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PremoNoipaL CATEGORIES

pEFINITION (| Povier fbinson), A binoidal. cabegory (C@©1) . is o cabegory wiith
on object 1eC and an ossignment on objelkqthuk is Separabely Junctorial on
each component, (Ae-):C—~C and (-oB):C~C.

» That is, (®) is a. sesquifunctor. -
* A morphism J:A-+B is cenbral. if (Joid);ideg) = (deg)sfeid) for any g:A+B.

DEFINITION (2| Power, lobinson). .ﬂ K:emidal, mkgorg (@,@,1) is o. binoidol
P

cakegory with natusal central
Kepc: (AOBYOC — AoBe(), p,:flel—=A, A, :IeA—A,

sabisfying pentagon and briongle equabions. [t is strick if these are ideddies.



PREMONOIDAL (ATEGORIES
Premonoidol. cabegories are monoidal akegories without the interchange laws.
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EFFECTFUL (ATEGORIES

ProBieM. There is ot o qoad nobion of premoroidal functor. We need. premonidels
“with 0. Chosen center.
H Stﬂtoﬂ,LQVg

+ This is the mobivotion Jor Freyd aabeqories.
DEFINITION. fin effectful ¢ (s an identity-on-objects Juncko
from o symmekric {r!nommaté‘?f%g \ ("the tgahazs“)“’eto o '

ebr idol cabegory C ("the computations™), skrickl
;%tgsrgrviﬁg P,ggrg o;(r,e monoic!a;ef’o g!:md:u.re gnd. mPcentmanég .) i

d.-on - objs ! he\.lo“] “wu\\] n heuo \\] “wu“ |
central
Ec @n | v | @

vodues C,omputa’:i.ons .
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EFFECTFUL (ATEGORIES

ectful can be strickidied., and. even f we beack
Eé%\nt\'x&hmosf Bv\o?\ﬂcméml, (3‘\2rphéms, e 1 ve Kesp of

t 4]
does NoT  imply A=

we lose “(ocality’ of transformobions.

* Because of this discrepancy, th ies i AcT are seldom premonoidal..
Dingrams oire bﬁd hak™ k?\er%:\:e a. Solubion? P
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B e, ¥
22l Power, Thidedke, 99

+ A extm, wire fepresents runtime: global stole
of the system ond. conkel over ik.

o JEFFREYS runkime is Jlexible: we can chosse o. dass
of pute morphisms, |t works for effedcful. cabegories.

id -on - objs.

* We can oluoys chasse ZC=>C for premanoidals.

, Wikhout, lass olity,
g "effeckful ‘kc\:#e%oﬁes?{ grncalily, ve vork




WHY EFFECTFUL CATEGORIES (cer/ovr e

M uctures he runbime ¢ ent : ider Lh
s&rl}.ye fvtv';nad ‘I’s%%@g&‘&w&h ;e& o t,sjfgesmd pc:tnsé fs-vei.
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Consider some lens (awss, drawn nasvely.



WHY EFFECTFUL CATEGORIES (cer/eur oxpmee)

Mo.ny sb'ucturas are cleor once the tunbime is present: consider the
nad TsX =5=+SxX with get & :4-5 ond put '¥:S~1.

fih (lf]‘ (ll Lt;,)i;y’ with =40 s

comonoid  (runtime coackion) semimonoid. (runime semiackion)

S

Speciol semifrobenius  ackion
We con study o bwo-colour PROP instead..




CONTRIBUTIONS

4. mereM . The free efecful cakegory in some genemtbors is the free
monoidal. cabeqory over the same generabors endowed with runtime.

Poly(::mph /F&gi;’ StrickEffedful  (String Dmﬁroms)

2. weomen . Effectful cabegories are pseudomonoids in a. monoidal
bicalegoty of promonads; in the same way that monoidol
cakegoties are Pswdomggfdids :{t 0. moroidal” bicabegory of cakegories.

