In this sense, we contribute the missing algebraic
structure of the universal multicategory of wiring diagrams
relative to a monoidal category.

1.6 Contributions

Our main contribution is the original definition of a pro-
duoidal category of monoidal contexts over a monoidal cat-



egory (Definition 6.1) and its characterization in terms of
universal properties (Theorem 6.6).

Section 2 presents expository material on profunctors, di-
naturality and promonoidal categories; the rest are novel
contributions. Section 3 constructs spliced arrows as the cofree
promonoidal over a category (Theorem 3.7). Section 4, on
top of this, constructs spliced monoidal arrows as the cofree
produoidal over a monoidal category (Theorem 4.9). Section 6
explicitly constructs a produoidal algebra of monoidal contexts
(Proposition 6.5) as a free normalization. Section 7 constructs
a symmetric produoidal algebra of monoidal lenses (Proposi-
tion 7.2), universally characterizing them (Theorem 7.3), and
an interpretation of send/receive types (!/?) (Proposition 7.6).
Section 5 introduces a novel free normalization procedure
(Theorems 5.3 and 5.4) as an idempotent monad on produoidal
categories, employed in Sections 6 and 7.

2 PROFUNCTORS AND VIRTUAL STRUCTURES

Profunctors describe families of processes indexed by the
input and output types of a category. Profunctors provide
canonical notions for composition, dinaturality and virtual
structure. These notions are not only canonical, but also easy
to reason with thanks to coend calculus | ].

Definition 2.1. A profunctor P: By X...XB,, o Ay X...X A,
is a functor P: Aj”...x ApP xBg X...x B, — Set.

For our purposes, a profunctor P(Ay,..., Ay; Bo,... By) is a
family of processes indexed by contravariant inputs Ao, ..., A,
and covariant outputs By, ..., By,. The profunctor is endowed
with jointly functorial left (>o,...,>,,) and right (<o,..., <)
actions of the morphisms of Ay,..., A, and By,..., B,,, respec-
tively [ 1, [ 1.1

2.1 Dinaturality

Composing profunctors is subtle: the same processes could
arise as the composite of different pairs of processes and so,
we need to impose a careful equivalence relation. Fortunately,
profunctors come with a canonical notion of dinatural equiv-
alence which achieves precisely this.

Imagine we try to connect two different processes: p €
P(Ay,...,Ay; By, ...,By), and g € Q(Cy,...,Cr; Dy, ...,Dp);
and we have some morphism f: B; — C; that translates the
i-th output port of p to the j-th input port of g. Let us write
(i]j) for this connection operation. Note that we could connect
them in two different ways:

« we could use f to change the output of the first process
p <i f before connecting both, (p <;f)l; g;
« and we could use f to change the input of the second
process f >; q before connecting both, p;|; (f >; q).
These are different descriptions, made up of two different com-
ponents. However, they essentially describe the same process:
they are dinaturally equal | ]. Indeed, profunctors are
canonically endowed with a notion of dinatural equivalence

1We simply use (</>) without any subscript whenever the input/output is
unique. See Appendix, Section B for more details on profunctors.

[ 1, [ ], which precisely equates these two descrip-
tions. Profunctors, and their elements, are thus composed up
to dinatural equivalence.

Definition 2.2 (Dinatural equivalence). Consider two profunc-
tors P: BoX...XB,,;, o AgX..XA, and Q: CyX...XxCy o
Do X...X Dy, such that B; = C;; and let SlI;JQ(A; C) be the set

Z P(A()...An; B()...X...Bm) X Q(C()...X...Ck; D()...Dh).
XeB;

Dinatural equivalence, (~), on the set S5/ J (A; C) is the small-
est equivalence relation satisfying (p <ifi iq) ~ (pilj f>9).
The coend is defined as this coproduct quotiented by dinatu-
rality, Slrj‘f o(A;C)/(~), and written as an integral.

XeC
/ P(AU...An; B()...X...Bm) X Q(C()XCk, Do...Dh).

Definition 2.3 (Profunctor composition). Consider two pro-
functors P: By X...xB,, o AgX...xA, and Q: CyX...XCj e—o
Dyp X...x Dy, such that B; = C;; their composition along ports
i and j is a profunctor; we write it marking this connection

P(A()...An; B()... o, Bn) < Q(C()... o, ...Ck; D()...Dh),

and it is defined as the coproduct of the product of both
profunctors, indexed by the common variable, and quotiented
by dinatural equivalence,

XeC
/ P(A()...An; Bo...X...Bm) X Q(C()XCk, Do...Dh).

Remark 2.4 (Representability). Every functor F: A — B gives
rise to two different profunctors: its representable profunc-
tor A(Fe,e): A o B, and its corepresentable profunctor
A(e, Fe): A o B. We say that a profunctor is representable
or corepresentable if it arises in this way. Under this interpreta-
tion, functors are profunctors that happen to be representable.
This suggests that we can repeat structures based on functors,
such as monoidal categories, now in terms of profunctors.

We justified in the introduction the importance of monoi-
dal categories: they are the algebra of processes composing
sequentially and in parallel, joining and splitting resources.
However, there exist some theories that can deal only with
splitting without being necessarily full theories of processes:
that is, we may be able to talk about splitting without being
able to talk about joining. Such “monoidal categories on one
side” are promonoidal categories.

The difference between monoidal categories and promonoi-
dal categories is that the tensor is no longer a functor but is
instead a profunctor.? In other words, the tensor is no longer
representable — such a structure is called virtual, as in virtual
double and virtual duoidal categories [ 1, [ ].

2In more technical terms, monoidal categories are pseudomonoids in the
monoidal bicategory of categories and functors; while promonoidal categories
are pseudomonoids in the monoidal bicategory of categories and profunctors.



2.2 Promonoidal Categories

Promonoidal categories are the algebra of coherent decom-
position. A category C contains sets of morphisms, C(X;Y).
In the same way, a promonoidal category V contains sets of
splits, V(X;Yy<Y1), morphisms, V(X;Y), and units, V(X; N),
where N is the virtual tensor unit. Splits, V(X;Yy < Y1),
represent a way of decomposing objects of type X into objects
of type Yj and Y. Morphisms, V(X;Y), as in any category, are
transformations of X into Y. Units, V(X; N), are the atomic
pieces of type X.

These decompositions must be coherent. For instance, imag-
ine we want to split X into Yy, Y| and Y,. Splitting X into
Yy and something (e), and then splitting that something into
Y1 and Y, should be doable in essentially the same ways as
splitting X into something (e) and Y», and then splitting that
something into Yy and Y. Formally, we are saying that,

V(X;Y() < 0) OV(O;YI < Yz) = V(X;O < Y2) OV(O;YO < Y]),

and, in fact, we just write V(X; Yy <Y] <Y>) for the set of such
decompositions.

Definition 2.5 (Promonoidal category). A promonoidal cate-
gory is a category V(e;e) endowed with profunctors

V(e;e<e): VXV eoV, and V(e;N): 1 eo V.
Equivalently, these are functors
V(e;e<te): VP XV XV — Set, and V(e; N): VP — Set.

Moreover, promonoidal categories must be endowed with the
following natural isomorphisms,

V(X;e<aYy)oV(e;Yg<aY)) =V(X;e<aYr)oV(e; Yy <),
V(X;e<Y)oV(e;N) = V(X;Y),
V(X;Y <e)oV(e;N) = V(X;Y),

called a, 4, p, respectively, and asked to satisfy the pentagon
and triangle coherence equations, a fa = (e ¢ 1) ja g (1),
and (pol)=as(1¢1).

Definition 2.6 (Promonoidal functor). Let V and W be pro-
monoidal categories. A promonoidal functor F: V(e,e) —
W (e, o) is a functor between the two categories, together with
natural transformations:

F.:V(A;B<C) > W(FA;FB< FC), and
Fn:V(A;N) > W(FA;N),

that satisfy 4§ Finap = (Fa X FN)$§A, p§ Fnap = (Fa X FN) § 0,
and a§(FqXFq)3i = (FqXF4)%isa. We denote by Promon the
category of promonoidal categories and promonoidal functors.

Remark 2.7 (Promonoidal coherence). As with monoidal cat-
egories, the pentagon and triangle equations imply that every
formal equation written out of coherence isomorphisms holds.
This means we can write V(e;e < o < e) without specifying
which one of the two sides of the associator we are describing.

Remark 2.8 (Multicategories). The reader may be more famil-
iar with the algebra of not-necessarily-coherent decomposition:

multicategories. Every promonoidal category V induces a
co-multicategory with morphisms given by elements of the
following sets V(e;e < .. <« o). Similarly, VP is a co-
promonoidal category and thus induces a multicategory. These
are special kinds of (co-)multicategories, they are coherent so
that every n-to-1 morphism splits, in any possible shape, as
2-to-1 and 0-to-1 morphisms; moreover, they do so uniquely
up to dinaturality. Appendix B.2 spells out this relation.

The next section studies how to coherently decompose mor-
phisms of a category. Categories are an algebraic structure for
sequential composition: they contain a “sequencing” operator
(3) and a neutral element, id. We present an algebra for
decomposing sequential compositions in terms of promonoidal
categories.

3 SEQUENTIAL CONTEXT

Assume a morphism factors as follows,
fosgoshsgisfisks fo

We can say that this morphism came from the context fy 0§
fi30% f, filled on its left side with the context go $ O35 g1,
then filled with %, and finally completed on its right side with
the morphism k. Figure 5 expresses this decomposition.

H

f(i(_—fosus,flsus_fz P

—_—

fi

Fig. 5: Decomposition of fo$goshsg1 s fisks fo.

Contexts compose in a tree-like structure, and their resulting
morphism is extracted by contouring that tree. This section
presents the algebra of context and decomposition. We then
prove that they are two sides of the same coin: the two sides
of an adjunction of categories.

3.1 Contour of a Promonoidal Category

Any promonoidal category freely generates another cate-
gory, its contour. This can be interpreted as the category that
tracks the processes of decomposition that the promonoidal
category describes. The construction is particularly pleasant
from the geometric point of view: it takes its name from the
fact that it can be constructed by following the contour of the
shape of the decomposition.

Definition 3.1 (Contour). The contour of a promonoidal cate-
gory V is a category CV that has two objects, X (left-handed)
and XR (right-handed), for each object X € Vobj; and has as
arrows those that arise from contouring the decompositions of
the promonoidal category.

Specifically, it is freely presented by (i) a morphism agy €

CV(AL;AR), for each unit a € V(A;N); (ii) a pair of
morphisms by € CV(BY; XL), by € CV(XR;BR), for each
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Fig. 6: Contour of a promonoidal.

morphism b € V(B;X); and (iii) a triple of morphisms
co € CV(CL;YE), ¢ € CV(YR; ZL), ¢y € CV(ZR; CR) for
each split ¢ € V(C;Y < Z), see Figure 6.

For each equality a(a|b) = (c|d), we impose the equations
ag =co3dy; a13bg =dy and by = dr§cy; az$by = ¢o. For each
equality p(a|b) = c = A(d|e), we impose ag = co = dpsepsd;
and a; §bg §ay = c1 = dy. Graphically, these follow Figure 7.

Fig. 7: Equations between contours from a, p, and A in V.

Proposition 3.2. Contour gives a functor C : Promon — Cat.
Proof. See Appendix, Proposition C.1. )

Remark 3.3. The contour of a multicategory was first in-
troduced by Mellies and Zeilberger [ ]. Definition 3.1
and the following Theorem 3.7 closely follow their work;
although the promonoidal version we introduce does involve
fewer equations due to the extra coherence (Remark 2.8).

3.2 The Promonoidal Category of Spliced Arrows

We described a category tracking the process of decompos-
ing in a given promonoidal category. However, we want to go
the other way around: given a category, what is the promonoi-
dal category describing decomposition in that category? This
subsection finds a right adjoint to the contour construction:
the spliced arrows promonoidal category. Spliced arrows have
already been used to describe context in parsing [ ].

Definition 3.4 (Spliced arrows). Let C be a category. The
promonoidal category of spliced arrows, SC, has as objects
pairs of objects of C. It uses the following profunctors to define
morphisms, splits and units.

SC(4:%) = C(A; X) X C(Y, B);
SC(4; %X <) = C(A; X) x C(Y; X') x C(Y'; B);
SC(4;N) = C(A;B).

In other words, morphisms are pairs of arrows f: A — X
and g: Y — B. Splits are triples of arrows f: A - X, g: Y —

X’ and h: Y’ — B. Units are simply arrows f: A — B. We
use the following notation for

morphisms,  f3035g € SC (%)
splits, feosgsosh € SC (k¥ <%);
and units, f € SC(&N).

The profunctor actions, associativity and unitality of the pro-
monoidal category are defined in a straightforward way by
filling the holes. For instance,

(fsosgsosh) <y (usosv)=(fsusOsvsgsOsh),
(fs05g505h) <2 (usOsv)=(f50585us05vsh).
See the Appendix, Section C for details.

Proposition 3.5. Spliced arrows form a promonoidal category
with their splits, units, and suitable coherence morphisms.

Proof. See Appendix, Proposition C.2. O

As a consequence, we can talk about spliced arrows with
an arbitrary number of holes: for instance, a three-way split
arises as a split filled by another split, in either position. For
instance,

(fosBsfis05 /2508 f3)

can be written in two different ways,
(fosOs 25038 f3) <1 (idsos fisasid)y  or
(fosOs fis0sf3) <2 (id30s f230%id).
Proposition 3.6. Splice gives a functor S : Cat — Promon.

Proof. See Appendix, Proposition C.6. m}

Theorem 3.7. There exists an adjunction between categories
and promonoidal categories, where the contour of a promo-
noidal is the left adjoint, and the splice category is the right
adjoint.

Proof. See Appendix, Theorem C.7. m

Spliced arrows can be computed for any category, including
monoidal categories. However, we expect the spliced arrows
of a monoidal category to have a richer algebraic structure.
This extra structure is the subject of the next section.

4 PARALLEL-SEQUENTIAL CONTEXT

Monoidal categories are an algebraic structure for sequential
and parallel composition: they contain a “tensoring” operator
on morphisms, (®), apart from the usual sequencing, (3), and
identities (id).

Assume a monoidal morphism factors as follows,

fos(g® (hs(k®(loslh)))) s fi.

We can say that this morphism came from dividing everything
between fj and fi by a tensor. That is, from a context f$(O®
O) 5 f1. We filled the first hole of this context with a g, and
then proceeded to split the second part as 4 § (O ® O) § id.
Finally, we filled the first part with k and the second one we
left disconnected by filling it with /o, id;, and /;.
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Fig. 8: Decomposition of fy (g ® (h§(k® (lo3511)))) 5 fi.

This section studies decomposition of morphisms in a
monoidal category, in the same way we studied decomposition
of morphisms in a category before. We present an algebraic
structure for decomposing both sequential and parallel com-
positions: produoidal categories.

4.1 Produoidal Categories

Produoidal categories, first defined by Booker and Street
[ ], provide an algebraic structure for the interaction of
sequential and parallel decomposition. A produoidal category
V not only contains morphisms, V(X;Y), sequential splits,
V(X;Yy<Y1), and sequential units, V(X; N), as a promonoidal
category does; it also contains parallel splits, V(X;Yy ® Y1)
and parallel units, V(X;I).
Remark 4.1 (Nesting virtual structures). Notation for nesting
functorial structures, say (<) and (®), is straightforward: we
use expressions like (X} ® Y1) < (X2 ® ¥;) without a second
thought. Nesting the virtual structures (<) and (®) is more
subtle: defining V(e; X ® Y) and V(e; X «Y) for each pair of
objects X and Y does not itself define what something like
V(e; (X; ®7)) < (X, ®Y2)) means. Recall that, in the virtual
case, X| <Y and X; ® Y] are not objects themselves: they are
just names for the profunctors V(e; X; <Y;) and V(e; X;®Y7).

Instead, when we write V(e; (X; ® Y1) < (X3 ® Y3)), we
formally mean V(e;e; < @) o V(e;X; ® Y1) ¢ V(e; Xp ®
Y>). By convention, nesting virtual structures means profunctor
composition in this text.

Definition 4.2 (Produoidal category). A produoidal category

is a category V endowed with two promonoidal structures,
V(e;e®e): VXV eoV, and V(e;1): 1 o V,
V(e;e<0): VXV eoV, and V(e;N): 1 eo V,

such that one laxly distributes over the other. This is to say
that it is endowed with the following natural laxators,

Yr: V(e (X <Y)® (Z<aW)) — V(e (X ®Z) < (Y ®W)),
vo: V(e I) > V(e;I<al),
¢02: V(e;N®N) — V(e;N),
@o: V(e;1) — V(e;N).

Laxators, together with unitors and associators, must satisfy
coherence conditions (see Appendix, Definition I.5).

Definition 4.3 (Produoidal functor). Let Vg ;. n and
Wo.s,«.m be produoidal categories. A produoidal functor F

is a functor between the two categories F : V(e,0) — W(e, o)
together with natural transformations

Fg :V(A;B®C) > W(FA; FBQo FC),

Fr V(A1) — W(FA:J),
F,.:V(A;B<C) > W(FA,FB «FC), and
Fn :V(A;N) > W(FA; M),

preserving coherence isomorphisms for each promonoidal
structure, and the laxators. Denote by Produo the category
of produoidal categories and produoidal functors.

