TIMING VIA PINWHEEL DOUBLE CATEGORIES

ELENA DI LAVORE AND MARIO ROMAN

ABSTRACT. We introduce string diagrams for timed process theories—symmetric
monoidal categories graded on a cartesian duoidal poset—built upon the string
diagrams of pinwheel double categories.

1. TIMING PROCESS THEORIES

Process theories have an algebra in terms of symmetric monoidal categories;
and symmetric monoidal categories have an internal language in terms of string
diagrams, which we will use during this text. String diagrams are particularly well-
suited to process description (Figure 1), and they appear used, in different levels
of formality, across science and engineering.

FIGURE 1. Process description of a preparation of crema di mas-
carpone, adapted from Sobocinski
In symmetric monoidal categories, executing two independent processes in par-
allel is the same as executing any of the two and then executing the other: in fact,
string diagrams cannot distinguish between the two. This is a feature, for it reflects
that the result must be the same in both cases. However, we may be interested in
aspects of the process beyond its result, and these may not be preserved by naive
string diagrammatic reasoning: for instance, parallelism certainly matters if we are
computing how much time a process takes.
This text proposes a string diagrammatic calculus for timing processes in monoidal
categories. It uses duoidal grading and string diagrams for pinwheel double cate-
gories. While the underlying category theory needs some care, the resulting string
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FIGURE 2. Timing of the “crema di mascarpone” process.

diagrams intuitively capture timing: in the vertical direction, we see how resources
get transformed, in the horizontal direction, we see how time flows. Let us propose
the following slogan.

Process in sequence share resources; process in parallel share time.

1.1. Related work. String diagrams for double categories | , ] seem
to still be missing a proof of initiality; only the single-object case has been partially
developed | , ]. Instead, we take seriously the algebras of Delpeuch’s
monad on double signatures | ] as a definition of pinwheel double categories.
Duoidally graded string diagrams are missing, and duoidal string diagrams are only
developed for the normal case | ].

2. DUOIDAL TIMING

This section details the semantics of timed string diagrams in terms of duoidally-
graded symmetric monoidal categories. The duoids we are interested in are com-
mutative and normal. They represent time durations, and they have two monoid
operations: an addition and a maximum. The main idea is that these operations
must satisfy the equation

max(a + ¢; b+ d) < max(a;b) + max(c; d).

Interacting maximum and addition are a common motivation behind the develop-
ment of normal duoidal categories | , ]

Definition 1 (Duoid). A duoid, (4,<,®,0,%,1), is a poset (4, <) endowed with
two monoid structures, (A, ®,0) and (4,1, L), that are monotone—meaning that
a<adandb <V implya®d <b®db and a t @’ < b 1 b'—and such that,
additionally, the first laxly distributes over the second,

(@@b)t(codd) <(atc)®(btd),

with010<0,and L < 1 & 1, and 1L <0. The duoid is normal when 1 = 0. It
is commutative when a b=b®aand atb=>01a.
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Ezample 2 (Natural numbers). The natural numbers, with addition and the maxi-
mum, form a normal commutative duoid, (N, +,0, max,0). In the same sense that
every monoidal category forms a duoidal category with the cartesian product when
it exists, every monoidal poset forms a duoid with maximum when it exists. We
are mostly concerned with these maximum-duoids.

2.1. Duoidally-graded symmetric monoidal categories. In a duoidally-graded
symmetric monoidal category, every morphism f € C(X;Y') has a grade, a € A—we
think of it as the time it takes to execute this morphism—and we write C,(X;Y)
for the set of morphisms with grade a € A. A morphism can be regraded, forced to
take more time: for each f € C,(X;Y) and a < b, there exists wy(f) € Cp(X;Y).

Definition 3 (Duoidally-graded symmetric monoidal category). A duoidally-graded
(strict and) symmetric monoidal category’ on a normal commutative duoid (A4, <
,®,0,1, L), consists of a monoid of objects, (Copj,I,®), and, for each element of
the duoid, a € A, and each two objects X,Y € C,;, a set of morphisms C,(X;Y).

There must exist an identity morphism, idx € Co(X; X), for each object X € C;
but, in particular, there is a special identity morphism for the monoidal unit, i; €
C. (I;I). For each pair of compatible morphisms, f € C,(X;Y) and g € Cy(Y; 2),
there must exist a composite (f ¢ g) € Cagp(X;Z). For each pair of morphisms,
F€Cu(X;Y)and f' € Cpr(X';Y’), there must exist a parallel composite (f® f') €
Cata/(X @ X';Y ® Y’). For each duoid inequality, a < b, and each morphism
f € Cu(X;Y), there must exist a weakened morphism, wy(f) € Cp(X;Y).

