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Part ©: MOTIVATION




ExaMPLE : STREAM CIPHER

alice(m) = =
seed () ~ () . %brgﬁb() ~ Ky,
tondy, () ~ Ko, d: reburn (N @ Kp) 3
rdm(meka);

e m)'°- b pobin)'= bobin):
tandg () ~ Ko, Alice Bob
rehun(meka);

olice (™= olice(m)'s



ExampLE : STREAM CIPHER

alice(m) = =
seed () ~ () K bObra?uzb() ~7 K,
ands () ~ Ko & eburn (n @ Ky) s
rdm(meka);

i ) . pob(n)*= bob(n):
ard, O~ Ka, Alice
rehm(meka)s

olice(mY™* = alice(m)'s



ExampLE : STREAM (IPHER

lice(m = o

seed () ~ () bob(nY =

randy O) ~ Ko, K 5 Yaﬂdb() ~7 Ky,
(et (me K, )3 meK? feturn(n @Ky)

lie(mY - i hob(r)’
tond () ~ K - ob(n)"= hob(n);
et (me kaoS; lice Bob

alice ()t = alice(m)'s



ExampLE : STREAM CIPHER

alice(m) = j

seed ()~ () g

S ch. Yaﬂdb() ~7 Ky,
rehunt (meKo, s % mQK eun(n )

alice(m)*°= il Pop(r)'= bobt
il - 0 ob(n);
(diL((L(’WL@Ka);

olice()t* = alice(m)'s



ExampLE : STREAM (iPHER

olice (m) = bob (1Y =

Seed () ~ () aﬂdb() ~ Ky,

whi=le K5O mex O f8 el
olice ()= @ . bob(n)™= hob(n);

rardg, () ~ Ko, Alice

refurn (meK, )s ok = (meK)eK -

alice(m = QU&(ﬂLV;



ExampLE : STREAM (IPHER

olice(m) = o

seed () ~ () JGE K, bob(n) =

tandy, () ~ Ko K.&' meK K \(255 = pondp) ~ Ky,
(et (meKq )s % m\? & rehm(nek,,)

olice (m)*°= Fea . bob(
rehm(mekqa). lice ? Bob

alie ()™= alice(m)*



Part 4 : EFFECTFUL Copy-DiscarD
(ATEGORIES




EFFECTFUL Copy-Discarn

v v

caxteswon gm. . -
Cateqoy wo‘éfl P{gtm%ﬂ(ﬁgdﬂi

“Volues™ “pure. effects” “global
* [ocal. ef[eC&S 7 eﬁ/ec

- Kleisli cakegories of stong (podmonads:  (V, Z(RWT)), AUT)).




EFFECTFUL Copy-DiscArD
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U Jeffrey (1998). Premonoidal Cobegories and. o. Graphicol View of Progrars .



EFFECTFUL Copy-DiscarD: Do-NoTATiON

T ey (44, .. 80) : X4, ., X

Y1,--Ym,T & piog: T,...7m

M T 9,..10) > Y4,..Y
I'Fx:X e '1gp(og= Z,,,,,,'Zm‘l "

Trbq:Xa ... TrbarXa
INS f(t‘l,..., tn)’\/

34;---:3:11 ,r | o p@ Z.,...,Zm

T I h,(tum,‘tﬂ\ ~¥ 34 r":ym
19(09 t Dory s o

For each tuple of values, TwtoX... TrtwXe .
lowvere theory syntax. Do-rotakion. genesalors.



EFFECTRUL Copy-DiscArD: Do-NoTATioN

THEOREM.

Do-notakion.  derwokions form the free strick

effectiul copy-discard, over o signature.
Do

\/Qﬂd,aj 0’\;’ (2\‘1)

EedSig L > Edat

Forgek

L XAMPLE . Signature L XAMPLE . Progrom.
, 0 n lice(m) =
Z ] {%2‘1-(:2“’ 20—~ 2" seeHL()'v'()

() ~> () a0~ Ko € Do @)(2%2)
ond),() ~ K,

~

rardp: O~ (2) J (eburtt (. @ K, @Ka) 5



EFFECTFUL Copy-DiscARD : SEMANTICS

We get semontics on any effectful copy-discard cokegory.
CXAMPLE., -1 : Do@) —= (Sﬁt,Stoch,StStOd‘Lzﬂxzﬂ)

[ seed 1 = {3:4{2} 3 Lrandyd = {g—'a@s a 3

Lol = {}"}: L rond, 1 = {24-@-{%} 3



EFFECTFUL Copy-DiscARD : SEMANTICS

ExaMpLE - Ore skep of the B

stream, apher (s corvect, A pg —
assundnﬁeasonﬁb 0x(0MS B— g
for our™ PRNG. "
seed () ~ () -
i s
1 ~7
returkt((meki)fm,mekb); T \:}—
\<i
{1 Broadbent & Karvoren. (2073). i~ =

(ategorical. Composable. Gryptography. 5~ -



Part 2 : Sireams




EFFECTFUL STREAMS

leb (V,P,€) be an effectul copy-discard. cafegory 5 we wrike
A.B..., for streams of objecks, with head A'eCo and ol AeCa).
We define (M-AY= MelX and (M-AY'= X,

DEFINITION. An effecul steam f:A—B s
* 0 memoryf, MeCoy s
s an effectful morphism {% N~> Me3’ ;
o on effectful stream T M-N — 3,



