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Port 1: Ope\n. Dia.grms
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__S_‘:ri,ns Dmsvams

e How to interpret processes in multiple stoges ?

R

Take input A, produce output X, only then, take input ¥, output B.



é_‘:r i.\ns Diascams

e How %o compose precesses n wultiple sto.ses?
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_S_f_:rims Dinﬁvams

e How to compose pvocesses in multigle sto.ses?
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é_‘:ri.ns Dmsvams

. Quotiented tuples .

Chivibella , D'Aviavo , Perivotti
J. Hedges, OPe,\n Games  Quantum Cirewit Architecture.
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é_‘:rims ‘Dmﬁvams

. Quotiented tuples .
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_Si:vri,ns Dmsvams

. Quotiented Cuples .
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_Si:ri,ns ‘Dwﬂt‘ams

. Quotiented Cuples .
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__Ihas is the coend
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o The qud|'CaA+Ln3 coincides with that of o coend..
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“Elements of OPhc(...) hare on aPPeo.\ma 'M"arppd’oisio\o\
as String diograms with a hole m’ssiua.“ - Riley, 2017



I\nis is the coend

° F\dvam‘\’o.se: we Can comPu.te.
» Proposition. In 0. compact cloged, categmy A,

McA
J A(AMeX)x A(mer, e) = A(I,A*®B@C*®D).
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! Usiv\g 'comb’ natation, (...) we allow for iweau\wl&fsbu\aed boxes.."
- Kissivge‘r, UES‘eV\ 2049



Port 2: Profunctors



Monoidal bicabegony of profunctors.

e Small categories and memd’ov:s.
A 8
P:ALB -Set or P:A+B _®_

. Com':osibion b'd coends .

(P-Q)(AC) - Be;(A.B\xQ(B,c) AC

» Moveidal F!‘odud: bn the cartesian I:V*odu.d:. A (:) 8
(PeQ)(A.ABE) = P(AB)xQ(AR) £ 7)2

e 2-cells ove natunal W:Qorm‘\'iovs. _®— =, —@-

Bostlett , Quosistrict Sﬂmzhic Movoidal 2- qu:e&mes Vio. Wive Ama«m\s



___M_ onoidal bicqbeaovg of me unctors.

* The Yoreda embeddinas Gt — Rof determive adjpints.

—) : A1 —4 A+ AxA
@) 1+~ A > :AxA+ A
@@ - O —
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—@l\,__ __'-"@— . Diasmms without inpu.fI/Oui'Po.‘t wives

”\vd’evl are seks. 4 441 meaws 4*:(4—5565.

Bostlett , Quosistrict Sﬂmmzhic Mownoidal 2- Cateames Vio. wwe dmsv\w



Monoidal bicategony of profunctors.

* We can calclake sha.pes'.
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___M__ onoidal bicategory of me unctors.

* We can caladake shapes.




Monoidal bicabegony of profunctors.

* We can coladate shapes.
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hom( 8)

hom (A, )
how (2 3@-) ham( @ l)

hom (&, € how (£,
M(i,)() T\ovv\ (\I.@b



_M_ onoidal bicategory of me unctors.

e We can calclake sha.pes. m, M,
£ L ™

Wo

wl:w21w3:w"o m|,M2,M3

hom (4,13 x hom (i, %:01,)x hem(1,,1) x om{is,, X ) x hom(, ) x
how (Y ) ham@g@wj,w) * hom (v, B)



Mornoidal bico.ﬁeaovg of profunctors.

 We can calcdake sha.Pes

W, wy, W3, Wy, M, Mz, Ma

hom (A W,) x \nom(w whoM,) % hom(M, m,) iom( wz,x) hom@z m,) x
how (\1 ) hom@@w,,w> hom (a, B)




Monoidal bicategony of profunctors.

* We can coladate shapes.
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A X Y B m m m
an wzwzwuml")M3

o EATEY x hom (i, oM. )« hom 78] Yo X )  homel )
howe Y m) > hom (1@, 0y * how(; B)




Monoidal bicategory of profunctors.

* We con coladake shapes.

f hom (A ,XeM)x hovvl([”l@\l, B)




‘Monoidal bicategony of profunctors.

* We con coladake shapes.

| om (8, x M)« hom (e, &)

e How to vecover the d..a.smv\s' we weve droawig  a manodal
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Monoidal bicabegony of pointed profunctors.
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+ Small categories with a. chosen dbject. A
(a,A): (8,8); (aA)

. Pi\o{»‘umd'ors, cav‘rawa [ roi.vlt, A A

N
(P.PS ‘ (A.A) — (B,8) A:}- Ql__/_
where
P: APx B — Set 2 Ny
p € P(A,B) :}__A G': / :
e N o:\'umaL ‘emmSQm*‘ioV\S preserve U > A
the pownt. A
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__l\i onoidal l)icn.besovg of pouted me unctors.

o We can aleulate shapes.
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__M_ onoidal bicai:eaovg of pourted me unctors,

° lx)e an calculate Sl'ulnes

.dehom(n ) / /‘ \ \
e hom(2,8
fehm(p,xoM) ¢bem(®.2)
LG hom(M@V,B)
id € hom(B&C B®C) d € hom ("0Y , M®Y)

(id,d) & hom(M,M) xhom(X,X)  (id,id) € hom (M,M)x hom (Y, ¥)



(.A £,id,G4,id),(d,8),id,q,1d) €

™" hom(@, ) xhom(3,X 1) x hom(56€,282) x hom (M, 1) x ham(, X)
how (1,1) % hom (¥,¥) x hom (@Y , M@ Y) % hom(M@Y, B) x hom(2, &)



Lenses

s We can alewlate shapes.

