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COLLAGES OF STRING DincrAMS

Moxio Roman

7 Collages of String Diagrarms.
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STRING Diacrams or BICATEGORIES
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Strine DiacraMs, EXTENDED




1 BimopuLar CATEGORIES




BiMopuLAR CATEGORIES

Monoid. |/'lonoidal Cobegory
Bimodule | Bimodular Co.tegorg
peFINITION. Al bimodular cabegor: ' ' ’
o{compahble mnsml:egg a X tso,mfegorgx wd:ho,pmr
(6): AxX—=X ad ():X<" =X
with cherent nabiral {somorphisms
MieMee X =2 (M,eM)>Xs Xallall; e Xal )3
TeX aX; X4t =X;
(M X)a ! = Me (X<,



SHARED STATE

Two parties , M ond ~, shafe o common. memory where they
con rm ard, wrike. 3

(L\;(L\;HJ;LTJ;

gebs  “gds  fpks  ©puks

(L\; 1 ;(L\; L

copy - discard. copy - discard.




SHARED STATE: EQUATIONS
We unpose reasonable. equations: e.g. owruriting.
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- 1.




SHARED STATE: EQUATIONS
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SHARED STATE : RAcE CoNpImiON
we can reproiuce. &p&ted. re,sub‘:s.- e.qg. race canalif:cbn.

¢ 0092




SHARED STATE: LOCKS
F\nd we con unpase locks

Jree LOC“Q‘L ?.Lgcks ?.Locks Zunlodﬁ Zunlocks

@ %}dl &Lm[mt % shLL wequFeaL



BiMopuLAR CATEGORIES

Monoid, l”lonoidol. Cobegory
Bimodule. | Bimodular Category

pEFINITION. A bimodular cabegory n X is 0. cakedon ' '
of compakible actionsmtesgﬂ aiegrg X Wik o, pa
(6): AxX—=X and (@):Xx" =X
with coherent nabual (somorphisms
MieMie X =2 (M, oM > X35 Xallall s = Xa( )3
TeX =X; X471 =X;

(M X)a ! = Me (X<,



BIMODULAR  STRING [iAGRAMS
Relative 1o the skring diagrams of 0. bicaleqory.
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(BR'Z3).  String di himodulass, are. soundl and. complete.
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97 COLLAGES




COLLAGES
We glue together sbring diagrams of differert, cateqpries.

EXAMPLE: BIMODULARS.



COLLAGES
We glue together sbring diagrars of differert, cateqpries.

EXAMPLE : FUNCTOR BOXES.




COLLAGES
We glue together sbring dingrams of differert. cabegpries.

EXAMPLE: OPEN DIAGRAMS.

Conneded
\73 F’o‘lunbtofsf'\-—/




(OLLAGES
We glue together sbring diagrams of differert, cateqpries.

EXAMPLE: PREMONOIDALS.

T Bl o

0 sug \e,-lwi\'e,
| ubput in the premonoidal
prcE oty



) EVERYTHING IS STRINGS




FUNCTOR BOXES ARE STRINGS
Are Junctor box diagrams just diagrams in o bicabegory 7




FUNCTOR. BOXES ARE STRINGS
Theory of funckor boxes, in bicakegorical string diagrams .

/)'( Ezi ‘ Pl ¥ openfelose

\Q‘generators (> dudliby for lax funckos



FUNCTOR BOXES ARE STRINGS
Theory of funchor boxes, in bicakegorical string diagrams .

240 =4
aw -l ]

mm (BR'23),  String diagrams for funclor boxes are sound. ond. complete.



CoMBS ARE STRINGS
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CoMRS ARE STRINGS

Theorﬂ of mcomplzte dingrams, n terms of a 92- category .

/‘\ struchure,

| | dor each
A L A, . An M{ﬂ
; s - h
g T " " dJor each,
‘[0( each morphism



CoMBS ARE STRINGS

Theory of incompleXe dingrams, in terms of & 3-category.

