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MoTvaTION

MonoidolL lerses (optics) model single, bidiveckional, intetactions.

0 W Jorward
- Bhiesan uplate. —
How to model. repeated. interackions with optic-ike construcions? e would, want
Dahx&low Programming, —
games, —_—
« SEbdhashic” processes. =

2| Much Hfecobuee on bhese idens presetedof Triercakss.



MoTvatioN: Datartow Prosramming
mm&ngu#m m for repeaked processes: every

isa - L
ﬂf Nowed \>3 de\nae&sbrem a2

fb = 0 rey(Jib+1 rey wA\T §ib) FBY A
ok = O ey (4+ nak) o\.;.
=

FBY

* Elegant tecursie’ dalaflow syntn.
» Signal. Jlow, ‘trace-like’ diagrams, see FreuRe.
» Semanbics: causal streams fot the Mh’mn wse. FI6. Signo.l flow gmfh.

E.q. Lustre, Lucio.




CausAL Srream FuncTions

DEFINITION. A cousal shream Junckon I: X —Y
is 0. Jamily of funckions fn: Yox---xXn —» Yo,

fo: K=Y, These form o, monoidal y, the cokleisli

i+ XoxX, =Y, cakegory of the. ron-emply krmmdal. comoniad.,

foXekodash i [N se] o [NSer], it ()= [1X:.
Ue. have

* o delay Junctor toking X=(Xe.X, ., waaxux,x»
* 0. brace-like operator baking 9 4SeX—SeY ke X—¥;
* Coolgebraic veasoning and. ‘oinductive arguments.

22| T Uustalw, V. Vi Comonadic Nations of (o
0. Sprunger, S Koksumatn. b mabn. . Differentioble (aumllo mwﬁbb&ged Trace



MoTvatioN: Darariow Procramming

What about bhe non-cartesion case? 0

walk = O rey  Unirorm {44} + walk FBY
S Gt e e i“
These will be wonoidol skreams.

(on we extend the comonad. bo monsidal cobegories? No. We need. o. different solubion.

TieoReM (DLAFR).  The non-emply List fundor Lit'(X). = _@Xa is
0. torwidel, comorad if ond anly if @ “is o cortesion produck.



MoTIVATION

In the process inferpretabion a/ rnonmdal. (al:egonzs morphisms A- B

Qre processes with an m|m.l'.

However most grocesses (Servers drivers, agents,. ) are confinuously baxing

L%

1, ......
| dosed diogram vs [ o,oerf',jrereaked,mdiagmn.
A 74

22| Romdn. Open Dingams Vta.CoerdCaLaAhAs Act20.
22| Roman.” Comb Dwugrams for Disaete-Time Feedback . Preprint.




MoTIvATION

Manoidal lenses (optics) model. single, bidiveckional., intetackions.
 Database. update,

.0 ,
- Bhyedan updale.
How to model. repeated. interactions with optic-ike comstrucions? e would, wank
* Dakoflow programming, L%
¢ : mes, PR
L4
7
* £




MoTIVATION
Edoqmgﬁn mm% mz?dol alepry (€.0.1), we will buld

Q. sym skream processes  Stream(€) such thak
« Stream(€) has an id-on objs funchor from [N,€15
« Steam(C) has o delay monoidal funckor, 9 3

* Steam(€) has deloyed feedbock iking  9S©X—>SOY inbe X—>Y
¢ Stream(€)  has :hymdgebmm descripbion 5 o X

o Skeeam(€) is castesion when € is;

o Stream (SET) is the classical causal Sbreams 3
» Stream(Svoc) is causal diserete shochasbic. processes.

* Stream(C) is symm. premoridal, effectful, or Freyd when € is.




MoNotpaL Streams ror Demariow Rocrammine
ArXiv: 1202.02061, to be preseited of LiCS'22.

Elera. Di Lavore Giovani de Felice  Moxio Roman

Toll | e xjord. + |
e::lh “y&;;rs Ua ﬁl‘}: 'z'{mo frd+  Toll e::lh “9&;35@



SyNopsis

Three definibions i ies, ond e jons.
o . g ] b e 2 e el i
1. Inbensional streams, o first naive version. Flul l:o‘formo.mhaog.
2. Extersional streams, o free cabegory with feedback.
3. Observabiorol. streans , defitive-sclubion b a. fxpoint. eguabion.

Two Known partiodar cases, and. on avenue for more.
4. (Cartesian monoidal streams (Set,x) are causal fonckions

(os in Uustalu-Vere, SPﬂA

-Jacobs).
2. Stochaskic streams (KE (os,x\““'ﬁ;e controlled stochastic processes
(classicol in the literabure).

3. Kueishi streams of strong monads. Freyd cabenpries in genteral..
Extro.: implementing sigral. flow graphs and dakoflow programs.




Part ©: CoALGERRA




COQLGEBRA

We are going bo be solving Junctor fixpoinks, FX = X. _Final
coallgz‘l:sms give caronioal solubions to these eguakions. Tritial
algbros work boo, bub they will be less intevesting.

o, A coolgebr. worphism S+ (X, X+Fx) — (Y, B:Y=~FY)
'-’.fi"‘ ngrpkism {:X=Y mk:gptl‘;. Jollowing diagram commufe.

X L.y
Oll 4 13

FX ;TFY

heoreM (lambek), I} the. final conlgebra. easts, it is @ final ficpoint.