" (akegories T Moroidal cakegories
(Arrows) ,d’Oﬂ‘OijCtS Eﬂed:{u,l. Cﬂheqoms (Freyd cakegories)



OART 1 : RUNTIME



FIDDING RUNTIME

Jerrrey's Nommov. fvoid, (kerchange by adding an edxa. wite: the runtime.

THEOREM. The morphisms  Ao®--@fn — Bo®--0B of the
| free effectful cokegory over 0. ‘Signatuce’ H—T are

7 Morphsms Rof,6--0f, — ROB,o--OB,
%J of & moroidal cokenory with genecckors
‘ . L oo
‘:?/._:_\{orve\“ r#] for {€T; %3 N 0

ond, the expected axioms.




PoLy GRAPHS

DEFINITION. A h @ is given by a seb of objecks, Gon;, and. o set
0{ arrows ’G(ﬂon'ﬁlﬁ::‘?BO.... Bn)g {W Sequences Ho,.Jffknsn ond, Bo,...,Bn.

EXAMPLE . 2 - {a.g,c , [c%j}

A hs give signabures idal e, skiga d:
pglgﬁ?h 409,‘,”.5&39 foed E{grmm:om mmcaf:egorf: . .sl:mg diogeams over o.
THEOREM. tr g dmgmms construct an adjun cbion

Strings

Powverapr -~ > StRicrMonCar.

Forget




PoLy ORAPHS

DEFINITION. A h (M6 is o p i

same  objects, JJfobj;!”G‘%:w ouple s o pair of polygraphs shaxisg the
HG) = {A.B,c , [i',] , |JT.'L_£_ }

EXAMPLE.
» raph we sianakures o ul Yies.
i, s Yo Saraburs fo ek . b

Strings

PowverapHCoupLlE <+ > StricrErrectruL.

Forgel



STRING DiAGRAMS WITH RUNTIME

String dingrams generated b_g A .
Rﬂ Aa o An o R 0
i i‘ N

R 6 Bm

for {eG(A,.. HB B\amlve&(ﬂ ﬂB B
m\(l.quﬂb.enkad. by braiding axioms, oskug R,bbeonl:\\e.Drm{e\c\ce\'\l:ce

We prove thot diogroms K 0,0 ®ﬂn — R®Bo® "‘)Bm Jorm an e{{uk{ul okegory.

| >



CLIQUES

echu : ..0f), — RoB,0--- 6B,
i o, [ o Ko b dog ot b

pernmow. A cligue is 0. collection of objecks, {Aiiex, together with an
(SOMOFPhiSN xéjtﬂa-’ﬂj, such that ¥:=id:, and XEJ%KJK = 0k .

constructioN.  The broid digue on o Uist of objeds [A,..Au] has R insertod. ot
each posikion. AoRo..-of
Refe--efl,

~— . A9--eRef.

~ See Trimble's inbuition of monoidol coherence, on the nlob.



CLIQUES
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STRING DiAGRAMS WITH RUNTIME

Finally, the assignment detprmining the wniversal effectul, functor is

(m) d 5 H(K) - H() - s H(Eg) -
H( = H('r‘ﬁ)s H(‘:-T“-lﬂ);
(#'ﬁFH(@)M o 1, (FE

(o B ) - . (EJoid 5 io H(FHR) = o H(

F() s

) s, (cE

) = ide k. (#)sH('#l’)m:i ;

THEOREM. Sl:rmg dingroms viigh runtime construct an adjunckion
PowveraPHCOUPLE 2~ > STRICTEFFECTFUL.

Foge,t
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PROFUNCTORS

B profuncoc P: €D is the same thing as o funclor P: €D —Ser .
Alternatisely, . family of sebs, PAB), with ackions
6): hom(A'A)xP@B) = PAD) ) P(AB)xhom®BB) —PAR)  suck bhak

;.3{:.> P = J.)J,.>P P<9'891 = P(S, <32_ ({>P\<3 = {)(P<3)
d>p=p P<id. = p

Pofincors ongue o bisebes: PoQ0) bas dements (1) for pePA)
U o by (peyrd) ey, T el