4.2 Monoidal Contour of a Produoidal Category

Any produoidal category freely generates a monoidal cat-
egory, its monoidal contour. Again, this is interpreted as
a monoidal category tracking the processes of parallel and
sequential decomposition described by the produoidal cate-
gory. And again, the construction follows a pleasant geometric
pattern, where we follow the shape of the decomposition, now
in both the parallel and sequential dimensions.

Definition 4.4 (Monoidal contour). The contour of a pro-
duoidal category B is the monoidal category DB that has
two objects, X~ (left-handed) and XR (right-handed), for
each object X € Bopj; and has arrows those that arise from
contouring both sequential and parallel decompositions of the

O @Gy

Fig. 9: Generators of the monoidal category of contours.

Specifically, it is freely presented by (i) a pair of morphisms
ap € DB(AL; XE), a; € DB(XR; AR) for each morphism
a € B(A;X); (ii) a morphism ag € DB(AL; AR), for each
sequential unit a € C(A; N); (iii) a pair of morphisms ag €

DB(AL; 1) and ag € DB(I; AR), for each parallel unit a €

B(A;1); (iv) a triple of morphisms ag € DB(AL; XT), a; €
DB(XR;YL), a; € DB(YR; AR) for each sequential split a €
B(A; X <Y); and (v) a pair of morphisms ag € DB(AL; XF @
YE) and a; € DB(XR ® YR; AR) for each parallel split a €
B(A; X ®Y), see Figure 9.

We impose the same equations as in the categorical contour
coming from the associator and unitor of the < structure; but
moreover, we impose the following new equations, coming
from the ® structure: For each application of associativity,
a(a gy b) = ¢ 3 d, we impose the equations ag § (b ® id) =
co 3 (id®dpy) and (b ®id) sa; = (id ® dy) § ¢;. These follow
from Figure 10.

For each application of unitality, A(a §; b) = ¢ = p(d $3 e),
we impose the equations ag § (bg ® id) = cg = dp § (id ® €p)
and (b ®1id) sa; = ¢; = (id ® e1) § di. These follow from
Figure 11.

For each application of the laxator, Yo (a|b|c) = (d|e] f),
we impose the equation ag § (bg ® cg) = dp § e, the middle
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Fig. 10: Equation between contours from ® associator.
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Fig. 11: Equations from ® unitor.
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equation by ® c; = e 5d; % fo, and (br ® ¢2) Sa; = f1 5 ds.
These follow Figure 12. We finally impose similar equations
for the rest of the laxators, see Definition D.1 for details.

Fig. 12: Equations from the laxator i,.

Proposition 4.5. Monoidal contour extends to a functor D :
Produo — Mon.

Proof. See Appendix, Proposition D.2. O

4.3 Produoidal Category of Spliced Monoidal Arrows

Again, we want to go the other way around: given a
monoidal category, what is the produoidal category that tracks
decomposition of arrows in that monoidal category? This
subsection finds a right adjoint to the monoidal contour con-
struction: the produoidal category of spliced monoidal arrows.

Definition 4.6. Let (C,®,I) be a monoidal category. The
produoidal category of spliced monoidal arrows, 7 C, has as
objects pairs of objects of C. It uses the following profunctors
to define sequential splits, parallel splits, sequential units,
parallel units and morphisms.

TC(4:¥) =C(A; X) x C(Y, B);
TCE:¥ <) =C(A; X) x C(Y; X') x C(Y'; B);
TCH:F¥®X) =C(A; X® X') xC(Y ® Y'; B);
TC(4;N) =C(A; B);
TC(g:1) = C(A; 1) x C(I; B).

In other words, morphisms are pairs of arrows f: A — X and
g: Y — B. sequential splits are triples of arrows f: A — X,
g:Y — X’ and h: Y’ — B. Parallel splits are pairs of arrows
f:A— X®X’'and g: Y®Y’' — B. Sequential units are arrows

f: A — B. parallel units are pairs of arrows f: A — I and
g: I — B. In summary, we have

morphisms, fsosg eTC(4%);
sequential splits, ~ fsOggsOsh €TC(H¥<¥);
parallel splits, fe@eo)sh e€TC(HEFef);
sequential units, f e TC(4N).

flg

Finally, the laxators unite two different connections between
two gaps into a single one. For instance, the last laxator takes
parallel sequences of holes,

fos((hosOshi 505h2) ® (kosO5ki 505k2)) 5 fi
into sequences of parallel holes,

fos(ho®ko)s(O®O) s (h ®ki)s(O®D) 3§ (ha® k)3 fi.

and parallel units,

See Appendix, Section D.2 for details.

Proposition 4.7. Spliced monoidal arrows form a produoidal
category with their sequential and parallel splits, units, and
suitable coherence morphisms and laxators.

Proof. See Appendix, Proposition D.3. m}

Proposition 4.8. Spliced monoidal arrows extends to a functor
7 : Mon — Produo.

Proof. See Appendix, Proposition D.8. O

As in the categorical case, spliced monoidal arrows and
monoidal contour again form an adjunction. This adjunction
characterizes spliced monoidal arrows as a cofree construction.

Theorem 4.9. There exists an adjunction between monoidal
categories and produoidal categories, where the monoidal
contour is the left adjoint, and the produoidal splice category
is the right adjoint.

Proof. See Appendix, Theorem D.9. O

4.4 Representable Parallel Structure

A produoidal category has two tensors, and neither is,
in principle, representable. However, the cofree produoidal
category over a category we have just constructed happens also
to have a representable tensor, (®). Spliced monoidal arrows
form a monoidal category.

Proposition 4.10. Parallel splits and parallel units of spliced
monoidal arrows are representable profunctors. Explicitly,

TC(Y o) = TC(HFE). and TC(§1) = TC(31).

In fact, these sets are equal by definition. However, there
is a good reason to work in the full generality of produoidal
categories: every produoidal category, representable or not, has
an associated normal produoidal category, which may be again
representable or not. Normalization is a canonical procedure
to mix both tensors, (®) and (<); and it will allow us to
write monoidal contexts in Section 6, which form a produoidal
category without representable structure.



Remark 4.11. This means 7 C has the structure of a virtual
duoidal category [ ] or monoidal multicategory, defined
by Aguiar, Haim and Lépez Franco [ ] as a pseu-
domonoid in the cartesian monoidal 2-category of multicat-
egories.

5 INTERLUDE: NORMALIZATION

Produoidal categories seem to contain too much structure:
of course, we want to split things in two different ways, se-
quentially (<) and in parallel (®); but that does not necessarily
mean that we want to keep track of two different types of units,
parallel (I) and sequential (N). The atomic components of our
decomposition algebra should be the same, without having to
care if they are atomic for sequential composition or atomic
for parallel composition.

Fortunately, there exists an abstract procedure that, starting
from any produoidal category, constructs a new produoidal
category where both units are identified. This procedure is
known as normalization, and the resulting produoidal cate-
gories are called normal.

Definition 5.1 (Normal produoidal category). A normal pro-
duoidal category is a produoidal category where the laxator
wo: V(e; 1) — V(e; N) is an isomorphism.

Normal produoidal categories form a category nProduo
with produoidal functors between them and endowed with fully
faithful forgetful functor U : nProduo — Produo.

Theorem 5.2. Let Vg ;o n be a produoidal category. The
profunctor NV (e;e) = V(e; N ® @ ® N) forms a promonad.
Moreover, the Kleisli category of this promonad is a normal
produoidal category with the following splits and units.

NV(A;B) =V(A;NQ® B® N),
NV(A;Ben C) =V(A;N® B®N ® C ® N);
NV(A;B<ay C)=V(A;(N®B®N)<(N®CQN));
NV (A;In) = V(A;N);
NV(A; Ny) = V(A; N).

Proof. See Appendix, Theorem E.1. O

A normalization procedure for duoidal categories was given
by Garner and Lépez Franco [ ]; our contribution is its
produoidal counterpart. This novel produoidal normalization
is better behaved than the duoidal one [ ]: the latter
does not always exist, but we show produoidal normalization
does. Indeed, we prove that produoidal normalization forms an
idempotent monad. The technical reason for this improvement
is that the original required the existence of certain coequal-
izers in V; produoidal normalization uses coequalizers in Set.
Appendix E.3 outlines a relation between the two procedures.

Theorem 5.3. Normalization extends to an idempotent monad.

Proof. See Appendix, Theorem E.3. O

Theorem 5.4 (Free normal produoidal). Normalization de-
termines an adjunction between produoidal categories and

normal produoidal categories, N : Produo = nProduo: U.
That is, NV is the free produoidal category over V.

Proof. See Appendix, Theorem E.5. O

In the previous Section 4, we constructed the produoidal
category of spliced monoidal arrows, which distinguishes be-
tween morphisms and morphisms with a hole in the monoidal
unit. This is because the latter hole splits the morphism in two
parts. Normalization equates both; it sews these two parts.
In Section 6, we explicitly construct monoidal contexts, the
normalization of spliced monoidal arrows.

5.1 Symmetric Normalization

Normalization is a generic procedure that applies to any
produoidal category, it does not matter if the parallel split
(®) is symmetric or not. However, when ® happens to be
symmetric, we can also apply a more specialized normalization
procedure.

Definition 5.5 (Symmetric produoidal category). A symme-
tric produoidal category is a produoidal category Vg n g1
endowed with a natural isomorphism o: V(A;B ® C) =
V(A; C ® B) satisfying the symmetry and hexagon equations.

Theorem 5.6. Let Vg 1 o n be a symmetric produoidal cat-
egory. The profunctor N,V (e;e) = V(e;N ® o) forms a
promonad. Moreover, the Kleisli category of this promonad
is a normal symmetric produoidal category with the following
splits and units.

NoV(A;B) =V(A;N ® B);
NsV(A;Bey C)=V(A;N®B®C);
NoV(A;B<ay C)=V(A;(N®B) < (N®CQ));

NoV(A;In) = V(A;N);
NoV(A;Ny) = V(A;N).

Proof. See Appendix, Theorem E.6. m}

Theorem 5.7. Normalization determines an adjunction be-
tween symmetric produoidal and normal symmetric produoidal
categories, N s: SymProduo = nSymProduo: U. That is,
N &V is the free symmetric produoidal category over V.

Proof. See Appendix, Theorem E.11. o

6 MonNoIDAL CONTEXT. MIXING < AND ® BY NORMALIZATION

Monoidal contexts formalize the notion of an incomplete
morphism in a monoidal category. The category of monoidal
contexts will have a rich algebraic structure: we shall be able
to still compose contexts sequentially and in parallel and, at
the same time, we shall be able to fill a context using another
monoidal context. Perhaps surprisingly, then, the category of
monoidal contexts is not even monoidal.

We justify this apparent contradiction in terms of profunc-
torial structure: the category is not monoidal, but it does have
two promonoidal structures that precisely represent sequential
and parallel composition. These structures form a normal



produoidal category. In fact, we show it to be the normalization
of the produoidal category of spliced monoidal arrows.

This section constructs explicitly the normal produoidal
category of monoidal contexts.

6.1 The Category of Monoidal Contexts

A monoidal context, MC (4 ; ¥), represents a process from
A to B with a hole admitting a process from X to Y. In
this sense, monoidal contexts are similar to spliced monoidal
arrows. The difference with spliced monoidal arrows is that
monoidal contexts allow for communication to happen to the
left and to the right of this hole.

Definition 6.1 (Monoidal context). Let (C, ®, I) be a monoidal
category. Monoidal contexts are the elements of the following
profunctor,

MC (4:¥) =C(Are; ® X ® 9) 0 C(e; ® Y ® 03: B).

In other words, a monoidal context from A to B, with a hole
from X to Y, is an equivalence class consisting of a pair of
objects M,N € Cyp,; and a pair of morphisms f € C(A; M ®
XQ®N) and g € C(M ®Y ® N; B), quotiented by dinaturality
of M and N (Figure 13). We write monoidal contexts as

(f5(idy @m@idy)sg) € MC(4;%).

In this notation, dinaturality explicitly means that

(fs(meidy ®n); (idw ®m@idy) 5 g)
(f;(ldM ®l®id1\/)f§(m®idy ®I’l)$g).

| |
|J|‘||f

.-_I-_. _
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Fig. 13: Dinaturality for monoidal contexts.

Proposition 6.2. Monoidal contexts form a category.

Proof. We define composition of monoidal contexts by the
following formula (illustrated in Figure 29, iii).
(f5(idy @m@idy)5g) < (h§(dy @MQidy) 5k) =
fs(idy @ h®idy) § (idyen @ M@ idygn)
s(dy ® k®idy) 58
For each pair of objects, we define the identity monoidal
context as id4 ¢ m$idp (illustrated in Figure 29, ii). We check

that this composition is associative and unital in the Appendix,
Proposition F.3. O

Remark 6.3. Even when we introduce (id @ m ® id) as a
piece of suggestive notation, we can still write (g ® B ® h)
unambiguously, because of dinaturality,

(g®id®h);(demeid) = (deom®id) 3 (g ®id ® h).

Fig. 14: Morphisms, sequential and parallel splits, and units
of the splice monoidal arrow produoidal category.

6.2 The Normal Produoidal Algebra of Monoidal Contexts

Let us endow monoidal contexts with their normal pro-
duoidal structure.

Definition 6.4. The category of monoidal contexts, MC,
has as objects pairs of objects of C. We use the following
profunctors to define sequential splits, parallel splits, units and
morphisms.

MC(4:%) =C(A;0; @ X ® 83) oC(0] ® Y ® 03; B);
MC(§;§<§1) =C(A;e1 X Rey) ¢
Cle1®Y®e);030 X ®ey) o
C(e3®Y' ® o043 B);
MC(g;iﬁ@’ﬂ) =C(A;01 3 X®eX ®e3)
C(e1 Y e, QY ® e3;B);
MC (4;N) = C(A; B).

In other words, sequential splits are triples of arrows
fiA > MRX®N, g MQAYQN - M@ X' ® N’
and h: M’ ® Y ® N — B, quotiented by dinaturality of
M,M’',N,N’. Parallel splits are pairs of arrows f: A —
M®X®N®X' ®0 and g: MRYQNQ®Y ® O — B,
quotiented by dinaturality of M, N, O. Units are simply arrows
f: A — B. In summary, we have

fe(deom®id) g g
f3(deomeid)jgs(idome®id) s h;
fs(idomeideomeid) ;g:;

sequential units,  f.

morphisms,
sequential splits,

parallel splits,

Dinaturality for sequential splits and parallel splits is de-
picted the Appendix, Figures 30 and 31.

Proposition 6.5. The category of monoidal contexts forms
a normal produoidal category with its units, sequential and
parallel splits.

Proof. See Appendix, Proposition F.4. O

Theorem 6.6. Monoidal contexts are the free normalization
of the cofree produoidal category over a category. In other
words, monoidal contexts are the normalization of spliced

monoidal arrows, NTC = MC.
Proof. See Appendix, Theorem F.12. )



7 MoNoIDAL LENSES

Monoidal lenses are symmetric monoidal contexts. Again,
the category of monoidal lenses has a rich algebraic structure;
and again, most of this structure exists only virtually in terms
of profunctors. In this case, though, the monoidal tensor does
indeed exist: contrary to monoidal contexts, monoidal lenses
form also a monoidal category.

This is perhaps why applications of monoidal lenses have
grown popular in recent years [ ], with applications in
decision theory [ ], supervised learning [ 1,
[ ] and most notably in functional data accessing [ 1,
[ 1, [ 1, [ ]. The promonoidal structure of
optics was ignored, even when, after now identifying for the
first time its relation to the monoidal structure of optics, we
argue that it could be potentially useful in these applications:
e.g. in multi-stage decision problems, or in multi-stage data
accessors.

This section explicitly constructs the normal symmetric
produoidal category of monoidal lenses. We describe it for
the first time by a universal property: it is the free symmetric
normalization of the cofree produoidal category.

7.1 The Category of Monoidal Lenses

A monoidal lens of type LC(4,¥) represents a process in a
symmetric monoidal category with a hole admitting a process
from X to Y.

~

N

%5

Fig. 15: Generic monoidal lens, sequential and parallel split.

Definition 7.1 (Monoidal Lens). Let (C, ®, ) be a symmetric

monoidal category. Monoidal lenses are the elements of the

following profunctor,
LC(4:¥)=C(A;e®X)0oC(e®Y;B).

In other words, a monoidal lens from A to B, with a hole
from X to Y, is an equivalence class consisting of a pair of
objects M, N € Cg; and a pair of morphisms f € C(A; M®X)
and g € C(M ®Y; B), quotiented by dinaturality of M. We
write monoidal lenses as

f3(idy @m)sge LC(4:%).

Proposition 7.2. Monoidal lenses form a normal symmetric
produoidal category with the following morphisms, units,
sequential and parallel splits.