I | ﬂ U U ﬂ Formstace,
=1 3 =il

* Reduckions are also imporiont.
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COMBRS ARE STRINGS

CONJECTURE .

Tt geems plausible that we define o signatuce wikh cabegories,
{undbors, FFro{md:ors, ol{jecl:sfo.nd, m%l'usms and. we P‘r-o?e
Soundness and complefeness using 3-cab. Surface [wite dingroms.
These should, be similar to Barllells™ Wiring Disgrasts for monotdal bieats.

et is the tacategoy we are tying o model.?



PoinTeD

4 [5IMODULAR
— PROFUNCTORS



PoINTED [AIMODULAR. PROFUNCTORS

* 0-cdls are momidal(a.lquws;

*4-0ells ore pointed. biodular cabogories, (4X1,X), consishs cabegor
A w&mhm%idal ackions that ase co:upa\ibh; m E?r;ze o:bj:cl: Xexys

+ 2-cells are pointed bimd. profunctors, Te: (4X, X=+(1 Y1, %),
e s el TET000 il e o) pofods bt

Ee: TX;Y) — T(MeX;MeY),
te: TOGY) — T(Xalli;Ya %

*3-clls are  homomorphisms of bimodular profunchors thok fr&we‘lhe poin;



WHAT age e REsIONS 7

0 |ncludin ‘U’lecm
g% ™ ngegiofiq. ng




PoINTED [AIMODULAR. PROFUNCTORS

-0-cdlsaxemmidalmkqoris;
* 4-cells are

* 2-cels awe

* 3-cllls are



\WHAT age Tve WIRES?

) (¥ ObJ m 01 ‘“@ mono(da_l, XeC Ye€ ;I;hey. unsar
: m Qo
Cabegory Can be wires. Monaidal. category,
(Xe€)olyec)=(xoye ).

Thus, 0. wire beliveen. tuo feguons AeA XeC geD Tgrsorﬁ' uses the

must admik (ensoring with wives ‘ ‘ ‘ l() s f;tf“?m) .
from both. cakegories. Heleclel



TENSOR oF BiMopuLars

be )
DbEF Letmégo@ mﬁmiategor andtel: ob&dgﬁ%ﬁf

with the same™ objects Y ond bedL & (
of XxY ond. art asna.L family of nges:&n mtobc"’s, ¢ Ph‘sms
Xe X yeY ¥eX yeY
RIEEINE
T: Xe(NsY) & (XaN)ev,

sakisfying caherence eguations.



PoINTED [AIMODULAR. PROFUNCTORS

-0-cdlsaxemomidalmkqori5;

* 4-cells are poinked. bivodudar cabegortes, (4X0,X), consish: cabiegor
X wiutmbn%idol ackions that ase co:\fokbh; ancj.ni'f hs?r;te 0:5:& Xexyi

* 2-cels awe

* 3-cllls are



\WHAT age Tie (LS 7

>|< X€C X Xe Xy
Fi_q {ehom(X;YeZ) 'J p €P (X;Yel)
Y Z Y@zel Y Z (ye2Y€ Yy
Hom is o. profunctor €+€.  Pisa ojund’m‘ befiseen
Moy bimedular ml’ego( (es.

N Frofunctors can be tlensored, with
‘[ df cafegard, fhgq
MY Z N BUHOJuMI‘ F(q[




PoINTED [AIMODULAR. PROFUNCTORS

* 0-cdls are momidnlmkqm'ﬁ:

* 4-cells are poinked. bivodudar cabegortes, (4X0,X), consishs cabegor
X wiutmhmwm?riidal ackions that ase co:pa\'ibh; ancj.r%s bs?r;te O:Iy':d: xexys

¢ 2-calls inked, binad.. peofunchors, Te s (X0 00=+6 Y. %),
s o e Tt Uty o Pofidies ot

Ee: 1Y) — T(MeX;MeY),
ty: T(X;Y) — J(Xall;3Ya %

*3-cells are  homomorphisms of bimodular profunchors thok \oresewe‘lhe poin;



