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SPANS oF GRAPHS



SPﬂN (Gaapn), HLGEBRA OF OPEN TRAusmou S‘ISTEMS

Man ems do wt Communicate by T/O message wa ,
l’utlo'?j zats\‘-dwon'ﬂol:im oW & Cowwon houndary. P

. Two wove lzae(:\w :
/ \

How {'.C model this S;WQW spans of graphs.
— qo\/:z S
L\/J

e

Q
°
O

cGeO>
GO




SPI-\N (GRGPH), nLGEBRﬂ OF OPEN TRRNSW\ON S‘ISTEMS

DEFINITION. A Span of {unctions froma set A boo st B isa poi of fonctions
with o cowmon domain and codomain on A wd B.

S ~~— Someu\\'us hagpens in the
AJ/X\S.B/MSel:srﬁMouﬁ“

boundavies.

Spms con be Composal ‘)3 ?u“.bo.ck : sjhc"\mhizd:(on Qlouj o Lo\mc‘ag.
1_¥X o WY Lk _
(a5 g)s(g 7" ~2¢) =

( A ‘-f/ XY ~ C ) where XxgY = {(X,g)\xex,se\l, s(x\=h(g\}‘



SPAN (Gaaeu), ﬂLGEBRA OF OPEN TRANS\T\ON S‘ISTEMS

Each geor cn be wodelled as a [inite stake machive sro.?h-.
Stakes™ ave vertices, and transibions are CAS&.

= ()
&cg L\\‘s//J

Fred. Two qears with O stakes and 4 stokes, resFec,l:ivelJ.
The wext step is to give inbevfaces bo  the different components.



SPHN (GRAP\\) , HLGEBRA OF OPEN TRRNS\T\ON S‘ISTEMS

Each gear can be wodelled as a frite state machive groph
stakes™ are vertices, and transibions ase edqes. Each g;arh has
o lefE and a right interfoce labelling the fransitioXs.

Mafs transil ions fo labels and
C‘//JQ /avshlzes to the S“%: shate.

A A : clock-wi mon{ke\et

8 -— \\ 0 — (05 N c:unoicerzl’oza-wise on the V{jl{‘l:.
S N+ B: comlerclock-wise on the left,

: Q“—/.j : clockwise turn on the rigt.

fred. Gear with left and right inberfaces.



SPAN (GRAPH), HLGEBRA OF OPEN TRANSW\ON S‘ISTEMS

Gynchronous composibion along o boundary is achieved by only allowi
l:?ansil:ions whose image Cogdde on the inkerfoce. 3o h

CIo—

Sgr\c\\ronous com posih'or\ of the two gears in SPAN (GRAPH).
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SPAN (Gaam), HLGEBRA OF OPEN TRAnsmou S‘ISTEMS

Giandla., Kmqim. Masicard: , Sobadisc, Tini. COmros'\l'.iO\‘d modeling of biologicol
systems in Cospan Span. (Gfag\\\. froes. of Tcres 2020.
Kokis, Sobadini, Wolters. A formoliabion of the TWIM model..
Tnternakional Conferev\ce on Coordinakion LMSMSQS and Mer\s S?vinsev, 2.000.
Fong. Decoraked Cospons.
Theory and AgP\imlious of Cakegories, 2.015.

Boez, Coucser. Struckured Cospans.
Theory and APP\&nlinns of Cakogories, 2020.

Giandla., \ .gaLnJmCOs [S ( h): an Alaebro. of Open, iaurable
E\u\:mi\:ﬁekw\(& Tt gn{e&“ec:\? mﬂelmlsi\’nd J&o‘g‘fb& RiﬁmC{\{l‘s. S,
ALco 43.




SPHN (GRGP\-\), HLGEBRA OF OPEN TRRNS\T\ON S‘ISTEMS

SP(-\N (GMP\'\) s a doul n.\jo_bm o? Erasi bion SSSl't-mS':

4. Describes compositional , stateful tramsition systems.

2. Sgnc\wov\.i.zo.lﬁov\ s P\am Com‘:osii:-'.on .

3. Tronsition systems ave encoded. os grophs.

4. Bowndaries May be simjlz verfex 3"°‘P"‘3 withoub losi-s
Quy expressiviby: SpAN (Gmn\)*-

Problem: how o jostify SPAN (Braph] 7 how is it camonical?