LC(4:%)=C(A;e®X) 0oC(e ®Y; B);
LC(4;N)=C(A;B);
LC(4:%<%)=C(A;0®X) o
C(e1®Y;0, X' )oC(e®Y";B);
LC(4:¥0%)=C(A;0;8X®X)oC(e; ®Y ®Y";B).

Proof. See Appendix, Proposition G.1. m}

Theorem 7.3. Monoidal lenses are the free symmetric nor-
malization of the cofree symmetric produoidal category over
a monoidal category.

Proof. See Appendix, Theorem G.9. O

Remark 7.4 (Representable parallel structure). The parallel
splitting structure of monoidal lenses is representable,

LC (A . X®X/) .

LC(3:50%) = B> Yoy

Lenses over a symmetric monoidal category are known to be
monoidal [ 1, [ ], but it remained unexplained why a
similar structure was not present in non-symmetric lenses. The
contradiction can be solved by noting that both symmetric and
non-symmetric lenses are indeed promonoidal, even if only
symmetric optics provide a representable tensor.

Remark 7.5 (Session notation for lenses). We will write !A =
(4) and ?B = (}) for the objects of the produoidal category of
lenses that have a monoidal unit as one of its objects. These
are enough to express all objects because !A ® ?B = (4); and,
moreover, they satisfy the following properties definitionally.

C(e;?A<«?B) =
C(e;!A<!B)
C(e;!A<?B)

C(e;?A ® ?B);
= C(e;!A®!B);
= C(e;!A®7?B).

(A®B) =4 ®!B;
2(A® B) =?A®?B;

Proposition 7.6. Let (C,®,1) be a symmetric monoidal cat-
egory. There exist monoidal functors (!): C — LC and
(?): CoP - LC.

Proof. See Appendix, Proposition G.7. O

7.2 Protocol Analysis
Let us go back to our running example (Figure 1). We can
now declare that the client and server have the following types,
representing the order in which they communicate,
@ € LC
g < /LC

SHSEE ; IMsg < ?Msg < !Msg) ;

gggg ?Msg < IMsg < ?Msg) .
Moreover, we can use the duoidal algebra to compose them.
Indeed, tensoring client and server, we get the following
codomain type,

("Msg < ?Msg < IMsg) ® (?Msg < !Msg < ?Msg).



We then apply the laxators to mix inputs and outputs, obtaining
('Msg ® ?Msg) < (?Msg ® !Msg) < (Msg ® ?Msg),

and we finally apply the unitors to fill the communication holes
with noisy channels.

3 3 ClienteServer
Y2 ( e ® B ) <3 NOISE® € LC (Client®Server) :

We end up obtaining the protocol as a single morphism
Client® Server — Client® Server in whatever category we are
using to program. Assuming the category of finite stochastic
maps, this single morphism represents the distribution over the
possible outcomes of the protocol. Finally, by dinaturality, we
can reason over independent parts of the protocol.

Proposition 7.7. Let (Q ) = (SYNs(idem)sACK;(id®@m)). The
equalities in Figure I are a consequence of the dinaturality of
a monoidal lens.

Proof. We recognize the diagram in Figure | as representing
the elements in the following equation.
SYN ¢ (id @ m) § ACK 5 (id ® m) =
SYN" s (PRI ®id) cm g ACK§ (id @ m)
SYN"s (id®m) s (PRI ®id) $ ACK S (id @ m)
SYN" s (id ® m) $ ACK™ ¢ (id @ m).

In the same way we would apply the interchange law in com-
pleted morphisms, we have applied dinaturality over PR]. O

7.3 Cartesian Lenses

We have worked in full generality, but cartesian lenses
are particularly important to applications in game theory
[ ] and functional programming [ 1, [ ].
We introduce their newly constructed produoidal structure.

Proposition 7.8 (Cartesian Lenses). Let (C,-, 1) be a carte-
sian monoidal category. Its produoidal category of lenses is
given by the following profunctors.

LC (4:%) = C(A; X) x C(AY; B),
LC (¥ <¥)) = C(A;X) X C(AY; X') x C(AYY'; B),
LC (¥ ®¥) = C(A; XX') x C(AYY'; B),

LC(4) =C(A;B).

Proof. See Appendix, Proposition G.8. O

8 CONCLUSIONS

Monoidal contexts are an algebra of incomplete processes,
commonly generalizing lenses [ ] and spliced arrows
[ ]. In the same way that the m-calculus allows in-
put/output channels of an abstract model of computation, mo-
noidal contexts allow input/output communication on arbitrary
theories of processes, such as stochastic or partial functions,
quantum processes or relational queries.

Monoidal contexts form a normal produoidal category: a
highly structured and rich categorical algebra. Moreover, they
are the universal such algebra on a monoidal category. This

is good news for applications: the literature on concurrency is
rich in frameworks; but the lack of canonicity may get us con-
fused when trying to choose, design, or compare among them,
as Abramsky [ ] has pointed out. Precisely characterizing
the universal property of a model addresses this concern. This
is also good news for the category theorist: not only is this an
example shedding light on a relatively obscure structure; it is
a paradigmatic such one.

We rely on two mathematical ideas: monoidal and duoidal
categories on one hand, and dinaturality and profunctorial
structures on the other. Monoidal categories, which could be
accidentally dismissed as a toy version of cartesian categories,
show that their string diagrams can bootstrap our conceptual
understanding of new fundamental process structures, while
keeping an abstraction over their implementation that cartesian
categories cannot afford. Duoidal categories are such an exam-
ple: starting to appear insistently in computer science [ 1,
[ ], they capture the posetal structure of process depen-
dency and communication. Dinaturality, virtual structures and
profunctors, even if sometimes judged arcane, show again that
they can canonically capture a notion as concrete as process
composition.

8.1 Further Work

Dependencies. Shapiro and Spivak [ ] prove that nor-
mal symmetric duoidal categories with certain limits addi-
tionally have the structure of dependence categories: they
can not only express dependence structures generated by (<)
and (®), but arbitrary poset-mediated dependence structures.
Produoidal categories are better behaved: the limits always
exist, and we only require these are preserved by the coend.

Proposition 8.1. Let V be a normal and ®-symmetric pro-
duoidal category with coends over Y commuting with finite
connected limits. Then, [V°P,Set] is a dependence category
in the sense of Shapiro and Spivak [ JA

Proof sketch. See Appendix, Theorem H.1. O

Weakening dependence categories in this way combines the
ideas of Shapiro and Spivak [ ] with those of Hefford and
Kissinger [ ], who employ virtual objects to deal with the
non-existence of tensor products in models of spacetime.

Language theory. Mellies and Zeilberger [ ] used
a multicategorical form of splice-contour adjunction (Re-
mark 3.3) to give a novel proof of the Chomsky-Schiit-
zenberger representation theorem, generalized to context-free
languages in categories. Our produoidal splice-contour adjunc-
tion (Section 4), combined with recent work on languages
of morphisms in monoidal categories [ ] opens the way
for a vertical categorification of the Chomsky-Schiitzenberger
theorem, which we plan to elaborate in future work.

String diagrams for concurrency. Nester et al. [ 1,
[ ] have recently introduced an alternative description of
lenses in terms of proarrow equipments, which have a good 2-
dimensional syntax [ ] we can use for send/receive types
(1/?). We have shown how this structure arises universally in



symmetric monoidal categories. It remains as further work
to determine a good 2-dimensional syntax for concurrent
programs with iteration and internal/external choice.
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APPENDIX A
INTRODUCTION

A.1 Three Way handshake Implementation

The following can be interpreted as pseudocode using the linear type theory of symmetric monoidal
categories [ ]. The type theory of symmetric monoidal categories (Section A.l) uses declarations
such as (x , y) <- f(a, b, c) to represent morphisms such as f: AQBQC — X QY.

GEN
feG(Al,...,A;; B) Iikx1 A . T bx, i Ay

Shuf(T'y,..., Iy F f(x1,...,Xx4) : B

Pair
FiFxi AL ... Thbkx,: Ay Var
Shuf(T'y,...,Tp) F [X1,.0xn] 1 A1 ®...Q Ay XxX:Arx:A
SpLIT
Arm:A1Q®---®A, OCoxi : A, ..o xn 1Ak 2. C
Shuf(,A) F [x1,...,x,] <« m;z:C
Fig. 16: Type theory of symmetric monoidal categories [ ].

We can interpret pseudocode as talking about the type theory of monoidal categories. Usually, we will
need some extra structure: such as if-then-else or explicit functions. It has been found in programming
that a good level of concreteness for monoidal categories is given by the Kleisli categories of commutative
monads, sometimes abstracted by Freyd categories [ 1, [ ], see [ ] for a comparison with
plain monoidal categories and string diagrams. For convenience, we assume this setting in the following
code, but note that it is not strictly necessary, and that a type-theoretic implementation of monoidal
categories would work just the same.

The following code inspired by Haskell’s do-notation [ ] and it has been tested in the Glasgow
Haskell Compiler, version 9.2.5.

syn :: Client ~> (Client, Syn, Ack)
syn(client) = do

client <- random

return (client, client, 0)

synack :: (Syn, Ack, Server) ~> (Syn, Ack, Server)
synack(syn, ack, server) = do
server <- random
return (if syn == 0 then (0,0,0) else (server, ack+l, server))

noise :: Noise -> (Syn, Ack) ~> (Syn, Ack)
noise k (syn,ack) = do

noise <- binomial k

return (if noise then (0,0) else (syn,ack))

ack :: (Client, Syn, Ack) ~> (Client, Syn, Ack)
ack(client, syn, ack) = do
return (if client+1 /= ack then (0,0,0) else (client+1, syn+1, client))



receive :: (Syn, Ack, Server) ~> Server
receive(syn, ack, server) = do
return (if server+l /= ack then ® else server)

We can use the produoidal category of lenses to provide a modular description of this protocol.

The programmer will not need to know about produoidal categories: they will be able to define splits of
a process; they will be able to read the type of the split in terms of the send-receive steps of the protocol;
they will be able to combine them, and the typechecker should produce an error whenever dinaturality
is not respected. In fact, in the following code, naively combining client and server in a way that does
not preserve dinaturality will produce a type error because GHC will not be able to match the types. We
present the description of the protocol, encoding send/receive types.

protocol ::

Split (Kleisli Distribution) Client Client
(Syn, Ack) --!
(Syn, Ack) -- ?
(Syn, Ack) --!
O -7

-> Split (Kleisli Distribution) Server Server
O -- 1
(Syn, Ack) -- ?
(Syn, Ack) --!

(Syn, Ack) -- ?
-> (Client, Server) ~> (Client, Server)
protocol
(Split (Kleisli clientl) (Kleisli client2) (Kleisli client3))
(Split (Kleisli serverl) (Kleisli server2) (Kleisli server3))
(client , server) = do
(server, () <- serverl(server)
(client, (s,a)) <- clientl(client)
(s, a) <- noise 0.1 (s,a)
(server, (s,a)) <- server2(server, (s,a))
(s, a) <- noise 0.1 (s,a)
(client, (s,a)) <- client2(client, (s,a))
(s, a) <- noise 0.1 (s,a)
(server) <- server3(server, (s,a))
(client) <- client3(client, ()
return (client, server)

The following Figure 17 and Figure 18 show the separate Haskell code for the client and server modules.



client :: Split (Kleisli Distribution) Client Client

(Syn, Ack) -- !
(Syn, Ack) -- ?
(Syn, Ack) --!
O —- 7

client = Split {

-- Part 1: Send a SYN message.
partl = Kleisli $ \client -> do
client <- pure 10
return (client, (client, 0))

-- Part 2: Receive ACK, send ACK.
, part2 = Kleisli $ \(client, (syn, ack)) -> do

return (if client+1 /= syn then (0,(0,0)) else (client, (client+1, ack+1)))

-- Part 3: Close protocol.
, part3 = Kleisli $ \(client, ()) -> do
return client

}
Fig. 17: Haskell code for the client module.
server :: Split (Kleisli Distribution) Server Server
O -- send ==>
(Syn, Ack) -- receive <==
(Syn, Ack) -- send =>
(Syn, Ack) -- receive <==

server = Split

-- Part 1: Open protocol.
{ partl = Kleisli $ \server -> do
return (server, ()

-- Part 2: Receive SYN and send ACK.

, part2 = Kleisli $ \(server, (syn, ack)) -> do
server <- pure 20
return (if syn == 0 then (0,(0,0)) else (server,

-- Part 3: Receive ACK.
, part3 = Kleisli $ \(server, (syn, ack)) -> do
return (if server+l /= ack then 0 else server)

}

Fig. 18: Code for the server module.

(syn+1, server)))



data Split c a b x y s t where
Split :: { partl :: c a (m , %)
, part2 :: c (m , y) (n, s)
, part3 :: c(n, t) b
} > Splitcabzxyst

data Unit c a b where
Unit :: { unit :: cab} ->Unitcab

data Context c¢c a b x y where
Context :: { partA :: ca (m , Xx)
, partB :: c (m , y) (m , b)
} > Context cabxy

type (a ~> b) = (a -> Distribution b)

Fig. 19: Code describing the profunctors of monoidal lenses.



APPENDIX B
PROFUNCTORS AND VIRTUAL STRUCTURES

Definition B.1. A profunctor (P, <,>) between two categories A and B, written P(e;e): A eo B, is a
family of sets P(B;A) indexed by objects A and B, and endowed with jointly functorial left and right
actions of the morphisms of A and B, respectively [ 1, [ ].

Explicitly, the types of these actions are (>): B(B’,B) x P(B,A) — P(B’,A), and (<): P(B,A) X
A(A,A’) — P(B, A’). These must

« satisfy compatibility, (f >p)<g=f> (p<g),

« preserve identities, id > p = p, and p <id = p,

« and preserve compositions, (p < f) <g=p<(fsg)and f>(g>p)=(f3g) > p-

Remark B.2. More succinctly, a profunctor P: A e—o B is a functor P: B°? x A — Set. Analogously, a
profunctor P: A o— B is a functor P: A°? X B — Set, or a profunctor P: B e A.3 When presented as a
family of sets with a pair of actions, profunctors are sometimes called bimodules.

Theorem B.3 (Yoneda isomorphisms). Let C be a category. There exist bijections between the following
sets defined by coends. These are natural in the copresheaf F: C — Set, the presheaf G: CP — Set and

A eC,
X

X
/ C(X: A) x F(X) 2 F(A); / C(A; X)X G(X) 2 G(A);

and they are defined by yi(f | @) = F(f)(@) and y2(g | B) = G(g)(B). These are called Yoneda
reductions or Yoneda isomorphisms, because they appear in the proof of Yoneda lemma. Moreover, any
Jormal diagram constructed out of these reductions, products, identities and compositions commutes.

B.1 Promonads

Definition B.4. A promonad (P,*,°) over a category C is a profunctor P: C o—e C together with two
natural transformations representing inclusion (°): C(X;Y) — P(X;Y) and multiplication (x): P(X;Y) X
P(Y;Z) — P(X;Z), and such that

« the left action is premultiplication, f° % p = f > p,

« the right action is postmultiplication, p x f° =p < f,

« multiplication is dinatural, p x (f > ¢q) = (p < f) x ¢,

« and multiplication is associative, (p| * p2) * p3 = p1 * (p2 * p3).

Equivalently, promonads are monoids in the category of endoprofunctors. Every promonad induces a
category, its Kleisli category, with the same objects as the original C, but with hom-sets given by the
promonad, P(e;e). [ ]

B.2 Multicategories

Multicategories. We can explain promonoidal categories in terms of their better-known relatives:
multicategories. Multicategories can be used to describe (non-necessarily-coherent) decomposition. They
contain multimorphisms, X — Yy, ...,Y, that represent a way of decomposing an object X into a list of
objects Yy, ..., Y.

Definition B.5 (Multicategory). A multicategory is a category C endowed with a set of multimorphisms,
C(X;Yy,...,Y,) for each list of objects Xy, ..., X,,Y in Coyj, and a composition Figure 20 operation

(;))',:m: C(X;Yo, ..., Yn) XC(Yi; Zos ... Zm) = C(Z: Y0, .. .. X0s - s Xy o - - Y-

Composition is unital, meaning idy, § f = f §idy for any f making the equation formally well-typed.
Composition is also associative, meaning (hgg)sf =hg(gsf); and g¢(hgf) = h3(gs f) holds whenever
it is formally well-typed.

3Notation for profunctors conflicts in the literature. To side-step this problem, we use the symbols (o—e) and (e—), where o marks
the contravariant (op) argument. This idea we take from Mike Shulman.



Fig. 20: Multicategorical composition.

Proposition B.6. Multicategorical composition is dinatural on the object we are composing along. This is
to say that composition, (3)1’:’”’, induces a well-defined and dinatural composition operation on the coend
the variable Yy we are composing along.

YkEC
()™ (/ C(X;Yo,....Y) XC(Yk;Zo,...,Zm)) - C(Z:Y,.. .. X0y, Xoms o, V).

Fig. 21: Multicategorical composition is dinatural.

Proof. This is a direct consequence of the associativity of composition for multicategories, inducing an
isomorphism. O

Remark B.7. A promonoidal category is a multicategory where dinatural composition is invertible.