EFFECTFUL STREAMS

Effectful sbreams form on effeckful cakegory. Composition interleoves.

alice(m) = bob(n.} = comp’(m) =
Seed () ~ () tond,() ~ Ky, gﬂegi() ~7 ()
nde V)~ Ka o rehun(neky):s = rondy, () ~ Ko,
e (meka)s 9 . ondy,() ~ K,
alice(m)o= bob(n)"= hob(n.); febur (Mm@ Kp)eka) s
tandy () ~ K (o) _
rehm(mekaa)s wm%),; Ke,
alice (Y = alice(m)™s andy,() ~ Ky
eburtt (m @ K}, oK) 5
comp ()" = comp (m)'s




EFFECTFUL STREAMS : DINATURALTY
=TT

o G _...— ——
[ ] ]
. Gu— '-: — |

DEFINITION. An effectl steam §:A—B s
* O memory, Me—(‘;obj 5
*on effectful morphism {° N~> Mo’ ;
o on eflectful stream T M-N — 3,



EFFECTFUL STREAMS: DINATURALTY

— ° E +0 _0_&’} _*:}—-
=1 . i Bl -
DEFINITION.  Dinabwal equivalence is the murumal
equivolence relolion.  €guaking
s §x).= rhs®{x) =
&((’;r)d‘_:% Y (x)'W m, %
reburn (N, Y) = rhsf t“m’ Y
lhs™ (. y) O(( Yo 1



EFFECTRUL STREAMS : DINATURALTY

fo o 7(»,0 o ;TJ}-—

I
S

aE———
o .
[r—, r—

------------

DEFINITION.  Diroburol eguivalence is the murumal
equivolence relolion  €guaking

lhs’{x) = rks(, x) =
LSy e .
‘ _(>n. ) po e (L y

u’LS%ﬂ,\ﬁ’ rhs'( mléﬂ Y=

71Cn.y) ASET)




EFFECTRUL STREAMS
e s Qentd b drgbukly o e fool fopuik
Stream (A\;B) = / Meh%ma(/f\°sM®B°)x Stream (M- K181
In other words, the finol conlgebra. of the functor
QD) - [ hame(As MoB)x QM- KB,
of type &: LEIP(E),5er) —> LEPx(E™), Se).

O c. Di lovore, de Felice, Roman (2022). O c. Profunctor Optics.



Pant 3: FROM CAUSAL FUNCTIONS
To EFFECTFUL STREAMS




CARTESIAN STREAMS (Sprunger, Kaksumalta)

THEOREM. I 0. carbesian monoidal cabegory,
streams §: A= are causal extensional sequences,

fn* XV‘ e X Xn — Yn.

O Sprunger, Kaksumaka. (2019). Duﬂerenhnbe}ie _‘C_OJASGL Compulnbions
O Uustalu, Vene (2008). Comonadic ehﬂﬁons oﬁompul’abm



PROBABILISTIC STREAMS

eorem, I 0 MarKov category with condibionals ond. anges.
sheans §:A—=B e Shocknihic’ pocesses, e

]
X~ ek Xo~_ Y2
'fﬂﬁ : = _/‘ n
-\. yn Xﬂ -\' yﬂ
X — | Xn+1 -

O Corelte, de Visme, Redsix (2024). Graphical. Language with Delayed. Trace .
{1 Di Lavote, de Felice, Roman, (2022). Moroidal Streams for Duloflow Rogramming.



PARTIAL ano RELATIONAL STREAMS

TEOREM. Tn 0. copy-disaed. cabegory wikh quosi-total condikionals
ond. ranges, streams f : A-~B are cousol processes,




SrateruL StreaMs

Cousal process composibion. worKs for monoidals but not for
premonoidals: ik needs inkerleaving.

J
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%

7’2 /3

s

CoNCLUSION.  Effeckful streams coincide wikft causal processes i all
cases ond they moreover add the stakeful premonowal cose.



Part 4: TRACES




ErrecTruL MeaLY MACHINES  (Transpucers

DEFINITION. A effectful Mealy mochine in on effeckful copy-discarel cabegorsy
V,R,0), with inpuk on. AcCoy; and. with oulputs on BeCayy, consists of

'Q,Sta[:eSPaCe, U€ (‘:otf)3
* 0 vukol space, i:TA>Us
* (, tanskion morphism, {: UeA ~> Ue[3.

O Hoshino, Muroya., Hasuo (2014). Memoryful Geometry of Inberaction.
O Kalis, Sobadini., Wolters 11%).  Bicakegories of Processes.



[AISIMULATION

A homomorphism of effectul Mealy machines , o:(U,4,) =>(N,1.9), 4is a
value morphism. x:U—V such thak is0=4 ad {3(xeid)=(xed)sq,

fb( _ 0(9-—'.

—

Bistmulation 4s connectedness by homomorphisms.

O Hoshino, Muroya., Hasuo (2014). Memorisful Geomety of Tnterackion.
O Kalis, Sabadini, Wolters 114).  Bicakegories of Processes.



TRFICES

QE‘(;}?\M% fund:or t\rcrmsformsrl Mealy machines inko the effeckful
Object A | Constant seq. AA, A
2 f f I Meoly machine | Stream
—~ ~ —7 - Meoly homomorphism | Equolity

COROLLARY. Bisimulation implies trace equivalence.



END