MeA

| <£ g YeE | hom(AMeX)xhom (M@\/, B)
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Coend derivations

.f “\""""-_(“ X = M)x homc(mxv,e)

A ’C CxC

f MhOmc(A(“\,X*M)x\nomc(m'cv,e)

[ o b s )

b8 X how(p =y, 8)

Milewsk: , Pfo(-‘w\d'awr o?“‘ics: the caieawica-l view.




Coenc\ devivations

__ ,f hom (A, X » M) x hom(m «y B)

{ ﬂcl\\u»\c{: X - A}

e @}O f\nom(A(n\xm) ho(m<y, 8)

& {De-pvw(:\ oQA}
M

@@ f hom (B m)<howd X) hon (<, 8)
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Milewski, Profunctor optics: the categoricnl view.




___goe\nc\ devivotions
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Lenses

e Tweo wouys of making lewces a co&eaoms.
@ @ Regui\res
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Lenses

e Tweo wous 09 maling lewces o co&eaama .
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Reguives

v S smme‘f‘wg .



Lenses

o Two woﬂs 0.? w\akius lences o “&e&"“:‘\ .
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Regui\res
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Lewses
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e Two wous 0.? malking lewces a co.‘:eaamﬁ .
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Lenses

e Two wous 0.? maling lewces a co&e&omn .
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Lenses

e Two woys of makivg lenses o categowmy.
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Lenses

e Two weys Of making lewges o cai:eaauﬁ
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Lenses

e Two wous of making lewses a cd:eaauﬁ .
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Lenses

e Two wouys of maling lewces a co&eawﬁ .
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Lewses

Cem——————————

e Tweo wous Of making levces o co&eaauﬁ .
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_l____e\«\s es and feedback

e A discrete dﬁmka.l sssh.m hos the same data as o lens
oc cevian "’ape . [sdwlts ,Spivax, Vasilokopoulec, )

Al o

% (X
C Morphism on the Lree

categowy w -(-’eed\:o.c\&

Kokis , Sabadinl | Walkers . Feedback, tvoce, and fied-point semastics. (2002)



s
7)) s A laver is guen by
Qé‘ @ <t P<xA—B (imp\ ementadan )

c: PxAxB —~A  (reguact)
w: PxAxp — P (L‘)An.te\

s F .Siva.k,-r vas . Boekevop af o Functor: A dtaral -
Suofgmtsgt \eo,.:\sia. 'Rilea?. Cl;%o“:: a‘:é"of‘:u CompoSy pens Pec!l'-&ne



__R_.gcevev\ces ( Some. , move on the Po.?or)

Coend. Calewlws:
¢ Coend Caleudus, Lov%ian.
. G:&%ow;es -@w‘ the wwkunﬂ mathemetician, Moaclone .

Movoidal bicoi:%owtes:
o Qnasis'l-m:r.t S&mmmc Monoidal Q’Gl'fescw'es via
Wive Dioguars, Bartlett,
° Modu.\w Cat%ou‘el as repvesawln-lxbu 0,? 'Hm. - dimensional
bovdism Q-at%owa, BowHett :Doualas, Schommer - Pries Vmﬂ’
» The ClQSSI-G‘co.(:fan 4 two -dimensional extaided. 'fa,:oloscco(
(‘c‘eu 'ﬂn.cow'es, Schemmer = Podes .

e Compaol' closed b\'cateaow.‘eS, Sty
. Homotam. o, Heidemogn, H, V\c%
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_l\i ono i.d.o.l, l)ica.ﬁeaowi 02 Foiv*EA me unctors.

. Shr(us d:o.smms n & monoidal ax‘(:%ouﬂ cow be @P\‘e& b (Pm;pf
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+ Reductions in Prof om be [ffed wiigudly o Rof*
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_]_:V\+3TV\O-L dmsoms
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ZntB Bl
hom (-&-,-) fe om(a®B,C)

"We do wot need to, amd do wot, make

this notion o_e uwterior Morphism 8eoweikﬁcq_(l3
precise (...) the F\dwaam memlﬂ a
cCovenient wMnemonie notetion.'

Bartlett ) 'Dow&\as, Scdrommes —Pries V(cmrﬂ, Modulowr m:\:eswtes s vepresentobions of
the 3-dimensional bowndiem Q—coheﬁ.wﬁ. Hu . Exterval traced wmonsidal Co.l-eaou;es .



___P_l_)s\n to the boundaries

* Naive solution : Pu.s\n Povts to the boundaries.

X Y Y X

* Won't work., i does ot presevve "time".



__E_US\'\ to the boundaries

* Naive solution : Pu.s\n Pov‘(:s to the boundaries.

v X
X Y

* Won't wovk,, it does not presevve "4ime".




___E_:nd.s (?)

+ How o veason about ends?
c o (B [ Set(hm(aB),P(ag)) 2 P(a,A)

. Namﬁ 4‘««3; world  Lrne withh fhes:

= }-{I_F{ e.qg. Tambare. Module .

—U

o If wore s needed,
e Closed Shuchune Og Pw:;ewo{zms
. Com‘)\el\‘cm ound CoCowP\ekow ("Sﬁeﬂ Cow’:‘e(t'ov\)

mlWilleston . Two 2-traces (Slides)



_____’\_l otation

@—: 1+ A how (A, -) Repvesesded. objects .
: A-l-b 1 M(',A)
= AxA 4+ A hm(i02,5) Momslded Shruckume .

—C: A -'l"'AxA %m(4,z@3)

}— : AxA + A hom (2, 1) x howm (2, 2) Comiﬁ-btsw&g on Cak .
A AxA hom(4,0) xhom(2,)