Duomulticategories describe the interaction between two kinds of decomposition: a sequential one and
a parallel one. We can mix this two ways of decomposing: for instance, we can decompose X sequentially
and then decompose each one of its factors in parallel, finally decompose the last one of these sequentially
again.

C(X; (Yo - Y1), (Y2 - (Y3,Y4))).

Definition B.8 (Duomulticategory). A duomulticategory is a category C endowed with a set of multi-
morphisms, C(X; E(Yy,...,Y,)), for each list of objects Yy, ...,Y, in Cobj and each expression E on two
monoids. Moreover, it is endowed with a dinatural composition operation

Y;
(3)1’&'” / C(X;Eq[Yy,....Yn]) XC(Ys; E2[Zo, ..., Zm]) — C(XGE( [Yo,..., E2[Xos ... s Xl - oo, Yim),s

and laxators relating sequential and parallel composition,
C(X:E Yo, ..., ((Zo. Z1) - (22, Z3)), .. .. Yu]) — C(XG Ei[Yo. ..., ((Zo - Z2),(Z1 - Z3)), ... Yu]).

Remark B.9. In the same sense that a promonoidal category is a category where dinatural composition is
invertible in a specific sense, a produoidal category can be conjectured to be a duomulticategory where
dinatural composition is invertible, inducing an isomorphism.

AppPENDIX C
SEQUENTIAL CONTEXT

Proposition C.1 (From Proposition 3.2). Contour gives a functor C : Promon — Cat.



Proof. Definition 3.1 defines the action on promonoidal categories. We define the action on promonoidal
functors. Given a promonoidal functor F : V — W, define the functor CF : CV — CW by the following
morphism of presentations:

Xt F(X)E xR - F(X)R
for each a € V(A;N), ag : AL — AR Fy(a)
for each b € V(X; B), by : B — XL+ F(b)y; by : X® - BR — F(b),
for each ¢ € V(C;Y < Z), co: CE - YE > Fo(c)y; c1: YR = ZE v Fo(o); cr: ZR — CR v Fo(c)s.
It follows from F : V — W being a promonoidal functor that the contour equations of Definition 3.1 hold
between the images of generators, so this defines a functor. In particular when Idy : V — V is an identity,

it is an identity functor. Let G : U — V be another promonoidal functor, then C(G ¢ F) = C(G) 3 C(F)
follows from the composition of promonoidal functors. m}

Proposition C.2 (From Proposition 3.5). Spliced arrows form a promonoidal category with their sequential
splits, units, and suitable coherence morphisms.

Proof. In Lemma C.3, we construct the associator out of Yoneda isomorphisms. In Lemmas C.4 and C.5,
we construct both unitors. As they are all constructed with Yoneda isomorphisms, they must satisfy the
coherence equations. O

Lemma C.3 (Promonoidal splice associator). We can construct a natural isomorphism,

Yesc Yesc § /
a [ sy e xse@yay) = [U Sc@y ey xSc @y <),

exclusively from Yoneda isomorphisms. This isomorphism is defined by stating that a({fo $0% f1 03
g0 5058150582)) = ((ho 505 h1 505 ha)[{ko 505 k1§05 k2)) if and only if

(fo38050581505823/150582) =(hosOsh1skosOsk§08kas o).

Proof. We will show that both sides of the equation are isomorphic to C(A; X) X C(Y; X’) x C(Y"; X"") x
C(X""; B); that is, the set of quadruples of morphisms (po ¢ O¢ p; 0§ p $0§ p3) wWhere pg: A — X,
p1:Y > X, py:Y - X and p3: Y’ — B.

Indeed, the following coend calculus computation constructs an isomorphism,

Uesc
V 7 ”
[V se@yay xsc@y <) (by defiition)

Uesc
/ Y C(A X) X C(Y:U) X C(V: B) x C(U: X') x C(Y': X”') X C(Y": V) (by definition)

R

Uesc

v
/ C(A; X)X SC (5 V) xC(U; X") x C(Y'; X") x C(Y"; V) (by Yoneda reduction)
C(A; X)XC(Y; X' )xC(Y'; X"y xC(Y"; B),
that sends a pair (fy 05 f1s0% f2)1{go$05 g1 303 g2), quotiented by the equivalence relation generated
by (fosOsfisnsosms £2){gos058150582) =(fosO5 /15052 nsgosOs581 §05m§ga), to the

canonical form (fo 0% /158050581 505825 f2).
In the same way, the following coend calculus computation constructs the second isomorphism,

geSC AU X U.X . x' def
SC(pY <) xSC(§:¥ <) 2

Uesc
v
/ C(A;U) xC(V; X)X C(Y"; By x C(U; X) x C(Y; X') x C(Y"; V) =

<<
m
%)
(@]
=

SC(A:Y) xC(Y";B) x C(U; X) x C(Y; X) x C(Y"; V)



C(A; X)XC(Y; X)xC(Y'; X"y xC(Y"; B),

that sends a pair (ho 305 hy §08 hp)|(ko3Os k308 ko), quotiented by the equivalence relation generated
by (hosnsnsm§h §0§hy) (ko 505k §05k2) =Cho 505 hi 505 M)(nsko505k1 50§ kz5m), to the
canonical form (hgskosOsk saskashy $08 hy).

In summary, we have that &/((fo505 /1505 /2)[(g05058150582)) = ((ho$§05h1505h2)|(ko3Dsk1505k2))
if and only if

(fo58050581505825/150582) =Chos05h skos05ki 508k25 M),
which is what we wanted to prove. O

Lemma C.4 (Promonoidal splice left unitor). We can construct a natural isomorphism,

gesc
o [7 ey a) xse@n = sc ).

exclusively from Yoneda isomorphisms. This isomorphism is defined by A({fo 203 fis0% fodlg) = (fosg3$
f1505 f2).

Proof. Indeed, the following coend calculus derivation constructs the isomorphism.

Yesc
/ SC (%Y <¥) xSC(Y;N) (by definition)

Uesc
/V C(A;U) xC(V; X) xC(Y; B) xC(U;V) = (by definition)

IR

Uesc
/V SC (4:Y) xC(Y; B) x C(U; V) (by Yoneda reduction)
C(A; X) x C(Y; B).

Thus, it is constructed by a Yoneda isomorphism. O

Lemma C.5 (Promonoidal splice right unitor). We can construct a natural isomorphism,
Yesc
pr [7SC Ay xSy = se ).

exclusively from Yoneda isomorphisms. This isomorphism is defined by p({fo 205 f150% f2)lg) = (fosO3%

fisgs /o)

Proof. Indeed, the following coend calculus derivation constructs the isomorphism.

Yesc
/ SC (¥ <¥)xSC(YsN) (by definition)

(by definition)

gesc
/ C(A; X) X C(Y;U) x C(V; B) x C(U; V)

R

Uesc
/V C(A; X) x SC (5:¥) xC(U; V) (by Yoneda reduction)
C(A; X) x C(Y; B).

Thus, it is constructed by a Yoneda isomorphism. O

Proposition C.6 (From Proposition 3.6). Splice gives a functor S : Cat — Promon.



Proof. Definition 3.4 defines the action on categories. We define the action on functors. Given a functor
F : C — D, define the promonoidal functor SF : SC — SD by
3
SF = FA,X X FY,B : SC(g,))S) — SD(;%, I;))f .
SF<1 = FA,X X Fy’X/ X Fy/’B . SC(g,i,( < ))5:) - SD(??}, I;g/( < ’;iff s
SFN = FA,B : SC(g, N) 4 SD(II::Q, N)

It follows from the promonoidal structure on spliced arrows (Proposition C.2) that this preserves coherence
maps. If Idc : C — C is an identity functor, then it defines the identity Id sc, which has underlying functor
the identity and identity natural transformations. If G : B — C is another functor, then S(G § F) = SG:SF
follows from composition of functors. O

Theorem C.7 (From Theorem 3.7). There exists an adjunction between categories and promonoidal
categories, where the contour of a promonoidal is the left adjoint, and the splice category is the right
adjoint.

Proof. Let C be a category and let B be a promonoidal category. We will show that the promonoidal
functors B — SC are in natural correspondence with the functors CB — C. We first observe that the
category CB is freely presented; thus, a functor CB — C amounts to a choice of some objects and some
morphisms in C satisfying some equations. Explicitly, by the definition of contour, a functor CB — C
amounts to

« for each X € By, a choice of objects XL xR e Cobj:

« for each element a € B(X), a choice of morphisms ag € C(XE, XR);

« for each morphism a € B(A; X), a choice of morphisms ag € C(AX; X¥) and a; € C(XR; AR);

« for each split a € C(A;X < Y), a choice of morphisms ag € C(AL; XL), a; € C(XR;YL) and

a; € C(YR; AR);
« the choice must be such that a(a | b) = (¢ | d) implies ag = co  do; a1 by = dy and by = dj § cy;
az §by =c;

« the choice must be such that p(a|b) = ¢ = A(d|e) implies ag = co = dpsepsd; and aj3bosar = ¢ = ds.

On the other hand, a promonoidal functor B — SC, also amounts to

o for each X € Bopj, an object F X = (XL, XR) e SCobj, Which is a pair of objects of Cyp;;

« for each element a € B(X), a morphism F(a) = ag € SC(FX);

« for each element a € B(A; X), a splice F(a) ={ap$05a;) € SC(FA; FX);

« for each element a € B(A; X «Y), a splice F(a) ={aps0%a; i05az) € SC(FA;FX < FY);,

« preserving associativity, with a(a | b) = (¢ | d) implying a(F (a) | F(b)) = F(c) | F(d);

o preserving unitality, with p(a | b) = ¢ = A(d | e) implying p(F(a) | F(b)) = F(c) = A(F(d) | F(e));
by the definition of splice, its associativity and unitality, the structure on each one of these points is exactly
equal. O

C.1 Spliced arrow multicategory

As a consequence of the previous discussion, the n-morphisms are the sequences of arrows in C separated
by n gaps; the sequence of arrows goes from A to B, with holes typed by {X;,Y;}ie[1,....n]. In other words,

.....

n—1

SC (g Xe...® );;;) = (A X)) x [[ [ €. Xea) | x C (Y, B).
k=1

Composition in the multicategory is defined by substitution of a spliced arrow into one of the gaps of
the second; the identity is just id4 — idp, the spliced arrow with a single gap typed by (A, B).

Proposition C.8. The multicategory of spliced arrows, SC, is precisely the promonoidal category induced
by the duality C°? 4 C in the monoidal bicategory of profunctors: a promonoidal category over C x CP.



APPENDIX D
PARALLEL-SEQUENTIAL CONTEXT

D.1 Monoidal Contour

Definition D.1 (Monoidal contour, from Definition 4.4). The contour of a produoidal category B is the
monoidal category DB that has two objects, X* (left-handed) and X% (right-handed), for each object
X € B,pj; and has arrows those that arise from contouring both sequential and parallel decompositions of
the promonoidal category.

@ oG -G

a
Fig. 22: Generators of the monoidal category of contours.

Specifically, it is freely presented by (i) a pair of morphisms ag € DB(AL; XL), a; € DB(XR; AR) for
each morphism a € B(A; X); (ii) a morphism ay € DB(AL; AR), for each sequential unit a € C(A;N);
(iii) a pair of morphisms ag € DB(AL;T) and ag € DB(I; AR), for each parallel unit a € B(A;1); (iv)
a triple of morphisms ag € DB(AL; X1, ay € DB(XR; YD), ay € DB(YR; AR) for each sequential split
a € B(A; X <Y); and (v) a pair of morphisms ag € DB(AL; XE @ YL) and a; € DB(XR ® YR; AR) for
each parallel split @ € B(A; X ® Y), see Figure 22.

For each equality a 32 b=c ;1 d, we impose the equations ag = co § do; a1 §bo = dy and by = dj §cy;
as §by = cy. For each equality a;zb =c= d;1 e, we impose apg = co = doseosd) and a1 §bogar = ¢y = ds.
These follow from Figure 7.

For each application of associativity, a(a3;b) = c$2d, we impose the equations a3 (bo®id) = cps(id®dy)
and (b; ®id) 3a; = (id ® dy) § ;. These follow from Figure 23.

by - [ dp
/)”g_‘ gq
| = | =

Fig. 23: Equation from associativity.

For each application of unitality, A(a $; b) = ¢ = p(d 3 ¢), we impose the equations ag § (bo®id) = ¢o =
do3(id®ep) and (b; ®id) ga; =c; = (id® e;) 3 d;. These follow from Figure 24.

aq dg

@ P

Fig. 24: Equations from unitality.

For each application of the laxator, y,(a|b|c) = (d|e|f), we impose the equation ay$(bo®co) = do$eo,
the middle equation b; ® c; = e §d; § fo, and (by ® ¢2) Sa; = fi § dp. These follow Figure 25.

For each application of the laxator, yo(a) = (b|; c|» d), we impose an equation ag = by §cp, an equation
id = ¢ § b1 §dp, and an equation a; = d; § b,. This follows Figure 26.

For each application of the laxator, ¢;(a | b | ¢) = d, we impose an equation ag § (bg ® co) § a; = do.
This follows Figure 27.

For each application of the laxator, ¢g(a) = b, we impose an equation ag § a; = bg. This follows
Figure 28.



Fig. 26: Equations for the second laxator.
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b

Fig. 27: Equations for the third laxator.

@ —dy

by

Fig. 28: Equations for the fourth laxator.

Proposition D.2 (From Proposition 4.5). Monoidal contour gives a functor D : Produo — Mon.

Proof. Definition 4.4 defines the action on produoidal categories. We define the action on produoidal
functors. Given a produoidal functor F : V — W, define the strict monoidal functor DF : DV — DW
by the following morphism of presentations:
« the objects X© and XR are mapped to F(X)’ and F(X)R;
o for each a € V(A; N), the morphism ag : AL — Ais mapped to Fy (a)o;
« for each b € V(A;I), both by : AL — I and by : I — AR are mapped to F;(b)y and Fy(b);
« for each ¢ € V(X; B), the morphisms cq : B — X%, ¢; : X® — BR are mapped to F(c) and F(c);;
« for each d € V(C;Y ® Z), the morphisms dy : CL — YL, d; : YR — ZL and d, : ZR — CR are
mapped to Fq(d)y, Fq(d), and F4(d)y;
« for each e € V(C;Y < Z), the morphisms eg : CL — YL, e; : YR — ZL and e, : ZR — CR are
mapped to Fq(e)y, Fq(e); and Fq(e).
It follows from F : V — W being a produoidal functor that the contour equations of Definition 3.1
hold between the images of generators, so this assignment extends freely to a strict monoidal functor. In
particular when Idy : V — V is an identity, it is an identity functor. Let G : U — V be another produoidal
functor, then C(G § F) = C(G) § C(F) follows from the composition of produoidal functors. O

D.2 Spliced Monoidal Arrows

Proposition D.3 (From Proposition 4.7). Spliced monoidal arrows form a produoidal category with their
sequential and parallel splits, units, and suitable coherence morphisms and laxators.

Proof. We use the laxators constructed in Lemmas D.4 to D.7. Because these laxators are constructed out
of compositions and Yoneda lemma, they do satisfy all formal coherence equations. O

Lemma D.4 (Produoidal splice, first laxator). We can construct a natural transformation,

vo: TC (g F <)@ (V) »TC(HEey) < ev),



exclusively from compositions and Yoneda isomorphisms. This laxator is defined by
Ya((fos08 /i) [ChosO5hi 505 ho) [ (kosO5k1505k2)) =(go5058150582)[{posO5p1){go505q1)
if and only if

(fos(ho®ko) s05h @ k1505 (ha®k2) 5§ f1) =<(805P05sO5P1581590505q1582).

Proof. We will show that the right hand side is isomorphic to the following set. Then, we construct a map
from the left hand to this same set,

C(A; XX )xC¥Ye®Y ,UsU')xC(VeV’;B).
Indeed the following coend derivation constructs an isomorphism.
A (X @ X UgU def
TC(mEFed)<(yey)

,€TC
[ re@s <k xTe @y o) x TGl oY)

W‘%/,ET(C def
/ TC(h& &) XC(Z; X X)xC(Y @Y ;W)X C(Z5UU ) xC(Ve VW) =

w W’E(nC XX’ UsU’ i
/ TC( & <&) xTC(§:$25) x TC(%: YY) =
, ’ def

A.X®X' _ USU le
TC(%:yer Vey) =

CA; XX )xC(Y®Y ,U®U') xC(V®V’;B).
The isomorphism sends the triple ({(g0505¢150582)[{(Po305p1)1{q0505¢1)) t0 (g03P0505P 15815905054 1582)-
On the other hand, we define a map from the left hand side of the equation to this set, given by
(fosO5fi) [ChosOshi508hy) [CkosOski305ka) = (fo§(ho®ko)505h @ k1505 (ha®k2)s§ f1).