SEMANTICS For FuNcTor Boxes

LE R L 0N 4
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FH reAGoenspoony T57) € AnX ;

ﬂ ge X(Xo-o);Y0-0Y) T50) e XA ;
Y e A(T;T0FTeT) : (d,d) e X(JoT;7) «A(TsI)

‘* u e AlAe-of sF(Ye-eY,) 3 v v € A(F(o-ox,); Bo-oB.) s




SEMANTICS For. INCompLeTe Diserams

4
de MT; ] e Al13R) = ide A(A;A) > ide A(1;1) *ide A(T;1)
de Awsn) 1 eAl.e--ef,;B0-0B.) ~ By idside A(R;A) 4 ideide Alrer;el)
de Aoz 1) ' . .
, o | - ide A(T;Ter) xideA(Ters 1)

e AlLR) e et i aame @it A
e AG;1) ) . .

ide A(B;B) e A, T *xel = d-e‘ié(ﬁ?ﬁ‘&eé)ﬁ’ﬂ

ML 2, id e A(1;1)

e AT ;TeT)



5 FURTHER



CompacT TRICATEGORY

XY
i = .
A \\ R

X@B\\/, 5,49c 62D, 90, 1cx1, €, fe'B=BeA
Opposite
SOt Moo el

ca.l:egoﬂ.e.s Coheﬂo\:g



APPLIED CouAGE THEORY

- Tmplemenking bicafeqories feels only slightly more difficult
than, mom m&s (ﬁnn-s;:n%wtrgfuﬁ 4

+ Buk these allow sound and complete caleuli for Sfunchor boxes,
m&m cakegories, bimodular cakegories, or interal
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END



SteiNG DincraMs OF SRING DincraAMS

There has been recent inberest in string diagrams of skr&g diagrams .
+ Bonchi ek ol. use them Jor bimonaidal cabegories ;
- Zanast & al. use them for intewertions and "lo.yered ecpland'lbns";
+ Vicaty e ol. for cobegorical quantum.
Thee ave o good semonbics for these. Arquably, the technology is nob here yet.
We would monoidal 3 - cahegories , w'\&wt%heme condtz\agns 9

* We could i brickness cond:ibiors.
+ Tncend, | bmt Eo oxlote ths caldus femhe fubee.



StriNG DiasraMs OF SRING DiagraMS

There has been recenk interest in string diagrams of sbring diagrams.
» Bonchi. £ Di Gioglo use them for bimonaidal cabegories ;
+ Vicaty e ol. for aabegorical guanbum field fheory ;
* LobSKL, Zanasi € al.. Jor nkewertions and "|a9efed ecplanad'lbns";
* MR.: open diagrams ave poidled prafunctors ;
+Yetover  ciograms of optics (Riley, Hedges et al.) ;
-recnvg‘ comos (Co?efdg, Frite,S l@m);ges )
* fecover funchor boxes  (Cockett & Seely ond Melliés) ;

* fecover “teqative’ vegion  (Sobociveki & Haydon, Bondhit: Dk Giotgo).



CompacT TRICATEGORY

'. qg|5 ué.;

id, hom(e,x): (A1) = (4,#)

and. 2-adiumckion Adiuncks
Cﬁ..‘;s in.lzmnlmﬁsioﬂfms. digﬂram borc(\){ets on"lte)nm



CompacT TRICATEGORY

A A
I D e
A A

MRS
A®AA=A ;‘,kom.-/'\.x-hA.v A is o 1-bimodule
Tensoring inside Hom is still We can stop
0. monoidal a. Tambasa. ond, stork p\eoes

cokegory Module of paper.



CompacT TRICATEGORY

A R
= ) Lo ;
=
A

d,&a: AA=dx  ldenbly Jundion.  (Fe)}AB ~B

Yoneda Embean@.s, (e1b-B-B
ComFoSibon Functor Boxes




BIMobuLAR  STRING DIAGRAMS

THEOREM.  The adjunckion. between bimodulos signatures and.
bc.r::ombed. Cai%zgones foctors ufi’blrotgh bmw ca%ones.
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