(P-Q)AC) = | POB<QBO.
=1 Justesen (2

Bunge EBénabouw., 13



DouLE CATEGORY CaT

&&%@r &i{% cekqu of aabegeries, Junckors, profunckors and.

o Pw'&md:o €S

A —L— B /A-Lns
X G

/Al

. P(A,B) — Q(FA,GB)

B i Juactores

Profundors compse by coends, Po Q (A0 [ PAB)Q(B0):

the wentity s the hom-profundr.

| Hhresmann 03 2

Grandis, far2, 04 [E2

Myers 48



MONADS

Monads ase the moroids of C(ar.

j—L " —— _Im}—
. "
....... e—
;‘ D0 i
T=-M — MX

MoM =M T MY = MX




PrOMONADS

Promonads are the promoraids of (Car.

hom=M ) hom(AB)~MAB)
MoM > M * : [*M(AB)*M(BC) — M(A.C)

pRovosirioN, A promorad, P-G# G is eadly on id-on-objecks fundhor ¢:G> P




PROMONAD  MORPHISMS

Promonad, homomorphisms are. promonoid, homomorphisms in the double calegory CAT.

A A A A
[e] 5 % \ﬁnf n—{FF}—-=
M - ° 5] | — 1B
R F R e L F .
B lN B 1" .Tl
PROPOSITON. A promonad, homomorphism is exadly o commuing square.
¢ —P F(J*s)"F{*E‘J,

£y + F Y= ¥
b—Q F(f)=F{).




PrROMONAD TRANSFORMATION

Promonad, Transformations are. promoroid, ransformations in the double caligory CAT.
Fo 6 = FoE— 2
3 l 15

rrorosiroN. A promonad, bransformakion is exadtly . gylinder bransformabion
of squares. v = C

(t
v (3)6. | F (é)c.
]

W=D




PURE TENSOR

We ol bicakegory : hisms and rmabions
There deé o},mfy:bb?a of free %Mﬁmgm wsr:aigroups Emm{o °

. The tenso I’MS, C:V V D:W#WP )
2'&;3::“’% ’ c"%m‘ V"WS"O\\?‘ xmm elzme:ts aremdémmbed by C
Pc€ CDIX.Y;X.Y) for peCXX), or
gp€ CD(XY;X.Y) for 9eDAY)-

quobionted by feswWp=wpsfc and gosve = Vesgo, plus other axioms.

v, 2 i o it
and. the pure. bensor is d.t{!wm \:MXh rapact (:ol%hem.



PURE TENSOR

We already have o bicabegory:  promonads, morphisms and tansformabions.

There exists o. robion of free ‘product with commubing subgroups.
X R Y X R VY X R Y X &Y

v ) 7 7
| | [

X' R Y X &Y X' R Y X R vy

for veWV(xx) Jor weW(vY') for fe€(xx)  for 9eD(x.x)

AL these commufabivity restrictions are belter encoded by string dingrams.
* Thanks bo on et wire.



EFFECTFULS AS PsEupoMoNoips

Pseudomonoids are  2-dimengional movoids.

;1‘;%3% (b;a%oe?; Daf) Monowlal co.hgones ase Psmdamonods in the

Tt‘lEOREM Eﬂ%ct Seucfoﬂeg (gasm(. thus Premonodal. X
of promonads with the Pure m?r " mooidal g
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CONCLUSION

Premonoidal
A T S S A By g

‘éﬂg cdmfort of monoidal cal:egorws and string diagrums .

< 4. F\'mk W3
ACT ?(ocesses Pl—fmﬁ 211=9et0);

k
Movoidal, “b[:\"es Premonoidal : F(g)hmk( W', n);

Cakegories S (obgpries  Y4.rebuen ()




ArrowW-Do Norarion

(orvespordence. bebueen string dingrams ond, the. DO-niotakion.

EXAMPLE. HelloProgmm smﬁﬂ;
proc () = do

queskion «— Whak's your rame?"

() — print —< question

name «— get —< () o C

() «— prin —< concakenake(“hi ", name)

reburn () °




FROMONADS AND OTRING DiacraMs For
FrrecTruL CATEGORIES  (rowiw, 2022)
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