In conclusion, composing both the isomorphism and the map, ¥>({fo s0% f1) | (ho3Oshy 305 ho) | (ko s
D5k §505k2)) =(g05058150582){pos05p1){qos05¢q1) if and only if

(fos(ho®ko) 505 (h1 ®k1)s05(ha®k2)§f1) =(g0sPosOsP158159050541582),
which is what we wanted to prove. O
Lemma D.5 (Produoidal splice, second laxator). We can construct a natural transformation,
Yo: TC(H1) - TC (1<),

exclusively from compositions and Yoneda isomorphisms. This laxator is defined by yo({fos0% f1) | (ho $
O5hi §05h2) [(kosO5k1§05k2)) =(go5058150582)(pos0sp1){qos505q1) if and only if

(Jos(ho®ko)sOs(h1 ®k1)305(ha®k2) s f1)=(gosPos0spP15815q050541582).

Proof. We will show that the right hand side is isomorphic to the following set. Then, we construct a map
from the left hand to this same set, C(A;I) x C(I;I) X C(I; B). Indeed the following coend derivation
constructs an isomorphism.

C(f1al) «

ng
e

(

Z eTC

WW’ ’
/ TC(&: % 9 2) xTC(%:1) x TC (Z:1)

<

13

,eETC
/WW TC (4% 9 Z) xTC(%:1) x TC (Z:1)



C(A; 1) X C(I;I) X C(I; B).

This isomorphism sends the triple (bosO3b1505b2)|{cosO3c1)|{dosOsd1) to (boscosOsc1b13dosnsd§br).
On the other hand, we define a map from the left hand side of the equation to this set, given by

(ap30s5a) = (apsasid; §O35ay).

In conclusion, composing both the isomorphism and this function, we get that Yo{agi05a;) = (bos0sb;$
O§ba2)|{cosOscr) [{dosOsdy) if and only if (ap§05id; §05a1) = (boscosOsci1§b15dosO5d15ba). O

Lemma D.6 (Produoidal splice, third laxator). We can construct a natural transformation,
©:TC(HN®N) - TC(4N),

exclusively from compositions and Yoneda isomorphisms. This laxator is defined by ¢, ({fo30% f1) | ho|h1) =
fo§ (ho ® s fr).

Lemma D.7 (Produoidal splice, fourth laxator). We can construct a natural transformation,

@o: TC(4:1) > TC(4:N),
exclusively from compositions and Yoneda isomorphisms. This laxator is defined by go{aps0sa;) = ap3ay.
Proposition D.8 (From Proposition 4.8). Monoidal splice gives a functor 7 : Mon — Produo.

Proof. Definition 4.6 defines the action on monoidal categories. We define the action on monoidal functors.
Given a monoidal functor F : C — D, define the produoidal functor 7F : 7C — 7D by

A, FA
B FB

TF = FA,X X FY,B : T(C(g, ))g) — m(gé, 113/(

TFa:=Fax X Fyx XFy pg: TCH$<f) > TDEREE < B
T Fg = Faxey X Fxoy g : TC(4 ¥ ®%) » TD(EA L @ £X)
TFN = FA,B : TC(%, N) — TD(;::?,N)

T Fp = Far XFrp: TC(g, I) — TD(Fg, ])_

It follows from the produoidal structure on spliced monoidal arrows (Proposition D.3) that this preserves
coherence maps. If Id¢c : C — C is an identity functor, then it defines the identity Ids ¢, which has
underlying functor the identity and identity natural transformations. If G : B — C is another monoidal
functor, then S(G § F) = SG § SF follows from composition of monoidal functors. o

Theorem D.9 (From Theorem 4.9). There exists an adjunction between monoidal categories (and strict
monoidal functors) and produoidal categories (and produoidal functors), where the monoidal contour is
the left adjoint, and the produoidal splice category is the right adjoint.

Proof. As in Theorem C.7, we again have that DB is presented by generators and equations; so, to
specify a strict monoidal functor DB — M, it is enough to specify images of the generators satisfying the
equations. Let (M, ®,s, Iar) be a monoidal category. Then a strict monoidal functor DB — M amounts
to the following data.

« For each object X € By, a pair of objects X%, X® € Mp;

« for each element f € B(X;N), a morphism fy € M(X%; X%);

« for each unit f € B(X;I), a choice of morphisms fy € M(X%; 1), go € M(Ip; XR);

« for each morphism f € B(A;X), a choice of morphisms fy € M(AL; X%) and f; € M(XR; AR);



o for each sequential split f € B(A;X < Y), a choice of morphisms f, € M(AL; X%), fi €
M(XL; XR), and o € M(XR, AR);
« for each parallel split f € B(A;X ® Y), a choice of morphisms fy € M(AL; XE ® YE) and f; €
M(XR @ YR; AR).
Such that for each promonoidal structure
ea(asib)=(cpd)inB = apg(bp®id) =cp ¢ (id® dp) and (b ®id) §a; = (id® d)) §¢; in M;
e Aag1b)=c=p(dpe)inB = aps(by®id) = co = dp3(id®ep) and (b ®id)sa; = ¢y = (id®ey) 5d;
in M
and such that
eyn(alblc)=(d|e| f)inB = ao3(bo®co) =dosen,b1®c1 = e15d15 fo and (b2®c2)sa1 = fi3d>
in M
. l//o(d):(b |c|d)inB = ag=byscy, id=c1$b;$dy, and a; =d; §by in M,
e pr(a|b|c)=dinB = ag$(by®co)§ar =dyin M;
e wo(a) =bin B = agsa; = by in M.
On the other hand, a produoidal functor F : B — 7 M, also amounts to the following data. For each
o X € Boyj an object F(X) = (X*, XR) € 7“M0b£;
o f€B(X;N), an element F(f) = fy € TM(¥z; N);
o fEBX;D), aunit F(f) =(f Il g) € TM(¥xs Im)
o f €B(A;X), a spliced arrow F(f) = (fos03 f1) € TM(4,%);
o f€B(A;X qY), a spliced arrow F(f) =(fo303 fi 3503 f2) € TM(4r. X < Lg,i);
e fEB(A; X QY), a spliced monoidal arrow F(f) =(fos0®O% f1) € TM(QR,;((,LQ ®§,L;);
Such that for each promonoidal structure
ea(a|b)=(c|d)inB = a(Fa| Fb)=(Fc| Fd) in TM;
edla|b)=c=p(d|e)inB = A(Fa | Fb) = Fc=p(Fd | Fe) in TM;
and such that
eyp(alblc)y=(d|e]| f)inB = yy(Fa|Fb| Fc)=(Fd| Fe| Ff) in TM;,
e Ypola)=(b|c|d)inB = yo(Fa)=(Fa| Fc| Fd) in TM;
e pr(a|b|c)=dinB = @y(Fa| Fb| Fc) =Fd in TM;
e 9o(a) =b in B = ¢g(Fa) =Fb in TM.
Each of these points is exactly equal by definition, which establishes the desired adjunction. m



ApPENDIX E
NORMALIZATION

E.1 Normalization

Theorem E.1 (From Theorem 5.2). Let Vg ; o n be a produoidal category. The profunctor NV (e;e) =
V(e; N@e®N) forms a promonad. Moreover, the Kleisli category of this promonad is a normal produoidal
category with the following sequential and parallel splits and units.

NV(A;B) =V(A;N® B® N);
NV(A;B®C)=V(A;N®B®N®CQN);
NV(A;B<aC)=V(A;(N®B®N) < (N®C®N));

NV (A;I) =V(A;N);

NV (A;N) =V(A;N).

Proof. We define the following multiplication and unit for the promonad, N'V. They are constructed out

of laxators of the produoidal category V and Yoneda isomorphisms; thus, they must be associative and
unital by coherence. The unit is defined by

V(A; B) = (by unitality of V)
V(A;I®B®I) —  (by the laxators of V)
V(A;N®@BQ®N) = (by definition)
NV(A;B).

The multiplication is defined by,

BeV
/ NV (A; By x NV(B;C) = (by definition)

R

BeV
/ V(A N®BQ®N)XV(B;,N®CQN) (by Yoneda reduction)

V(A;NOIN®CQ®NQ®N) —  (by laxators of V)
V(A;N®C®N) = (by definition)
NV(A;C).

Let us now construct the unitors and the associators. Again, they are constructed out of laxators of the
produoidal category V, the associators and unitors of V, and Yoneda isomorphisms. We first consider the
right unitor.

XeNV
/ NV(A;B® X) x NY(X;N) (by definition)

IR

XeNV
/ V(A;N®@BQN® X ®N) X NV(X;N) (by associativity of V)

XeNV,PeV
/ V(A;N®B®P)XV(P;,N®X®N) X NV(X;N) (by definition)

I3

XeNV,PeV
/ V(A;N®B®P)x NV(P; X) Xx NV(X;N) (by Yoneda reduction)

PeV
/ V(A;N® B® P) x NV(P;N) = (by definition)

IR

PeV
/ V(A;N® B® P) X V(P;N) (by unitality)

PeV
/ V(A;N®B®N).



We now consider the left unitor.

XeNV
/ NV(A; X ® B) x NY(X;N) = (by definition)

R

XeNV
/ VALN®X®NQ®B®N) X NV(X;N) (by associativity of V)

(by definition)

XeNV,PeV
/ V(A;PBRON)XV(P;N®XQ®N) X NV(X;N)

1R

XeNV,PeV
/ V(A;P®B®N) X NV(P; X) X NV(X;N) (by Yoneda reduction)

PeV
/ V(A;P®B®N) X NV(P;N) = (by definition)

IR

PeV
/ V(A;P®B®N)XV(P;N) (by unitality)

PeV
/ V(A;N®B®N).

Finally, we consider the associator. We can do so in two steps, showing that both sides of the equation
YeNV

XeNV
/ NV(A;B@X)XNV(X;C@D)E/ NV(A;Y® D)X NV(Y;B®C)
are isomorphic to V(A;N® BON® C® N ® D ® N). The first side by

XeNV
/ NV(A;BR X) x NV(X;C ® D) = (by definition)

1

XeNV
/ VIAAN®BOANQXQN)XNV(X;C®D) (by associativity)

XeNV,PeV
/ V(A N®BQP)XV(P,N®@XQN)XNV(X;C®D) (by definition)

R

XeNV,PeVY
/ V(A;N®@B® P)x NV(P; X) x NV(X;C ® D) (by Yoneda reduction)

PeV
/ V(A;N®B® P) x NV(P;C ® D) = (by definition)

IR

PeVv
/ V(A N®BQP)XV(P,N®@CO®N®D®N) (by associativity)

V(A;N®BN®C®N®D®N),

and the second side by

YeNV
/ NV(A;Y @ D)X NV(Y;B® C) = (by definition)

IR

YeNV
/ VIAAN®YQN®D®N)XNV(Y;B®C) (by associativity)

YeNV,PeV
/ V(A;,PODN)XV(P,N®YQ®N) X NV(Y;B®C) (by definition)

R

YeNV,PeV
/ V((A;P®@DQN) X NV(P; X) x NV(X;B® C) (by Yoneda reduction)

PeV
/ V(A;P®DQN)XNV(P;B® C) = (by definition)

1R

Pev
/ V(A;P®D®N)XV(P,NOQBRN®C®N) (by associativity)



V(A;N®B®N®C®N ®D ® N).

Precisely because they are constructed out of coherence morphisms for the base produoidal category V,
we know that these satisfy the pentagon and triangle equations and define a promonoidal category. The
unitors and associators for the sequential promonoidal structure are defined similarly. Finally, we define
the laxators of N'V, making it into a produoidal category.

The first laxator,

Y2 : NV(A;(B1 < C) ® (B2 <9 (7)) — NV(A; (B ® By) < (C ® (),
is defined by the following reasoning.
NV(A; (B1 <C) ® (B2 <1 (7))
= (by definition)
VIAAN®(N®@BI®N)<(N®CI®N))QN®((N®B,®N)<(N®C, ® N)) ® N)
—  (by Y of V)
V(A;(IN®NQ®BI®N) A (NOQN®B,dN))@((NOIN®B, N®N) 1 (N®C, ® NQ® N)))
—  (by Y2 of V)
V(A;(NON®B NONON®B, QNON)<(NINQCI ®NONQN®C>,®N ® N))
—  (by ¢ of V)
V(A;(NOQN®BIQN®B,QN®N)a(NOIN®CI®N®Cr, ® NQN))
= (by definition)
NV (A; (B ® By) < (C; ® C7)).

The remaining laxators are isomorphisms that arise from applications of unitality or just as identities.
Wo : NV(A,T) — NV(A;T <)
@2 : NV(A;N ® N) — NV(A;N)
00 NV(A: 1) 25 NV(A;N)
This has shown that the resulting category is also a normal produoidal category. o

Proposition E.2. Normalization extends to a endofunctor of produoidal categories N : Produo — Produo.
Proof. Let Vg 1 4n and Wo 7 ¢ M be produoidal categories. N sends V to its normalization N'V. Let
(F,Fg,F1,Fqo,Fn) : V — W be a produoidal functor. Then NF : NV — N'W has underlying functor
defined by F on objects and on morphisms by

V(A;N®B®N) = (by definition)

X,YeV
/ V(A; X®B®Y)XV(X;N)xV(Y;N) — (induced by Fg, Fn)
X, YeV
/ W(FA;FXQ FBQFY) X W(FX; M) XW(FY; M) —  (inclusion, universal prop. of coend)

P,QeW
/ W(FA;P@FBQ@ Q) XW(P; M) xW(Q; M) = (by definition)
W(FA;M @ FBo M).

NFg and NF, are defined similarly, and N Fy is Fn. We have NIdy = Id v, since all the data of
the left hand side is given by identity maps on NV, and if G : U — V is another produoidal functor, then
N(G ¢ F) = NG 3 NF follows from the naturality of the components of F and G. m]



Theorem E.3 (From Theorem 5.3). The functor N : Produo — Produo from Proposition E.2 is an
idempotent monad.

Proof. Let Vg j o~ be a produoidal category and let <y, ®y, N denote the sequential splits, parallel
splits, and unit in its normalization N'V.

The monad has unit  with component at V the following produoidal functor ny : V. — NV. The
underlying functor is the functor induced by the promonad [ , Lemma 3.8]: it is identity on objects,
and acts on morphisms by the unit of the promonad. The following components of the produoidal functor
preserve laxators and coherence maps since they are constructed only from laxators and coherence maps.

a,
Ne : V(A:B®C) 5 V(A I®BRI®C®I) ~> V(ALN® BN ®C®N),

N V(A S5 VAN,
a,
na:V(A;B<C) S V(A;I®BN<1(I®CRI) ~> V(A;(N® B®N) < (N®C & N)),
v V(A:N) S va:N).
The monad has multiplication ¢ with component at V the following isomorphism py : NNV = NV

of produoidal categories (witnessing that the monad is idempotent). The underlying functor is identity on
objects, and acts on morphisms by

a,
NNV(A;B) = NV(A;N @y Boy N) £ NV(A; B).

The following natural transformations make this a produoidal functor:

,
e : NNV(A;Boyy C) = NV(A;N @y Boy N oy Coy N) & NV(A:Boy C),
un = pr : NNV(A;N) = NV(A; N),

a,
Ua : NNV (A;B<yny C) =NV(A;(N®y By N) <y (N®y C®y N)) Ep NV(A;B <y C).

Finally we verify the monad laws. nxv § pv is identity on objects and on morphisms applies left and
right unitors followed by their inverses, thus has underlying functor equal to the identity. The components
of the natural transformations are also identities, since the laxator ¢q is an identity for NV, and they are
otherwise composed of unitors followed by their inverses, and similarly for the other unit law (using the
unitality coherence equations of Figure 36). uav § uy and Nuy § uy are identity on objects and amount
to applying left and right unitors twice on morphisms, and similarly for their components. m}

Lemma E.4. A produoidal category V has exactly one algebra structure for the normalization monad
when it is normal, and none otherwise.

Proof. Let (fumap, fo, f1> fa» fnv): NV — V be an algebra. This means that the following commutative
diagrams with the unit and multiplication of the normalization monad must commute.

V— NV NNY —— NV
k lf Nfl l’
\% NV —— V

Now, consider how the laxator y: V(e;1) — V(e; N) is transported by these maps.



V(e;N)

2 b

V(e 1) V(e;N) V(e 1)

o SE < s

V(e;N) V(e;N)

id
We conclude that n7; = ¥, but also that fy = id. As a consequence, i is invertible and f; must be its
inverse. We have shown that the produoidal category V must be normal.

We will now show that this already determines all of the functor f. We know that g, 7, map are
isomorphisms because they are constructed from the unitors, associators, and the laxator i, which is an
isomorphism in this case. This determines that fg, fo, Jmap must be their inverses. By construction, these
satisfy all coherence morphisms. O

Theorem E.5 (From Theorem 5.4). Normalization determines an adjunction between produoidal categories
and normal produoidal categories,

N : Produo = nProduo: U
That is, NV is the free normal produoidal category over V.