A duoidally-graded symmetric monoidal category must satisfy all axioms of sym-
metric monoidal categories that are well-typed and, additionally, the interchange
law (which needs weakening):

Watepavtd) (f5h) ® (93k)) = (f®g9)s(h®Ek), and wo(i)=1id;.

Remark 4. We will be mostly concerned with symmetric monoidal categories graded
over a normal and commutative maximum-duoid. This means that the interchange
law does not hold automatically, (f s h) ® (g ¢ k) takes equal or less time than
(f ®9g) s (h®k); but we can equate both by waiting that difference.

3. DOUBLE CATEGORIES

3.1. Double categories. The usual definition of a double category is that of a
category internal to the finitely complete category of small categories.

Definition 5 (Double categories). A (strict) double category D consists of (1) a
set of objects, Dypj; (2) sets of arrows (or, horizontal arrows) Dy (X;Y) for each
pair of objects, X,Y € Dyj; (3) sets of arrows (or, vertical arrows) D,(X;Y") for
each pair of objects, X,Y € Dg;; and (4) sets of cells, D(U; H; K;V), for each
compatible quadruple of two vertical arrows U € D,(X;Y) and V € D,(Z; W),
and two horizontal arrows H € D (X;Z) and K € Dy (Y; W).

Double categories have operations for vertical and horizontal composition of com-
patible 2-cells along their horizontal and vertical boundaries. These compositions
are associative and unital and moreover respect the interchange law.

1Strict and symmetric monoidal categories are also known as a permutative categories, or
symmetric strict monoidal categories. The important bit is to not confuse them with commutative
monoidal categories, where the braiding morphism is the identity.
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Definition 6 (Double signature). A double signature, & = (O, H,V, D), consists
of (1) a set of objects, O; (2) two graphs on these objects, given by sets H(X;Y)
and V(X;Y) for each pair of objects, X,Y € O; (3) sets of generators,

DX,Y,Z,W(“’I) vey Unj h17 ey hpv kla ey kqa U1y -y Um))

for each four objects X,Y,Z,W € O, and each quadruple of composable paths
given by u = uq,...,u, € path(V)(X;Y) and h = hq, ..., hy, € path(H)(Y; W), with
v =1,..., Uy € path(Z; W), and k = ki, ..., kq € path(H)(X; Z).

Proposition 7 (Double signature morphism). A double signature morphism, a: ¥ —
Y/, between two double signatures, ¥ = (O, H,V,D) and X' = (O',H',V', D), con-
sists of
(1) a function on objects, appj: O — O';
(2) two graph homomorphisms, with that same underlying function on objects,
ag: " —=H and ay:V — V', which extend to functors, o3 and of,; and
(3) a function on cells, preserving the boundary graphs,

a: Dx,y,z,w (u; h; k;v) — D;(X),a(y),a(z),a(w)(atf(’"');afq(hﬁ oy (k); ay (v)).
Double signatures and double signature morphisms form a category, doubleSig.

Proposition 8 (Forgetful double signatures). The forgetful double signature of a
double category, D, is a double signature ¥ = (O, H,V,D) given by

(1) the objects of the double category, O = Dgp;;

(2) the horizontal cells of the double category, H(X;Y) = Dp(X;Y);

(3) the vertical cells of the double category, V(X;Y) =D,(X;Y);

(4) the 2-cells of the double category, for each quadruple of composable paths
given byu = uq, ..., up, € path(V)(X;Y) andh = hq, ..., hy € path(H)(Y; W),
with v = vy, ..., 0y € path(Z; W), and k = k1, ...,kq € path(H)(X;Z), we
have D(u; h; k;v) =D(u1 Q... QUn; b1 ® ... Q hpi k1 ® ... Q kg; U1 ® ... Q Upy).

The construction of the forgetful double signature induces a functor from dou-

ble categories to double signatures with strict double functors forget: doubleCat —
doubleSig.

3.2. Double categories from timed polygraphs. Polygraphs are signatures
for monoidal categories: they comprise some generating objects and some basic
processes from which all the others are built. If we declare how much time these
building blocks take, we can deduce how much every composite process will take.
This is the idea behind a timed polygraph: they are signatures for timed process
theories.

Definition 9 (Timed polygraph). A timed polygraph ¥ consists of a set of objects,
W,bj, and for each two lists of objects, X1, ..., X, € ¥op; and Y71, ..., Y, € ¥y, and
each natural number ¢ € N, a set of generators, U;(Xy, ..., Xn; Y1, ..., Y ).