“ It s koo easy ko cook se.l: another Vvariant process o.\ge,\»'af
= S. Abramsky



SPAN (Gmn), ﬂl.cesan OF OPEN TRANS\T\ON S‘ISTEMS

PLAN FOR THIS TALK:

1. Show thak Jean (GN\PHY arises {rom adding stake to the
cal:eﬂovj o:? S‘ao.ns.
2. Show that adding Stabe is the sume as freely adding [eedback.

d. T\WS, Sean (GRAP\-\Y 3 canon'\cn.\\_g the ‘Yne cabegory with feedback

over Spans,

”Sfateful Sgnc\\ron'mﬁm s Spans °X 3rof\ns ."

Y. Conclusions and variants of Jeedbade.



ParT 2:

STATEFUL  MORPHISMS



Tue St(*) ConstrucTION

DEFINITION.  leb (€,0.T) form a_symmebric movoidl cokegory . The
Cn.kesovB St(€)  has paies (5,9) “as morphisms, where S ¢ ob) €
i; (:heﬂ “stoke Spoce‘\ amd Y:S0A—-Sed is a."sta(:eful Morfkism“
com A b0 B,

Two sku‘:e.?w\, mor?\mls‘ms A= e
P:SeR—SeB ad V:TeR-TeB  Fsi Sttef

ane equal ¥ Eheve exists an isomorphism of stake ¢ $: ST
such eﬂw: (gl"o id,,{e;"P" (¥oid,) = ‘P.rr 09 pee

Ty 3I—T 1,7
A lP B~ A—-w 8

FIe 2. Eguivalence felakion on stakefl\ movphisms .




Tue St(®) ConstrucTION

PROPOSYTION  (Hakis, Sobadini, Whiters, 1997), Stalefl mophisws over €, form o
sﬁmmebric mowoidol. cahesov;-, ST(C), with Ewe same ob')e:.ks os €.

S— ~ s
S —S , T— =T - T—L r_L F_T
ﬂ—-lP—B ’ B—v c ~ a tP Y c
Fred. Sethal. Composibion OP stabeful movr\m‘sms .
S tP T
S = “—S SI_J ‘T_S' - SI — T
a_lf_3®al_t? 8 Alﬁ ._ICB
A ? B

fFre2. Parallel Composibhu DP skabeful mor?\a{sms )



Tue St(*) ConstrucTION

Stakeful morf\\isms ovee well-known monoidal cakegories form some
well-known  cabegories of bransition systems.

o Let €=%e1” Stateful functions SxA—SxB ave Men.\_\s bransition
systems, St (Ser™) & Meaw.

o Let C=5er” Stateful functions StA—=S+B ave El.sol: bransition
systems, St(Ser*) & Evcor.

¢ Lel: C- |REL. Sto.beful. feluki.ons S*A *885 ave Non-del:erminiskc
bronsibion systems, St(REL)& Nots .

o Let €= 510cH. Stakeful shochustic foncktions S*A -~ D(S«B) are
probabilistic. btronsibion systems, St(§ToH)& PTs.




Tue St(*) ConstrucTION

Consider the womoidal Co.l',eﬂof of spans of [functions with dhe corlesion
Froduct; SP‘-\N (SET)" A moe‘:k'\smr A»B -“is o. span

Ae—E——D.

What is o stokeful span SxA—=+SxB 7 It ¢ seks,
but ﬂ;s(;“ olso be SEGK as o SPM ogsro‘a\'\S: : 15"“\4

’S X "\ = E . % B , oY also
A—E—=—DB TueoreM (DGRSS, 2020). Theve
z( )z s ( ) IENTRL exists a \mnoiAal iso\mrr\.ism )
L—S—1 Sv(Sean (Sex)) = Sean (Green).

! Stabeful sanc\\?onimkm is srons/ J 3mr\ns/.“




Tue St(*) ConstrucTION

Feedback and stabe are closely interrelated concepts. A remarkoble
fack from eleckronic cirenit design is how data-storing compovents con
be constructed from stateless compovients and feedbock.

Bet rred. The Seb/Resek NoR lakch.

ACl:ivaEinj (mb Of U\e (nfuks seks H«e
ou\:‘aut ?ermanen\:\:l.