Proof. We know that the algebras for the normalization monad are exactly the normal produoidal categories
(Lemma E.4). We also know that the normalization monad is idempotent (Theorem 5.3). This implies that
the forgetful functor from its category of algebras is fully faithful, and thus, the algebra morphisms are
exactly the produoidal functors. As a consequence, the canonical adjunction to the category of algebras of
the monad is exactly an adjunction to the category of normal produoidal categories. O

E.2 Symmetric Normalization
Theorem E.6 (From Theorem 5.6). Let Vg 1 o n be a symmetric produoidal category. The profunctor
N5V (e;0) =V (o; N®e) forms a promonad. Moreover, the Kleisli category of this promonad is a normal
symmetric produoidal category with the following sequential and parallel splits and units.
NsV(A;B) =V(A;N ® B);
NoV(A;Bey C)=V(A;N®B®C);
NsV(A;B<y C)=V(A;(N®B) < (N®C(C));
NoV(A;N) =V(A;N);
NoV(A;I) =V(A;N).
Proof. The unit and multiplication of the promonad are given in essentially the same way as in the proof of
Theorem E.1. Likewise the associators, unitors and laxators of N,V are given in essentially the same way,

though one must use the fact that V is symmetric. We need additionally a symmetry natural isomorphism
for N, V. Its components are defined by,

NsV(A;B®C) (by definition)

V(A;N®@BQC)

R

(by associativity)

1R

XeV
/ VAN X)X V(X;BoC) (by symmetry of V)
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Xev
/ V(A; N ® X) xV(X;C ® B) (by associativity)

V(A;N ® C ® B) = (by definition)



NoV(A;C ® B).

These satisfy hexagon and symmetry identities because these are satisfied by V, and we only use
symmetries and coherences of V. Thus we have a normal symmetric produoidal category N V. O

Definition E.7 (Symmetric produoidal functor). A symmetric produoidal functor is a produoidal functor
F:V — W that moreover preserves the symmetry, in that Fg § oy = ow § Fg. We denote by SymProduo
the category of symmetric produoidal categories and symmetric produoidal functors.

Proposition E.8. Symmetric normalization extends to a endofunctor of symmetric produoidal categories
N o : SymProduo — SymProduo.

Proof. The construction is essentially the same as in Proposition E.2. The only thing left to check is that
N o F there constructed preserves symmetries whenever F' does (see Theorem E.6). This is because the
symmetry of N,V is constructed out of associativity and symmetries of V, which N, Fg, constructed
itself out of Fg, associativity, and symmetries of V, must preserve. O

Theorem E.9. The functor N, : SymProduo — SymProduo from Proposition E.2 is an idempotent
monad.

Proof. The construction is again essentially the same as in Theorem E.3. It is left to check that the
unit and multiplication constructed in this way preserve the symmetries. Indeed, n,: V — N,V is
symmetric produoidal because ng is constructed out of natural associators and laxators that commute with
the symmetry. O

Lemma E.10. A symmetric produoidal category YV has exactly one algebra structure for the symmetric
normalization monad when it is normal, and none otherwise.

Proof. The proof essentially follows the same reasoning as Lemma E.4, replacing the construction with
the symmetric version and the previous lemmas. O

Theorem E.11 (From Theorem 5.7). Symmetric normalization determines an adjunction between symmetric
produoidal categories and normal symmetric produoidal categories,

N & : SymProduo = nSymProduo: U

Where we define the category of normal symmetric produoidal categories, nSymProduo, to use as functors
the symmetric produoidal functors, adquiring a full forgetful functor U.

That is, N &V is the free symmetric normal produoidal category over the symmetric produoidal category
V.

Proof. The proof essentially follows Theorem E.5, now using the previous lemmas and Lemma E.10. O

E.3 Normalization of duoidals and normalization of produoidals

We conjecture that the normalization of a produoidal category could still be seen to arise from the
normalization procedure for duoidal categories outlined by Garner and Lépez Franco [ ]. Every
produoidal category V induces a closed duoidal structure on its presheaf category ¥ := [V°P, Set]: indeed,
by a result of Day, any promonoidal structure induces a closed monoidal structure on the presheaf category
[ 1 [ ]; furthermore, one can confirm that the two closed monoidal structures on ¥ interact
in such a way as to make the category duoidal (Theorem 1.6).

Normalizing the duoidal ¥ yields the category of algebras EM(N'V) for the promonad NV — or,
equivalently, the category of algebras for the cocontinuous monad induced by NV on ¥. EM(NV) is
now normal duoidal, and furthermore the closure of the tensors on ¥ carries across to make EM(NV)
also closed. Now, one notes that we have the following isomorphism EM(NV) = [NV°P, Set], that is, the
category of algebras is the presheaf category of the Kleisli object NV of the promonad in Prof. Therefore,
the closed monoidal structures of EM(ANV) must correspond to promonoidal structures of NV and these
interact so as to make NV produoidal.



AppPENDIX F
MonoipAL CONTEXT

Fig. 29: Generic monoidal context (i), identity (ii) and composition (iii).

Remark F.1 (Algebra of monoidal contexts). We explicitly state all the operations that form the normal
produoidal algebra of monoidal contexts. We do so using 1-dimensional notation for compactness, but we
do believe the conceptual picture is clearer when they are translated into 2-dimensional string diagrams.
(Identity)
(ida sm5idp)

(Composition)
(fs(dy @m®idy)sg) < (hs(idp@m®idp) s k) =
(f3(idy ® h®idy) § (idyep ® M®idoen) § (Idy ® k ®idy) § 2),

(Unit action)
(fs(idy ®m@idy) 5g) <h=f35(idy ® h®idy) 5 g,

(Seq. split first action)
(fe(idy em®idy)5g3 (iddg ®m®idy) s h) < (u;(idp®l®idQ)$v) =
f3(idy @u®idy) § (idyep ® M@ idpen) § (Idy ® v®idy) §g 5 (idk ®mM®idL) § A,

(Seq. split second action)
(fe(idy @m®idy) 5gs(idg ®m®idy) sh) <o (ug (idp ®.®idQ) sVv) =
f 5 (idM QEQR idN) 5853 (id]( Qu@ idL) H (id[(@p QER idQ@L) H (idK RV idL) 3 h,

(Seq. split third action)
(fs(dy @m®idy)s5g) < (us(iddp@m®idp)svs (idp ®m®ids) sw) =
fs(idy @u®idy) 3 (idyep @ B®idgen) § (idy @ v ®@idy) § (idyer @ B idsen)
s (idy ®w ®idy) 5 8,

(Seq. left associativity)
(fs(idy @m®idy) 5g5(idg ®m®idy) s h) < (us (idp ®M®idp) sv 3 (idgp ® MR ids) s w) =
fs(idy ®u®idy) § (idyep @ M®idgen) 5 (idy ® v ®@idy) § (idyer ® M@ idsen)
s(idy ®w®idy) s g5 (idg @ m®idy) § A,



]
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Fig. 31: Parallel splits for monoidal contexts.

(Seq. right associativity)
(f5(idy ®m®idy) 523 (idk ®m®idL) 5 h) <¢ (ug (idp @ M@ idg) 5v 5 (idg ® M@ ids) §w) =
fs(idy @em®idy) 585 (idk ®u®idL) § (idkep ® M®idrer) § (idxk ® v ®@idL)
$ (ildxkor ® M®idser) § (id, @ w®idL) § 1,

(Seq. left unitor)
(f3(dy @meidy)sgs (iddyk @m®idy) 5 h) <tu=
f;(ldM®u®1dN);g;(1dK ®l®idL)$h,

(Seq. right unitor)
(fs(dy em®idy)sg¢(idgk @m®idy) sh) <P u=
fs(dy @m®idy) $g5(idgk ®u®idr) 51,

(Par. split first action)
(f35(idy ®m@idy @ m®ido)58) < 1(u3 (idp ®M@idg) 3v) =
fs(dy ®u®idyex'go) § (ildyep ® B®idpey ® M®ido) § (idyy ® v ® idyey/eo) § &

(Par. split second action)
(fe(dyomeidy @m®idp) §g) <2(u§ (idp @mM®idg) §v) =
f3(dmexen ®u®idp) § (idy @ M@ idvep @ M®idoeg) § (ildueyeny ® Vv ®ido) § 8,

(Par. split third action)
(f3(idy ®m@idy)3g) < (u3 (idp ® M®idp ® M@ idg) 3v) =
f3 (ldM Qu ldN) 9 (idM®P [ oY idQ SO oY idR®N) 3 (ldM W ldN) 58,



(Par. left associativity)
(fe(idy @m®idy @mQidp) 5 g) <i’ (u;(idp®l®idQ®l®idR)3V) =
f3 (ldM ®uidyexeo) § (idM®P RQER idQ QEMRidrgy AW ldo)

$(idy ® v ®idnerso) § 8,

(Par. right associativity)
(fs(dy em@idy ®m®idp)5g) <5 (us(idp @M®idp @M idg) 5v) =
f3(idyexen ®u®idp) s (idy MR idyegr @ MR idp ® M idrgo)
§ (idyeyeny ®ve®ido) 5 g,

(Par. left unitor)
(f3(dy emeidy @m®idp) §g) <u=
f5(dy ®u®idyexso) § (idyeyeny ®B®ido) § g =
f5(ildyeyen @ B®ido) 5 (idy ® u ®idyex'eo) § &,

(Par. right unitor)
(fe(idy em®idy @E®idp) $g) <P v=
f 3 (idmexen ® v ®ido) § (idy ® M@ idNey'co) § 8 =
f3(dy @m®idyeyeo) 5 (Idmsexen ® v ®ido) § 8,

(Laxator, left side)
(f(idy ®m®idy ®m®idp) 3 g)
<V (o3 (idy @ m®idy) 515 (idy @ M@ idy) § j2)
<Y (ko (idw @ m®idr) s ky 3 (idw @ m@idr) §ka) =
f3(idy ® jo®idy ® ko ®ido) § (idyev ® B idyeney @ B® idy/go)
$(idy ® j1 ®idy ® k1 ®ido) § (idyew ® MR idrenew’ ® B ®idr/g0)
$(idy ® j2®idy ® k2 ®ido) § g,

(Laxator, right side)
(f3(dy @m@idy) 583 (iddk @m®idL) §h)
<Y(jos(idp @ m®idp @ m®idg) 3 /1)
<Y (ko3 (idp @ m®idy @ M@ idr) § k1) =
fe(dy ® jo®idy) ¢ ((dyepr @M ®idp ® M@ idren)
s (idy ® j1 ®idy) § g5 (idx ® ko ®1idr) § ([dxkep ® M@ idy ® MR idrer)
s (idg ® ky ®idy) 5 h.

Remark F.2. In the following derivations, we understand that an isolated (m) actually means (id; @ m®idy).

Proposition F.3 (From Proposition 6.2). Monoidal contexts form a category. Composition of monoidal
contexts is associative and unital.

Proof. We first check that the composition of monoidal contexts is associative.

((fs(idy em®idy) sg) < (f s (idy @midn) 58") < (f” 5 (idyr @ midn~) §8”) =



(f5(dy ® f'®idy) 5 ([dyem @ B idyen) § (idy ® ¢’ ®idy) §8)<

(f" 5 (dpy @m@idn~) 58") =
f3(dy ® f'®idy) § (idyem ® f” @ idven')

$ ([dyemom @M@ idyreneon) 3 (Idyem ® g” ®idnen) § (dv ® ¢’ ®idy) § g
f3(dy © (f 5 (idy ® f” ®idy-)) @ idy)

s (idyemem” @M idyrgnen) § (idy @ ((idy ® g7 ®idy) 5¢") ®@idn) 5 ¢
(f5(idy @meidy) 58) < (f'5 (idy ® [ ®idn)3

(idyrom @ M@ idyren) § (idy ® g7 ®idn:) § ) =
(f 5 (idy @m@idy) 58) < ((f' 5 (idy @ m@idn) 58) < (f 5 (iddyr @ m@idn-) 587))

We now check left unitality of the identities,
(fs(dy @m®idy) 5 g) < (idx § (id; ® m®idy) 5idy) =
(f; (idM ®idx ® idN) S (idM QMR idN) H (idM ®idyxy ® idN) 3g)
(fs(dy @m®idy) 5 g),

and right unitality,
(ida § (id; @ m®id;) sidp) < (f § (idy @M@ idN) § 8) =
(ida s (id; @ f®idy) § (idyy @M idy) § (id; ® g ®idy) ¢idp)
(fs(idy @m®idy) 5 g).

This concludes the proof. O

Proposition F.4 (From Proposition 6.5). The category of monoidal contexts forms a normal produoidal
category with its units, sequential and parallel splits.

Proof. Lemmas F.5 to F.7 construct the associators and unitors for the sequential promonoidal structure,
and Lemmas F.8 to F.10 define the associators and unitors for the parallel promonoidal structure. As they
are all constructed with Yoneda isomorphisms, they must satisfy the coherence equations. Lemma F.11
defines the laxators, again using only Yoneda isomorphisms and composition in C. For concision, our
proofs freely elide the tensor product of objects, writing XY for X ® Y. O

Lemma F.5 (Monoidal contexts sequential associator). We construct a natural isomorphism
[‘{EMC 96/\4@
ay . A.X 4U U.X X"\ ~ A.U 4X" U.X 4X). (<@
(<2)-/ MC(B’YQV)XMC(V’Y’QY”)=/ MC (53§ a50) x MC (73§ <) = (<),
satisfying the coherence equations of produoidal categories. This isomorphism is defined on representatives

of the equivalence class as

(fos(ldeomeid)s fi3(idemeid) s f2) <y (g5 (deom®id)5¢ 5 (idoM®id)§g2) =
((hos(idom®id)sh 3 (idem®id)shy) | (ko5 (id@m®id) sk 5 (id @ meid) 5 k7))

if and only if
fos(ideomeid)s fi5((d® g ®id)s(ideomeid) s (d® g ®id) s([deom®id) § (Id® g, ®id) § o =
hops(id®ko®id) s (idem®id) s (id® k; ®id) ; (idem®id) § (Id® k, ®id) § h; § (Id @ m®id) § hs.
Proof. Firstly, we construct an isomorphism between the left hand side and a set of quadruples of
morphisms. This isomorphism sends the pair
(fos(idom®id); fi;(deomeid); f2) | (g5 (idemeid) g (idomeid) § ¢)
to (fos(domeid)s fis(id®g®id)s(ideom®id) ;g (dom®id) (id® g ®id) § fo).



The isomorphism is constructed by the following coend derivation.

geMC , . def
[ ez apxme @y <x) x
l‘;eMC, ,N,0,PeC def
/ C(A; MXN) X C(MYN;0UP)x C(OVP;B)yx MC (3% <) =

<
N

13

Yeme,m,N,0,p,0, eC

/ C(A; MXN) X MC (VRN §) x C(U; OX'P) x C(OY' P OX"R) X C(OY" R, V)
,N,0,P,Q,ReC

/ C(A; MXN) X C(MYN;O0X'P)yx C(OY'P; OX"R) x C(OY"R; B).

Now we construct an isomorphism between the right hand side and the same set of quadruples of
morphisms. This isomorphism sends the pair

(hos(idem®id)gh s(ideom®id) s hy) | (ko (dem®id) sk 5 (id @m®id) § k»))
to (hos(id®ko®id)s(idemeid) sk s(idem®id)s(id® ky®id) §h; ¢ (id@m®id) § h).

pemc " , def
ME (334 4§ x M (Y35 <¥) <
geMc, ,N,0,PeC def
/ C(A: MUN) x COMVN; OX"P) x C(OY" P B) x MC (U : X a X)) ke
geMC, ,N,0,P,0,ReC b
MC (3 Y) xCOY"P;B) x C(U; MXN) X C(MYN; OX'R) X C(OY'R; V) =

,,,,, eC
/ C(A; MXN)x C(MYN; OX'R) x C(OY'R; OX" P) x C(OY" P; B).

Composing both isomorphisms, we obtain the desired associator. Since it is composed exclusively from
Yoneda isomorphisms, it must satisfy the coherence equations of produoidal categories (Definition 1.5). O

Lemma F.6 (Monoidal contexts sequential left unitor). We construct a natural isomorphism

geMC
(<4);/ MC (43U aX) x MC (Y3 N) = MC (4:%),

satisfying the coherence equations of produoidal categories. This isomorphism is defined on representatives
of the equivalence class as

(fos (idy @ m®idy) s fi 5 (idxk @m®idy) 5 f) < g =
fos(idy ®g®idy) 5 fi 5 (idg @ m®idL) § fo.

Proof. We need to prove that this function is well-defined and does indeed induce an isomorphism after
quotienting. We show this by constructing the isomorphism using coend calculus.

geMC def
[ me:y ap xome@im =
Yeme,r,0,r,seC def
/ C(A; PUQ) X C(PVO; RXS) X C(RY S; By x MC (Y 5 N) =
YeMc,r,sec v
/ MC (4. 5Y) x C(RYS: B) x MC (Y 3 N) 2
SEC def
/ C(A; RXS)x C(RYS; B) =

MC(3:%)-



Since it is composed exclusively from Yoneda isomorphisms, it must satisfy the coherence equations of
produoidal categories (Definition 1.5). m]

Lemma F.7 (Monoidal contexts sequential right unitor). We construct a natural isomorphism

l‘}eMc
(<P);/ MC (3% aU) x MC (Y3 N) = MC (4:%)

satisfying the coherence equations of produoidal categories. This isomorphism is defined on representatives
of the equivalence class as

(fos(idy @m®idy) s f15(idk @ m®idL) 5 f2) < g =
fos(idy @m®idy)§ f1 5 (idg ® g ®id) § f2.