Definition 10 (Timed polygraph morphism). A timed polygraph morphism, a: ¥ —
E, consists of a function between the object sets, cop;: Yobj — Zopj, and a function
between generators that preserves time, inputs and outputs,

a: Uy(Xq, ., Xn3 Y1, 0, Vi) = E(a(X1), ..oy a(Xp); (Y1), ooy (Vi)

Proposition 11 (Double signature from a timed polygraph). Every timed poly-
graph U induces a double signature, draw(¥) = (O, H,V, D), containing
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(1) a single object, O = {};
(2) a single horizontal generator, H(x,*) = {1};
(3) a vertical generator for each object, V(*,%) = Uyp;;
(4) and three kinds of cells: a cell for each timed generator,
D(X1, oy X5 Y1, 00, Vo) = Uu( Xy, oo, X3 Y3, o0, Vi),
and, additionally, “waiting” cell, D(X;1;1;X) = ¥1(X; X) + {wait}, and
a “braiding” cell D(X,Y;0;0;Y,X) = Uo(X,Y;Y, X)+ {0} (see Figure 3).
This assignment extends to a functor draw: tPolygraph — doubleSig.
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FI1GURE 3. Double signature from a timed polygraph.

Proposition 12 (Double category from a timed polygraph). Every timed poly-
graph, ¥ induces a double category freely generated by its associated double signa-
ture, draw(¥), and quotiented by the equations in Figure /.

-e

FIGURE 4. Equations for the double category from a timed poly-
graph.

3.3. Towards pinwheel double categories. String diagrams for double cate-
gories face a problem: not every plane arrangement of composable cells can be
explained in terms of the algebra of double categories [ ]. Those that can be
explained were described by Dawson as “neat tilings” and characterized as those
that do not contain a full pinwheel (Figure 5): the only obstruction to composition
in double categories are pinwheels.

Ezxample 13. Consider a quintuple of timed processes: f and h take two units of
time, while g, k, and a take a single unit. The resources of a and h depend on
g, while the resouces of k depend on f and a. We could: (1) execute f and g in
parallel; (2) when g finishes, execute a and h in parallel; (8) when both f and a
finish, execute k; and (4) both h and k will finish at the same time, after 4 units
of time. There is no physical limitation for this arrangement, but it is disallowed
by the algebra of double categories (Figure 5, left).

However, this means double categories cannot be the algebraic structure that
encodes all possible combinations of timing processes. The pinwheel represents a
valid timing, and so we should account for it. Instead, we need more algebraic
structure: we need double categories with pinwheels. Recent work by Delpeuch will
open this route [ l.
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FIGURE 5. Two valid timings that form pinwheels.
4. DOUBLE CATEGORIES WITH PINWHEELS

All uses the double categories that do not rely on the exclusion of pinwheels
can be recasted for 2-categories, gaining the extra expressivity for pinwheels in the
process [ ]. The main idea is that any 2-cell in a double category can be “tilted”
and interpreted as a 2-cell in a corresponding 2-category that has, as generating
objects, both the vertical and horizontal cells of the double category (Figure 6).

FIGURE 6. Double cells can be tilted to 2-cells.

In formal terms, each double signature can be translated into a 2-graph that
generates the free double category with pinwheels.

Definition 14 (Tilted 2-graph). The tilted 2-graph of a double signature ¥ =
(O,H,V,D) is the 2-graph, tilt(X), defined as having
e the same 0-cells, tilt(X)o; = O;
e both vertical and horizontal 1-cells, tilt(X)(X;Y) = V(X;Y) + H(X;Y);
e the same 2-cells between X € O and W € O when paths are composed pre-
cisely of u = uy, ...un € path(V)(X;Y) and h = hq, ..., hy € path(H)(Y; W),
with v = vy, ..., € path(V)(Z; W) and k = ki, ...,kq € path(H)(X; Z),
for any two Y, Z € O; that is,

t”t(z)x’w(’ul, vy Uy BTy ey hp; ki, ..., kq,’l)l, . vn) = DX,Y,Z,W(“; h;k;v);
and empty otherwise, with tilt(X)(x1, ..., Zn; Y1, .--s Ym) = & for any other

two given paths x = z1,...,z, € path(tilt(X))(X; W) and y = y1,...,Ym €
path(tilt(X))(X; W).

From this 2-graph, we can construct its free 2-category, string(tilt(X)). String
diagrams for this category contain the cells of the pinwheel double category we
want to construct, but they also contain many diagrams that cannot be interpreted
as double cells: we use those that do to construct the tentative free pinwheel double
category over a double signature.