Reset

We will describe o consbruckion brak adds “stake’ Eo o wowmoidal
cokeaovg . The same consbruction will add “feedback”.



ParT 3

FEeDBACK



S

CatecoriEs wiTh Feepeack Il

Fzo 4. Notakion.

DEFINITION (Kakis, Sobadini, Whlkers, 1997) . A cakegovy with feedkack is o symmetric
monoidal cajreaog endowed with an opevakor

fbk ¢ : hom (SQH.SQB) — hom (H.B), such that

Axioms .

L. we k(o = fok, (ueid)-f-(oi)),
. Ik () =1,

fbk bk, (00 = fbk, (1),

. Jk({)eg= bk (feg),

o Jok (fo(hed )= Tk ((heid)of),

when W s an isomov?\\ism.

oo WP



S

CaTecoriEs wiTh FeepBack =il

Fz6 4. Nobokion.

perINITION (fobis, Sobodiei, Walkers, 1947). A cabegony wikh feedback is o symmekric
monoidal Cﬂjf%ﬂ(j endowed with on oFesroJ;ov‘

[bke: hom(SeA,SeB) — hom (A,B), such that

Axioms . .
s S
1 3. 5 -
3 - ¥
->—u { V - 5 { > { —tpe
Q. :......(......:I l". m

19




(aTecoRIES WITH Feepeack il

DEFINITION (Hakis, Subodi, Walkers, 1997). A cabeqony with feedback is o symmebvic
movnoidal canean endowed wikh an opevator

{bksz hom (SOH.SGB) — hom (Q.B), such that

Axioms . .

e @
2 u,

) . il




CHTEGORIES wiTh Feepeack

THEOREM (Kokc.s Sabodini, Walters, 2002.) . na ml:eaarj with
feedback have a normal fomt with o Sms\e. feed\:a:k loop

hi IEA A Hh—

—'_{—\_9J j " _\_S_f

COROLLARV (DGRSS 2020). The cakegory ST(C) of stabeful
hisms is the ree Ca.l:%og with feedvack over €. Theve

exas - M{mcm“ (' ST(SPQN (Sex)’ ) SFaN (GN\P“)
Sym Mou Feeogock bk sy s so  d qopie.




PF\R‘\' 4.

GenerpuizNg St (o)



CONCLUSION

« MaIN ReSULT: o monsidal isomerphism ST(SP‘-\N (SET)") £ JeAN (GN\P\-\Y
* CONSEQUENCE : a universal rfo?edj _pw‘ SPﬂN (Gmp\.\)f

. Mo:fﬁ@g:f:&l.?w the St() construckion from the liferake is te fe akegory

* Catecories with Feepsack e o weaKering of traces that skill have a
normal form theorem.

* The ST( °) consbruckion can be generalized bo obher varionks of Jfeedbock .

FuTuRE WoRK.
* Varianks of feedback, how to cateqorically describe Ehem.
° A‘:fl:ca\'x’ot«s to stream-based vasfammina,



Generauzine THE ST(®) ConsTRuCTION

%hn.('k& r\,ihke? tost setwral -‘\ovm of state ? What is He most general -rom

S muja over avlai-lmg
S (P — S f monoidal cakeaon'es.
TR s e ®
wi " i tvav noidal
FIG‘.. .quhg " an ov avy o N
lnofr\nism. (:"1- Qd:uoh.
¢

We vecover mulbiple vavionts of [eedback .

2. Initialized {eedback. Fre 1. Fborcei, using
3. Delayed {eedback. witialed foedback.
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Catecories with Feepeack

What ave the differences with Eraced monoidol co.heswhu"
1. On\_\, \somorphsms can be stided .

x{-.-) C..{:x

e - e ———

2. The 3omkw5 equn.l‘.w\ does wot hold..

.
A

More technicall
’ * feedbock \sawe,aku than Erace, t:lm
* foedboek coincides with Swde,d. in compack closed cd:eaovie.S.



CaTecorIES WITH FeepBack

Uhok ore the differences with kraced monoidal cohesmo.s"
1. On\_\, \somorpk\sms can be slided .

L2 r‘) C’s”

—

2. The yanking equakion does wet hold.. Theve is . delay.

A B

Move technicall
’ * [eedboex \sswwm than Erace, t:lm
* feedbaek coincides with Swde,d, in compack closed cal:ejorie.s.