Proof. As above, we do this by coend calculus:
gEMC def
[7mexap xomegim x

Yeme,r,0,r,5¢eC def
/ C(A; PXO)xC(PYO; RUS) x C(RV ;B)xMC(g;N) =

s

UEMC, ,O,R,5eC
/ C(A: PX0) x MC ("0 1Y) x MC (¥ : N)

SeC def
/ C(A; RXS) x C(RYS; B) =

Since it is composed exclusively from Yoneda isomorphisms, it must satisfy the coherence equations of
produoidal categories (Definition 1.5). O

Lemma F.8 (Monoidal contexts parallel associator). We construct a natural isomorphism

Yemc yemc
(<g):/ Mc(g;>§®g)x/\4@(g;y:®§::)g/ MC (4: Y ®X)xMC (U: X 9X) : (<)

exclusively from Yoneda isomorphisms. This isomorphism is defined on representatives of the equivalence
class as

(fos(idomeidem®id); fi) <] (gos(deom®id@m®id) 5 g) =
(hhs(ideom@ideom®id)sh)) | (jos(idomidem®id) § j;)
if and only if
Jos (idy ® go ®idnexeo) § (ildyep MR idp @ MR idreny @ M®1do) § (idy ® g1 ®idNeyeo) § /1 =
ho 3 (Idmexen ® jo®ido) § (idy ® M@ idver @ B idg ® B® idreo) § (Idmeyen ® j1 ®ido) § A1,
Proof. The left hand side is isomorphic to the following set,

o
e

Yemc / ;
[MMe@zeyxmew:yey)

<
®

IRs

Yemc, eC o
/ CAMRXONQURO)XC(MRY®N®Ve;B)x MC (Y ¥ ®%,)

geMC, ,N,O0,P,QeC
/ CAMX®P)XC(PNQU®O)XxC(M QY ®(0;B)

XxC(N®Ve;0)x MC (VX eX) &«



Ueme,m,m',N’,0",P,0eC
f CA;MR®X®P)XMC(,:Y)xC(MeY®U;B)XC(U; M X' @ N @ X" ®0)

<
N

IRs

XC(M' QY @N' ®@Y"®0",V)
O
/ CAMIXM X N'®@X'@0)xC(MYM' Y @ N'®Y" ® 0';B).
In the same way, the right hand side is isomorphic to the following set,

Yemc U U x ey def
MC (§:y @) x MC(y: ¥ @)

Y’

-

1R

Ueme,m,N,0eC
/ CA;MRUON®X"'®)XC(MVeN®Y'®;B)x MC(V:¥e%)

LJEMC, ,N,0,P,0eC
/ C(P,MRUN)XC(A;P®X"®0)XC(M®Ve®N;0)

o
o)
—

<

XCOeY'®0;ByxMC({ ;X&)

R

Yeme,m',n',0",0,P,0eC
/ MC(§:Y)xC(A; P @ X" ®@0)XxC(O®Y" ®0;B)

o
@
=

<

IR

XCU; M XN X' @0V )XxC(M'@YRN' @Y ®0';V)
NN O PLOC
/ CA;reX"®0)xC(O®Y"®0;B)

<

XC(PHM XN @X' @) )yxC(M' YN Y @0 0)

s

IR

' NT.OOEC
/ CAMIXIN@X' ®0'3X"@0)xC(M' YN QY ®0'®Y" ®0;B).
Composing both isomorphisms, we obtain the desired associator.

Lemma F.9 (Monoidal contexts parallel left unitor). We construct a natural isomorphism

Yemc
< [T Me iy o) xme Ny = Me (i)
exclusively from Yoneda isomorphisms. This isomorphism is defined by

(fos (idy em@idy @m®@idy) s fi) <'g = fo3(idy ® g ®idNexso) § ([dyeysy ®M®ido) 5 fi.
Proof.

&
e

geMC
[ ey e xmeyn

<

1R

geMC, eC
/ CA;PQU®OU®XQR)XC(PORVR®O®Y ®R;B)XxC(U;V)

geMC,,,,,eﬁc
/ CA; 50 X@R)XC(5;PQU® V) XC(PQV®0;T)

a
=

x C(I' ®Y ® 1; B) x C(U; V) ¢

<

13

geMc, .S, T eC
/ CA;50X®@R)XMC(3;Y)xC(I'®Y ® k;B) X C(U; V)
-ReC def
CA; 5@ X®R)XC(S5QY ® R;B) =

MC(3:%) .



Lemma F.10 (Monoidal contexts parallel right unitor). We construct a natural isomorphism

geMC
) [T Me @ o) xMe (N = Me (3 )
exclusively from Yoneda isomorphisms. This isomorphism is defined by

(fos(idy om®idy @m®idy) f1) <X g = fo s (idy @ W idyey s0) § ((dyexen ® g ®ido) § fi.

Proof. We construct the isomorphism by the following coend derivation,
geMC def
[V me@seg)xmeyn 2

Uemc, eC 1
/ CA;P®XQ0U®URR)XC(PROY®OUQ®V®R;B)xC(U;V) =

gGMC,,,,,EC
/ CA;P®XQ)XC(S;00U®R)XC(OQV®R;T)

X C(P®Y ®7:B) x C(U:V) def
geMC, 5,1 eC i
/ CA;P®X®@ )X MC(3:;Y)xC(reY®7;B)xC(U,;V) =
o ec def
CA;P®@X®T7)xXC(P®Y®T;B) =
MC(3:%) -
This concludes the proof. O

Lemma F.11 (Monoidal contexts laxators). We construct the following morphisms
o : MC(g: (<)@ (T ay)) » MC(3: Fel)a(Fey)
Yo : MC(4:1) > MC(4:1<1)
¢2: MC(4;N®N) > MC(4;N)
@o: MC(4:1) > MC(4:N).

exclusively from composition in C and Yoneda isomorphisms. The laxator Y, is defined by stating that the
following equation holds

(fos(domeidom®id) ; f)
<V(g03(idomeid) ;g (idom®id)sg)
<Y(hos(idem@id)sh 3 (id @ m®id) § ) =

(Jos(ideom®id) ;)5 (ideomeid); ) |
(kos(idom®id @ m®id) $ k) |
(lhs(idom@idem®id) 5/;)
if and only if
fos(id®go®id®hy®id) s (domeidem®id); (id® g ®id® b ®id);
(dem@idome®id) s (d® g ®id® hh ®id) § £ =
jos(id®ko®id) s (idemeidem®id) s (id® k; ®id) § j; 3 (id® I ® id)s
(deme@idom®id) s (ide !l ®id) s /.

Furthermore, since MC is normal, W, @2, and ¢y are isomorphisms.



Proof. Consider the right hand side of ;. It is isomorphic to the following

PP
Q’Q'EMCA P _ P P.XoU P X o U def
MC(B;QqQ')XMC(Q;Y®V)XMC(Q/;Y’®V’) =

S,S:EMC,M,N,OEC
/ C(AAM®P®N)XC(M®Q®N;M' @ P @ N')xC(M'® Q" ®N';B)

&
e

xMe (b Fel)xmc(h:fel)

=

1R

&by eMCM N OcC eoan b . »
/ T(A;M @ P& N) x MC (Mo9oN . B} x MC (5: ¥ oY) x MC (53 ¥ oY)

SEMC,M,N,O,C,D,E,F,G,HGC
/ CA;M®P®N)XC(P;,C®X®D®URE)XC(CRY®D®V ® E; Q)X

CIMR0N;FRX'93GQU H)XxC(FR®Y' 8 G®V'® H;B) =

S,GMC,C,D,E,F,G,HGC
/ MC (F®X’®(§‘®U"®H ;5) XC(P;C®XQ®DQUG®BE)

XC(CRY®DR®VRE;Q)XxC(FRY' 9G®V'®H;B) ~

C,D,E,F,G,HeC
/ C(A;C®X®DRUKE)XC(CRY®DRVRE,FRX' ®GRU' ®H)
XC(FRY' @ G®V'Q® H;B).

This isomorphism sends an element (jo§(ide@m®id)sj;3(idem®id)sj, | kos(ideomidom®id) sk |
lhs(ideomeidom®id)sli) to (jos(id®ky®id) 5 (demideom®id);(id® k; ®id) ;5 (id®lh®id) ¢
(dom@idem®id) s (id® !/ ®id) § j»). Define a map from the left hand side of ¥, to this set, sending
a triple

(fos(dom@idomid): fi |
gs(ideom®id)sg s (idem®id) ;g |
hys(ideom®id)sh; s (idem®id) § hy)
=
fos(d®go®id®hy®id) 3 ((demideom®id): (id® g, ®id ® h; ®id)3
(ideom@idom®id): (id® g ®id® h, ®id) ¢ fi.

Now composing this map with the isomorphism yields the desired morphism . The remaining laxators
Yo, @2, and ¢q are isomorphisms that arise from applications of unitality or just as identities. O

Theorem F.12 (From Theorem 6.6). Monoidal contexts are the free normalization of the cofree produoidal
category over a category.

Proof. We already know that the normalization procedure yields the free normalization over a produoidal

category. It is only left to note that this is exactly the category we have explicitly constructed in this section.
This amounts to proving that the produoidal category of monoidal contexts is precisely the normalization

of the produoidal category of spliced arrows. We do so for morphisms, the rest of the proof is similar.

NSE ()
SC(NeXeN) «

g,g'.ES(C def
/ TSC (Y @ X ®U) x SC (Ui N) x SC (U: N) ke

YUesc def
/ C(A:U®X®U)XxC(V®Y ®V';B)xC(U;V)xC UV’ o



,V,Ul vV eC
/ CAUXeU)xC(VRY®

,U’eC
/ CAAURX®U")xC(U®Y®U’';B)
MC (%)

The rest of the profunctors follow a similar reasoning.

T B) X C(U; V) xC(U"

)

=

R

def



APPENDIX G
MonNoipAL LENSES

Proposition G.1 (From Proposition 7.2). Monoidal lenses form a normal symmetric produoidal category
with the following morphisms, units, sequential and parallel splits.

LC(4:%)=C(A;e®X)0C(e®Y;B);
LC(4:N) = C(A;B);
LC(4:¥<X)=C(A;e' ®X) oC(e' ®Y;0°® X') 0 C(0* ®Y'; B);
LC(4:¥@%)=C(A;e' @ X®X)oC(e' ®Y ®Y'; B).
Proof. Lemmas G.2 and G.3 construct the associators, and Lemmas G.4 and G.5 define the unitors.
Lemma G.6 constructs the symmetry. As they are all constructed with Yoneda isomorphisms and

symmetries, they must satisfy the coherence equations. Finally, the laxators are constructed in much the
same way as in Lemma F.11. O

Lemma G.2 (Monoidal lenses sequential associator). We construct a natural isomorphism

ELC y eMcC
<o [ FaPxLe@yap e [1 Le@y ey x Lo sF af) s (<D
exclusively from Yoneda isomorphisms.

Proof. Out of Yoneda reductions, we construct an isomorphism between the left hand side and a set of
quadruples of morphisms.

veLe A.X 4U U.X X" def
LC(F:52P) x LC(V55 <50) =

(=N
Il

Uecre,r,0ec
v ; . ) U.x _x"
CA;P@X)XC(reY;0U)xC(OV;B)x LC (V¥ <)

s

VELC, ,O,ReC
/ CA; P X)X LC("gY V) xCU; 0@ X)X C(OR®Y; R®X") x C(R®Y";V)

,O,ReC
/ CA;reX)xC(reY;0X)xC(OeY ;R X")xC(R®Y"”;B).

Out of Yoneda reductions, we construct an isomorphism between the right hand side and the same set
of quadruples of morphisms.

veLle ” , def
[T ey e x o @iy af) .

VGLC, ,0eC , def
/ C(AI0 @ U)X C(O®V; P © X”) x C(P 8 Y"; B) x LC (Y ;X aX)) e

VGLC s , eC R
/ LC(, &) XxC(reY”;B)xC(U;0®X)XC(OR®Y; R®X')xC(R®Y'";V) =

,O,ReC
/ CA; 00 X)XC(ORQY;R®X)XC(RRY; P X" ")xC(P®Y";B).

Composing both isomorphisms, we obtain the desired associator. It gets defined by the following operations,
(fos5(idy @m)5 /15 (idy @ W) 5 f2) <{ (g0 (idp @ M) 581 5 (idp © W) 5 g2) =
fos(idy ®go) 5 (idyep @MW) § (idy ® g1) § (idpeo @ W) § (idy ® ¢2) 5 f15 (Idy @ W) § f5.

(fos (idy @m) 5 f15(idy @ W) 5 f2) <5 (ho § (idp @ W) 5 7y § (ido @ W) § ho) =
fos(idy @m) 5 f15 (idy ® ho) § (idyep s W) § (Idy ® 1) § (idyeo @ W) § (idy ® h2) § f2.



Lemma G.3 (Monoidal lenses parallel associator). We construct a natural isomorphism

yEMC , . y eMc ” /
<o [T regsrey x ey [T oo x Lo Ty (<)
exclusively from Yoneda isomorphisms.
Proof. The left hand side is isomorphic to:
eLC , .
/ LC(g:¥ey)xLC (V¥ o) = (by representability)

13

Ve'C(C ’ ”
/ Le(@ds¥el)yx Ly ;?,g;ﬁ,) (by Yoneda reduction)

LC (3 ¥ e 3g)

A . X®X'®X”
LC (B ’ Y®Y’®Y”) ’

13

(by representability)

and the right hand side is isomorphic to the same:

e/LC
/ LC(g:§ @) x LC(V:¥®F) = (by representability)

13

veLc ” ’
/ LC (Y ef) x LC (Y :58X) (by Yoneda reduction)

13

LC(§: 58K %)

A . X®X'®X”
LC(5:F55.8%)).

(by representability)

Composing both isomorphisms, we obtain the desired associator,

(fos(idy @m@m) s f1) < (g0 (idp@m@ W) §g;) =
fos(idy ® go ®@idx») § (idyep @M B W) 5 (idy ® g1 ®idy~) 5 f1.

(fos(idy @m@m) s f1) <3 (ho§(iddp ®m® M) § hy) =
fosos(idy ® hg®idy) 30 ¢ (idyep@memem) 303 (idy ® b ®idy) 3 o ¢ f1.

This concludes the proof. O

Lemma G.4 (Monoidal lenses sequential right unitor). We construct a natural isomorphism

,ELC
«): [7 ¥)x LOGEN) = L0 (3:)
exclusively from Yoneda isomorphisms.

Proof. We construct the isomorphism with the following coend calculus derivation.

,ELC
[T ety <y x Lo

ne
-

Y,eL(C,P,QeC
/ CA;PRX)XC(PRY;0®X)XxC(Q®Y";B) x C(X";Y")

=
N

13

Y,ELC PeC
/ C(A;P®X) x LC(PEY ;X)) xC(X";Y)

PeC
/ C(A;P®X)XC(P®Y;B).



We obtain the following right unitor.

(fos (idy @m) 5 f15(idy @m) 5 f2) <P g =
fos(idy @m) 5 f15(idy ®¢) 5 fo.
The left unitor is defined similarly. O

Lemma G.5 (Monoidal lenses parallel right unitor). We construct a natural isomorphism

Xlerc
Y’ , y
(<”):/ LC(4:¥0%)x LC (X, ;N) = LC(4:%)
exclusively from Yoneda isomorphisms and symmetry of C.

Proof. We construct the isomorphism with the following coend calculus derivations.
)lg” e/lLC , ,
JRREP R ET IRV Y
= (by definition)
};:ELC,PEC
/ C(A;PRX®X)XC(P®YQ®Y’;B) x C(X';Y’)

= (by symmetry of C)

;(,/e.LC,PEC
/ C(A;PeX ' ®@X)XC(P®Y' ®Y;B) xC(X";Y")

= (by Yoneda reduction)

X/eLC,P,0,ReC
/ C(A;0®X)XxC(Q;PRX')XC(PQY';R)XC(R®Y;B) XxC(X";Y")
= (by definition)
X'erC,P,Q,ReC
/ C(A;Q® X) x £C(2; %) xC(R @ Y; B) x C(X';¥")
= (by Yoneda reduction)

QeC
/ C(A;0®X)xC(Q®Y;B).

We obtain the following right unitor.

(fos(idy omem s f1)< g =

fos(idy @mem) s (idy ® (05 (g®idx) 50)) 5 f1 =

fos(idy ® (05 (g®idx) §0)) 5 (idy @MW) 5 f1.
The left unitor is defined similarly. O
Lemma G.6 (Monoidal lenses symmetry). We construct the symmetries LC (4;% ® %) = LC(4:% @ F).
Proof. These follow from the symmetries of C and representability of ® for monoidal lenses.

Lo(f:iFo¥) = L0(3: ) = LO (3 ¥ = Lo (3 ¥ o).