Definition 15 (Pinwheel double category). Any double signature, & = (O, H,V, D),
generates a strict double category, pinwheel(X), having
(1) objects from its signature pinwheel(X)q5; = O;
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(2) horizontal paths, composing as such, pinwheel(X);, = path(H);

(3) vertical paths, composing as such, pinwheel(X), = path(V);

(4) cells the string diagrams constructed from the tilted 2-graph; that is, for
u = ui,..u, € path(V)(X;Y) and h = hq,...,h, € path(H)(Y; W), with
v = V1,...,U, € path(V)(Z;W) and k = ky,...,k; € path(H)(X;Z), we
have that the set of cells pinwheel(X)(u; h; k;v) is defined by

string(tilt (X)) (u1 @ ... Qup Qh1 ® ... @ hpi k1 ® ... Q kg QU1 ® ... ® Upy).

Horizontal and vertical composition for this double category are given by composi-
tions of 2-categorical string diagrams, following Figure 7.

) )

h h
HorrorilL conp. Verlical comp.

FIGURE 7. Horizontal and vertical compositions in the tilted 2-
category.

Proposition 16 (Pinwheel monad). Pinwheel forms a monad

Pinwheel = (forget ¢ pinwheel) : doubleSig — doubleSig.

Definition 17 (Pinwheel double category). Pinwheel double categories are the
algebras of the pinwheel monad on double signatures.

5. CONCLUSIONS

We have seen how to construct timed string diagrams, like that in Figure 2, using
pinwheel double categories. In this example, the timed polygraph is given by the
following generators.

—;:chmzk%ki —(beak ]+ ~|'s_'l‘_{]‘5
while shel yolk paste ) ‘ha(
el el
\Lhﬁ& cream

FI1GURE 8. Timed polygraph for crema di mascarpone.
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5.1. Further work. More details for the constructions of this paper may be pro-
vided in later versions. Monoidal width, developed by Di Lavore and Sobocinski,
may arise from a slight generalization of the construction presented here | . Tt
may be possible to connect this way of timing processes to time-graded coalgebras
of monads, which the authors have recently proposed for continuous dynamical
systems [ ].
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APPENDIX A. STRING DIAGRAMS OF BICATEGORIES

Definition 18. A strict 2-category B consists of a collection of objects, or 0-cells,
Bosj, and a category of morphisms or 1-cells between any two objects, B(A; B). A
strict 2-category is endowed with operations for the parallel composition of 1-cells,

(5): B(4; B) x B(B; C) — B(4; 0),

that are associative and unital both on objects and morphisms, meaning that (X 3
YsZ=X3(YsZ),and I, 3 X = X = X 3. Bicategories must satisfy the
following axioms, making parallel composition a functor:

(1) parallel composition is unital, f ¢id = f, and id ¢ f = f;

(2) parallel composition is associative, f¢(gsh) = (fsg) ¢ h;

(3) compositions are unital, id §id = id;

(4) compositions interchange, (f59) 5 (f'59) = (f35f)3(g59").
Remark 19. A single-object strict 2-category is exactly a strict monoidal category.

A.1. String diagrams of 2-categories. Let us assume any construction of bicat-
egorical string diagrams. There are multiple options when constructing bicategori-
cal string diagrams: we could propose a combinatorial description or a topological
one, we could decide that 0-cells appear as part of the structure, or simply as the
property of being well-typed. These constructions are all left adjoints to the same
forgetful functor from 2-categories to 2-graphs.

Definition 20 (2-graph). A 2-graph, or bigraph, B is given by a set of objects, Bop;
a set of arrows between any two objects, B(A; B); and a set of 2-arrows between
any two paths of arrows, B(Xo,..., Xn; Y 0,.-s Ym)-

Definition 21 (2-graph morphism). A 2-graph morphism, f: A — B, is a function
between their object sets, fo: Aop; — Bopj; & family of functions between their
corresponding arrow sets, f: A(A; B) = B(f(A), f(B)); and a family of functions
between their corresponding 2-arrow sets,

f1 A(Xoyo X3 Y0500 Yin) = B(f(X0) s F(X0n); F(Y0),ees £ (Yin))-
2-Graphs with 2-graph morphisms form a category, 2-graph.

Definition 22 (Forgetful 2-graph). The forgetful 2-graph, forget(A), of a 2-category,
A, has the same set of objects as the 2-category, forget(A)qp; = Agpj; and morphism
sets given by all the morphisms of the 2-category,

forget(A)(X1,...; Xn; Y1, Vo) =AX1 ® ... X,,;Y1 ®...Q Yy,).

Theorem 23 (Free bicategories). The functor forget: 2-cat — 2-graph is a right
adjoint.

That is, there is a right adjoint from 2-categories to 2-graphs. A left adjoint
can be constructed by bicategorical string diagrams over the bigraph; let us write
string: 2-graph — 2-cat for this left adjoint. However, let us still not assume any
particular construction for this left adjoint.
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