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MoTIVATION

 Recent renewed inberest in cofegoricol confinuous  dynomicall sustems.
+ Coolgebra. has e 1ools or e uniforin Study of dynomical systems.

* And. mony tools Jor contirwous  analysis.

+ Bt the perceplion. is at conlgebras, X—=FX, are “discrete”

2 :_—scardxi, Powlovtc,, ’1qqg.

2] Slva., Kozen,, 2044.



COALGEBRAS oF a COMONAD

Beyond conlgebrus for an. endlgfanctor, o, comonad. (R,€,s) imposes ol equations.

X —= Rix X“<§X
D( ’ R “ e
X —> R(RX) X

Ag -8

2| eqg. Applegai’f,,_ﬁemeg 490

71 Jocoks, Rufln, 4907,



COALGEBRAS oF a MonfD

Con. we do the some. wilh & monad?

X == TX X —= X

X p Tex n l
id
TX <=T(TY) X A

b

The fist is o bit reslrictive, but the second mokes everyt

A% ;

g collapse.



OUTLINE.
4. Graded conlgebras of a monad

7. Kecovering usual. examples.
3. Dxamples.




GRADED MonADS

Farruly df endofuncos, Tx:C—=C, goded by o monoid, wih mulbiplicafion
(mlt M,y T;(T:/H)_’Txyﬂ ond e A —’Teﬂ 70&0\/\/&“9 aXwms.
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Smicaov, 2008. 2l Fuji, Klsundla., Mellies, 2046 2] Milius , Palfingon, Schvider, 2020



GRADED COALGERRAS oF a GRADED MonAD

A—=>2=TA >i > 1.X
Xxy Y Toxy n U]
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ToA <™ T.(TA) X A
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ST GRADED MonAD
ists Jorm a oraded. monad., by ndlurds with mulbiplication

flotten - Liskn Liskn X — Liskam X
singlebon: X —> Lists X

Rlional. intesvals, Tnk=1{[x.y1l x,y €@}, Form a coalgebra Jor the oraded lisl mond.
\:Je dﬂ-[lm Vn’]}df’ 'JS.tn,(IﬁD b_g y/rL[X,U}=[[z°'1'],---,[1n-|,2nn Wdh Zi= X+ i,(fj'X)/ n.
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RECOVERING USUAL EXAMPLES

T which sense o we genelizing (N, +,0)7

- C eddfurctor F are The same ing a5 (IN,+,0)-graded
migfag Jor (Mtag) )grgﬁed fr{onad, Fet g{fm bj %M’ﬁbr compwhbr%r

What obouk Lawvere dynamical systerns?

PROPOSITION. L Quvere. dlyramical. systems, homomorphisms (M,+,e) — (KIT0x:X), 5, idx)
Jor ) mo_‘m_ld T[_ e %nswud}sugr; 0s ﬂtemcoal%ebms for the rivially 2M,°,€)-graded
Mo X = .




AR0WNAN MoTion

Brownian malion ores o gaded. conlgebra. for the  sbGiry monad. o slandad Borel. spaces.

ﬁt‘ ‘Rn'—’ C"(\R.n & T—— Th& walgelora Orljg covdm'ns 'H'le Ioosi{:oon:

ﬁt (X)= Mran(M=X50‘=f>. Brownian motl'on S QOO(ngSS in ‘"us fense.
R 2> 6R

ﬂ5+tJ/ = \llqﬂb

GR < G4R




BRowNAN MoTion

Brownion. malion. fores o. graded. coolgebra. for e sbGiry monad on. Sardadd Borel spuces.

Be: R— GR"
B (x) = Normal (u=x; o-=5).

Lﬁx_.




AR0WNAN MoTion

Brownion molion. fores 0. gaded coolgebra for e sbGiry monad on Sardard Borel. spuces.

Be: R— R
Bt (x) = Normal (u=x; 0=5).
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AR0WNAN MoTion

Brownion. malion. fores o. gaded coolgebra. for e sbGiry monad on. Sardard Borel spuces.

B R—> GR"
B (%)= Normal (u=x; =5).

0]
L;st
DL

ﬁx_.




AR0WNAN MoTion

Brownion. malion. fores 0. graded coolgebra. for e sbGiry monad on. Sardad Borel. spuces.

Ar: K— GR"

e (x) = Normal (=x;; =),
21 oo Stein, Sldlon. &2 Di vore, Komain
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P0ISSON EVENTS

The probablidy df 0. guen, nurber of events with o constont rate. .

1t R— R
Pe (x) = poisson. (A=, x).
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20150 EVENTS

The probabikly df o gien number of events with o. constont rate .
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ConcLusions.

- Developing framework for continvous coalgebrr.

*More complex stochastic. examples @ info numerical  limifakions.

+ Numeriol. methods fedl ad-hoc, bit we should be able 1o work symbolically.
- Tirol coolgebras over @ comonad. are wor Sfixpoists. Same with graded moads



END




0SSBILISTIC EXAMPLE

Toke o positin ond. some “fuel” that can be wed to move of Sixed Speed.

b('t: RXR — ?(RXR) [Spwi testrickion /'fuel
Wi (x,d) = {GagN | e-xiet ad Ix-xl< -]
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