This concludes the proof. o

Proposition G.7 (From Proposition 7.6). Let (C,®,1) be a symmetric monoidal category. There exist
monoidal functors (I): C — LC and (?): C°P — LC.

Proof. This proof appears with a different language in the work of Riley [ , Proposition 2.0.14]. In
fact, there, the combined identity-on-objects functor (!x?): CxC?P — LC is shown to be monoidal. In our
case, we can define !f = (fsmgid;) and ?g = (id; $msg), and then check that compositions and tensoring



of morphisms are compatible with composition and tensoring of monoidal lenses, this is straightforward.
Moreover, as we comment in the text, we can see that, by definition, !(A ® B) = (498) = (})® (%) =1A®!B

and 2(A® B) = (,1,) = (1) @ (1) = 24 @ 2B. ' o

Proposition G.8 (From Proposition 7.8). Let (C, X, 1) be a cartesian monoidal category. Its produoidal
category of lenses is given by the following profunctors.

Lens (4:%) = C(A; X) x C(A X Y; B).
Lens (4;X <) =C(A; X) X C(AXY;X') X C(AXY xY'; B).
Lens (3§ ® %) =C(A; X X X') X C(AXY X Y’; B).
Lens (4) = C(A; B).
Proof. We employ coend calculus. The derivation of the morphisms of cartesian lenses is very well-known
[ 1, [ ]; we derive the sequential and parallel splits. Indeed, the sequential split reduces as

M ,N
/ C(AAMXxX)XC(MXY;NxX')xC(NxY’;B)

(Universal property of the product)

>~

M ,N

/ C(A;M)xC(A; X) xC(M XY;N) x C(M xY;X') x C(N xXY’; B)
~  (by Yoneda reduction)

C(A; X)X C(AXY;X)xC(AXY xY’";B).

And the parallel split reduces as

M
/ CAAMXxXxX')XxC(MxXY xXY’;B)

~

=  (Universal property of the product)

M
/ C(A;M) X C(A; X X X')XC(M XY XY’;B)

=~ (by Yoneda reduction)
C(A; XX X')xC(AXY xY’;B).

The unit is just the same as in the general monoidal case. O

Theorem G.9 (From Theorem 7.3). Monoidal lenses are the free symmetric normalization of the cofree
symmetric produoidal category over a monoidal category.

Proof. We have already proven that the symmetric normalization procedure yields the free symmetric
normalization over a symmetric produoidal category (Theorem 5.7).
The rest of the proof amounts to show that the normal symmetric produoidal category of monoidal

lenses is precisely the symmetric normalization of the produoidal category of spliced arrows. We do so
for morphisms, the rest of the proof is similar.

NoSC(3:5)

sc(gENey)
UGSC

/V SC(@Yef) xSc(U:n)

,VeC Y1

/ C(A;URX)XC(VRY;B)xC(U/;V) =

a
e
e

eC
/ CA;U®X)XC(U®Y;B)



LC (%)

The rest of the profunctors follow a similar reasoning.



AprpPENDIX H
FurTHER WORK

Theorem H.1 (From Proposition 8.1). Let V be a normal and ®-symmetric produoidal category with
coends over V¥ commuting with finite connected limits. Then, [V°P,Set] is a dependence category in the
sense of Shapiro and Spivak [ 2

Proof. Whenever V is produoidal, [V°P, Set], its category of presheaves is duoidal, with the structure given
by convolution (Theorem 1.6).

At the same time, [V°P, Set] is a locally cartesian closed category will all limits because it is a presheaf
category. Whenever finite connected limits are preserved by ®, <, we obtain a dependence category [ ,
Theorem 4.8]. This means we only need the following isomorphism,

u,v
/ V(X;U@V)XlimiPi(U)Xliijj(V)
=~  (Commutation of limits)
u,v
/ lim; ; V(X;U®V) X Pi(U) xQ;(V)
=~ (Coends commute with finite connected limits)

uU,v
1im,<,,-/ V(X;U® V) x Pi(U)xQ;(V)

Where we use our hypothesis on the last step. We conjecture this can be extended to an arbitrary V with
minor constraints. o



APPENDIX |
DuoipaL AND PrRobuoOIDAL CATEGORIES

By the Eckmann-Hilton argument, each time we have two monoids (x,0) such that one is a monoid
homomorphism over the other, (a o b) * (cod) = (a % ¢) o (b * d), we know that both monoids coincide
into a single commutative monoid.

However, an extra dimension helps us side-step the Eckmann-Hilton argument. If, instead of equalities
or isomorphisms, we use directed morphisms, both monoids (which now may become 2-monoids) do not
necessarily coincide, and the resulting structure is that of a duoidal category.

Definition 1.1 (Duoidal category). A duoidal category [ ] is a category C with two monoidal
structures, (C,®,1,a,4,p) and (C, <, N, B, k,v) such that the latter distribute over the former. In other
words, it is endowed with a duoidal tensor, (<): C x C — C, together with natural distributors

Ur: (X<4Z)Q (Y <W) — (XQY)<(ZW), vo: I — 1«1, @2: NN - N, and ¢g:1— N,
satisfying the following coherence equations (Figures 32 to 36).

Remark 1.2. In other words, the duoidal tensor and unit are lax monoidal functors for the first monoidal
structure, which means that the laxators must satisfy the following equations.

1) (Wr®id)suns(a<a)=as(id®y,) §y,, for the associator;

2) (Yo®id) 3 yr (1<) =4, for the left unitor; and

3) (id ®¥g) 25 (o < p) = p, for the right unitor;

4) a5 (id ® ¢2) § 92 = (w2 ® id) § ¢y, for the associator;

5) (w0 ®id) §¢p = A, for the left unitor; and

6) (id ® ¢p) § @2 = p, for the right unitor.

Theorem I.3 (Coherence, [ 1. Any two parallel morphisms constructed out of the coherence
isomorphisms and laxators of a duoidal category coincide.



((A<B)®(C<D)®(E<F) —23 (A<B)® ((C<D)®(E<F))

Wz@idi \Lid@l//z

((A®C)<(B®D))®(E<F) (A<B)®((C®E)<(DQ®F))
ol [
(A®C)®E)<((B®D)®F) % (A®(C®E)) < (B® (D®F))
(A<B)<C)® ((D<E)<F) L%y (A« (B<C)® (D < (E <F))

o n

((A<B)®(D<E))<(CQF) (A®D)<((B<C)®(E<F))

z//2®idl lidéwz

(A®D)<4(B®E)<(C®F) —23 (A9 D)< (B®E) < (C®F))

Fig. 32: Coherence diagrams for associativity of a duoidal category.

Ie(A<B) L% Tane(A<B) (A<B ol L2 AaB) o<l

| o /| o

AQBW(I@A)Q(I@B) AQBW(A®I)<(B®I)

Fig. 33: Coherence diagrams for ®-unitality of a duoidal category.

Na(AoB) &3 (NoN)<(A®B) (A®B)<aN < (A@B)<(NaN)

i o | o

Fig. 34: Coherence diagrams for <-unitality of a duoidal category.

Yo Yo

(N®N)®N ———3 N® (N®N) I<l ¢ I s I<l

Q02®idl \Lid®¢2 W()®idl \Ll‘d@l//()
_—

N®N —(— N <—F— N@N (I<n<l 5 I<(I<l)

Fig. 35: Associativity and coassociativity for N and [ in a duoidal category.

id id
NIl 23N TN 235N 1aN8 141 N<a1228 141

won| 4 et A % / % /

N®N N®N

Fig. 36: Unitality and counitality for N and I in a duoidal category.



1.1 Normalization of duoidal categories

Garner and Lépez Franco [ ] introduce a procedure for normalizing a sufficiently well-behaved
duoidal category, based in the construction of a new duoidal category of bimodules. In this text, we
introduce a normalization procedure for an arbitrary produoidal category. For completeness, let us recall
first the original procedure [ 1.

Let M be a bimonoid in the duoidal category (V,®, 1, <, N), withmaps e: I - M andm: M®M — M;
and with maps u: M — N and d: M — M < M. Consider now the category of M®-bimodules. This
category has a monoidal structure lifted from (V, <, N):

1) the unit, N, has a bimodule structure with

id
MeNoM"ZS"NoeN®N — N:

2) the sequencing of two M®-bimodules is a M®-bimodule with
M®(A<B) ®M
> (M<M)®(A<B)® (M <M)
S (M®A®M)<(M®B®M) — A<B.

Moreover, whenever V admits reflexive coequalizers preserved by (®), the category of M ®-bimodules is
monoidal with the tensor of bimodules: the coequalizer

AMQ®B=3A®B—»AQy B.
In this case (Bimod%,,®s, M, <, N) is a duoidal category.

Theorem 1.4 (Normalization of a duoidal category). Let (V,®, I, <, N) be a duoidal category with reflexive
coequalizers preserved by (®). The category of N-bimodules is then a normal duoidal category,

N (V) = (Bimod%, ®y, N, <, N).
We call this category the normalization [ ] of the duoidal category V.

L2 Produoidal Categories

Definition 1.5 (Produoidal category, from Definition 4.2). A produoidal category is a category V endowed
with two promonoidal structures,

V(e;e®e): VXV eoV, and V(e;1): 1 eo V,
V(e;@e<0): VXV eoV, and V(e;N): 1 eo V,
such that one laxly distributes over the other. This is to say that it is endowed with the following natural
laxators,
Ur: V(e (X <Y)®(Z<aW)) - V(e (X®Z)< (Y ®W)),
vo: V(e;I) > V(e; I <),
@2: V(e; N®N) — V(e; N),
wo: V(e;1) = V(e;N).

Laxators, together with unitors and associators must satisfy the coherence conditions in the following
diagrams (Figures 37 to 41).



V(e,((A<B)®(C<D)®(E<F)) —% V(e,(A<B)® ((C<D)®(E<F)))

Y2 ®idl \Lid@lﬁz

V(e,((A®C)<(B®D))Q®(E<F)) V(e,(A<B)® ((C®E)<(D®F)))

o] o

V(e,((AQC)®E)<((B®D)®F)) % V(e,(A® (C®E))<(B® (D QF)))
V(e,((A<B)<C)® (D <E)<aF)) L2y V(e (A< (B<C))® (D < (E <F)))

o] o

V(e,(A<B)® (D<E))<(CQF)) V(e,(A® D)< ((B<C)® (E <F)))

l,bz@idl \Lid@l[/z

V(e,(A®D) < (B®E)) <(C®F)) —2— V(e,(A®D) < ((B&E) < (C®F)))

Fig. 37: Coherence diagrams for associativity of a produoidal category.

V(e,1® (A<B)) L4 v(e,(1<a®(A<B) V(e (A<B)al) L2 V(e (A<B)®(I<]))

A iz 2l |z

V(.,A < B) (T V(O, (I@ A) < (1® B)) V(O,A < B) (V V(O, (A ® I) < (B® I))
Fig. 38: Coherence diagrams for ®-unitality of a produoidal category.

V(e,N < (A®B)) €L V(e,(Na N) < (A3 B))

] I
V(e,A® B) (W V(e,(N<A)® (N <B))

id<p;

V(e,(A®B) <N) <=2 V(e,(A® B) < (N ® N))

| I+

V(e.A®B) <——— V(s,(A<N) ® (B<N))

Fig. 39: Coherence diagrams for <-unitality of a produoidal category.

V(e,(N®N)®N) i > V(e,N® (N ®N))

(%) ®idl \Lid@(pz

V(.,N®N) T V(.’N) W V(.’N®N)
V(e I <l) +2— V(e 1) —2 3 V(e,1a1)

Ll'o®idl lid@l'o

Vi(e,(I<I)<l) > V(e, I < (I«l))

B

Fig. 40: Associativity and coassociativity for N and I in a produoidal category.

V(e,N®I) —25 V(e,N) V(e,I®N) —23 V(e,N) V(e,I<aN) 2% (e 141

don| woid| L

V(e,N ® N) V(e,N®N) V(e, 1)
V(e,Nal) 2% (e, 1a1)

|

V(e, I)

Fig. 41: Unitality and counitality for N and [ in a produoidal category.



1.3 Produoidals induce duoidals
Theorem 1.6. Let V be a produoidal category, then its category of presheaves, [V°P, Set], is duoidal with
the structure given by convolution [ J

Proof. Let P and Q be presheaves in V. We define the following tensor products on presheaves by
convolution of the tensor products in V.

uU,v
(P®Q)(A) = / hom(A, U ® V) x P(U) x Q(V),

u,v
(P<Q)(A) =/ hom(A,U <« V) x P(U) x Q(V).

These tensor products can be shown in a straightforward way to form a duoidal category, inheriting the
laxators from those of V. o

APPENDIX J
TAMBARA MODULES

Definition J.1 (Tambara module, [ 1. Let (A, ®, 1) be a strict monoidal category. A Tambara module
is a profunctor 7': A°? X A — Set endowed with natural transformations
M T(X;Y) > T(M®X,M®Y),
M T(X;Y) > T(X®M,Y ®M),
that are natural in both X and Y, but also dinatural on M. These must moreover satisfy the following
axioms:
o 1/ =id and 1] = id, unitality;
o tM stV = VoM and (M ¢tV =M N multiplicativity;
. tf"[ stN =N stM and compatibility.
Tambara modules are the algebras of a monad. We start by noting that the hom profunctor is a monoid
with respect to Day convolution. This makes the following functor a monad on endoprofunctors, the so-

called Pastro-Street monad [ 1,
@O(P) = hom ® P ® hom;

where ®: [CP x C, Set] — [C°P x C, Set].

Theorem J.2. The algebras of the Pastro-Street monad, the ®-algebras, are precisely Tambara modules
[ ]. As a consequence, the free Tambara module over a profunctor H: C°P x C — Set is ®(H).

Example J.3. Consider the profunctor X (A;B): A°® x A — Set that produes a hole of types A and B.
That is, let & (A; B) = hom(e, A) X hom(B, e). The free Tambara module over it is the monoidal context
with a hole of type A and B,

M,N
q)(otg)zf hom(e,M ® A® N) xhom(M ® B® N, »).

J.1 Normalization of profunctors
Let (C,®,I) be a monoidal category. The category of endoprofunctors C°P? x C — Set is then duoidal
with composition (<) and Day convolution (®).
(C°®? x C, Set, ®, I, <,hom).

Moreover, we can also construct its normalization: the category of endoprofunctors, [C°P x C, Set], has
reflexive coequalisers; thus, we are in the conditions of Theorem [.4. The normal duoidal category of
hom®-bimodules has been traditionally called the category of Tambara modules.

N(C® x C,Set, ®, I, <,hom) = (Tamb, &, hom, <, hom).

Theorem J.4. The category of Tambara modules is a normal duoidal category and, in fact, it is the
normalization of the duoidal category of endoprofunctors.



AprPENDIX K
MonoipAL CATEGORIES

K.1 Monoidal categories.
Endowed with the notion of isomorphism, we can now relax our definition of theory of processes by
substituting strict equalities by isomorphism.

Definition K.1. A {symmetric} monoidal category [ 1 (C,®,1) is a tuple
(Cobj7 Cor (3), id, (®)0bj’ (®)mor’ Ia,l,p, {0-})»

specifying a set of objects, or resource types, Cqpi; a set of morphisms, or processes, Cpor; a composition
operation; a family of identity morphisms; a tensor operation on objects and morphisms; a unit object and
families of associator, left unitor, right unitor {and swapping morphisms}.

The families of associator, left unitor and right unitor morphisms have the following types.

@A B,C- (A®B)®C > AQ® (B® (),

Aa I®A — A,
pAa: AR — A.
They must satisfy the following non-strict versions of the axioms.

A®(B®C)=(A®B)®C, (1)
A®l=A=IQA, 2
(f58)sh=1f35(g5h), 3)
dp§f=f=fsidp, “4)
(fe@eh)sa=as5((f®g ®h), ®)
(feid)sp=ps/f, (6)
(f®g)s(hek)=(fsh) ®(gs5k), (N
gaBecsa=as(oapside) s (idp ®oac), (®)
oaBec s =a3(oap$ide)§ (idp ® oa,c), 9)
oans(@®f)=(f®8) s0sp, (10)
OAB§0B,A=1dagB. (11

{ Additionally }, they must satisfy the following axioms, whenever they are formally well-typed.

asa=(a®id)sas(id® a), (12)
p=a;(ded), (13)
asosa=(oc®id)sas(id® o). (14)
String diagrams [ ] are a sound and complete syntax for monoidal categories.

Construction K.2. Let C be a monoidal category. Its strictification, Strict(C), is a monoidal category
where
e objects are cliques: for each list of objects of C, say, [Ao,...,A,] € List(C), we form the clique
containing all possible parenthesizations and coherence isomorphisms between them;
o morphisms are clique morphisms: a morphism between any two components of the clique, which
determines a morphism between all of them.

The tensor product is concatenation, which makes it a strict monoidal category.

Remark K.3. There is a strong monoidal functor C — Strict(C), this makes an object A into an object
[A]; this is fully-faithful but, moreover, it is essentially surjective, giving a monoidal equivalence.

Theorem K.4. Every monoidal category is monoidally equivalent to its strictification.
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