COHLGEBRA

How to construct finol coalgebras?

THEOREM (Adamek). the Jollowing Limit exists ond i ed
b F, & s the el coa&gfbrf. g I BER 0E 8 e

lim oy FTA) = limpen (1 = FAEFF EFFH ),

That is, bo compule. 0, fbcpobd:, repentedly afrl_‘, Fand it will converge.

Hopefly



Part 4 : INTENSIONAL STREAMS




CtreaMs aND Stream FuncTions

“A st =(A. A A....) is an element of Ao '.
o e e ey et of B bgther

S(AY2 A =S(N)

Here, A [N .Ser). Stveams should be defined by o funckor S : [N.Ser] — Ser.
We are defining the final toolgebra of &:[[N,Ser], Sexd — [N, Sexl, Serd, given by

¢(5) (A) = Ao % S(A*)

By Adureks Theorem, He condidabe solubion is
lin\“m(ﬂ — ) — -~ ¢“1|¢_...) (M) =

limm.(l' ~A G-—Ao"Aq"—Ao"A{‘Az‘_'") = li‘)n“ 7
ond it is 0. soutin, Aox[1An = [ Ar.




GtreaMs anD Stream FuncTions

' = bY=(Y,Y,%,.)is o funcl:{.ou
:ﬂ 5sm?o“{‘:r&ckg&“§m&n X-of )Eﬂe)r(rlo}_{ "éi?onnel M wilh o stream Junction

from X=X Ko Xs,.) bo YECY. Vo Ys0.),
TO= L bom(o M)« T (M XeXa, sV X Vs,

MeSer

bor
°’ ~Ser. We are defining the fiul. oalgebo. of an endofunc
2?&."?55&%?&12&{?23 - ?&.Seﬂt [N.SET],SEA given by

¢(T)(X .‘/) = 2 hom(Xo.M*\/o\ x T (M")\..X;,Xs,...;Y..Yz ,Ys,...) .

MeSer




MONOIDAL STREAMS

(Ko XK, Y BY=0LY, Yo ,) is o morphism
:ﬁﬁm\gm%‘ﬁm@o&nxoﬁké ' %hmnel M with o monsidal steeam

from X+=(X‘.X1.Xs,...\ b "'(y‘.yz.ys...).
TON= L hom(RoMeN) = T (MK Ko Xs. sV Xe Ys.).

MeSeT

bor
x -~Ser. Ve ining the firal coalgebro. of an endofunc
guftn}—sg%;?:gﬂss:g‘» ?&.Szﬂﬁmﬁﬂ.&r{ given by

OMYXY) = 1 hom(RoMOY)x T (MM KXo, sY. N V).

MeSer




MONOIDAL STREAMS

MY = 1 hom(KoMeV)x T (MW Yo Yo sV Xe Y5 ).

MeSer

Bg AdameK's Theorem, the candidate solubion is

limge (4 84 ¢ = YKY) =
nemu < Z- hom (X, M8Y.) «— 2 hom(x,MoeY)th(M,px‘ MaY) .- )=

littnens 2. rlhom(M X M ®Y) Z rl horm (M,.X... Mu&Ys).

Mo,...Ma N M.‘ =T M:[n.6] ne

And ik is indeed a. solukion, Froducl's distibute over coproducks.
E hom Xo Meyo) Z rl hom(Mn 0X MnQYn\"

MeSer M:[v.6] neMN

L 11 hom(M.oX.. MY

M:0v.6] neN




MONOIDAL STrEAMS

DEFINTION (DLAFR ). An (intension) momsidel stream X =Y is o fomily of objects
Mo,M..M,,... and. o, {amdg 0{ MphEmS In: MdXn— MuQYn.

TOY) = 2 1 hom(Me&Xe Me8Yo).

M:0n.6] neN

THEOREM (DLJFR ). The sek of monoidol steeams, depending on inputs and oubputs,
is the termiol fupoint of e i

T (X »‘” = 2 hom(Xu,MG\m x T (MGX..Xt,Xs,...;Y‘,Yg ,Ys,...) .

MeSeT



MONOIDAL STREAMS

How bo interpret . monoidal. sbrean? Tn diagrams,

(fn: Mn®Xn = Mu®Yn)  is { y .

and, lields the following "open daogro.m‘




ExrensionsL STREAMS

Monoidal streams axe boo explicik. Hoxing memories Me=An®(B,8C,)
is diffecent from hoving memories’ M=(An®Bo)®C.. This makes them fail
to Jorm a Co.l:esovy )

Inteasionally different streams ase extensionally eguivalent.
1

]

b %1 DEANITION. fn (extensional) monadal. stream is an
) | - equisalence class of intersional streams undec the
- 3| minimal equivalence velabion conbaining ().

Z ﬂ hom (MR-IQ

?1 Ejl; Eq DM, e/
1

fn-sr-.u,cl DN hom (M“,.QX“. M“@\/“)
|:. |:. ILkeMs,LukaxmaBnOh,SOtekme‘,mh{gM




Part 2 : EXTENSIONAL StReams




Feeosack

Feedback monoidal. categories (Kakis-Sabodivi- Walters) axiomakize sig
ded. feedback operabor fbk: hom(DS®A,SeB) -

usin3 0. guar

AxioMs.

w

3

|

v

)

i

ne

lo hs
hom a.’;)fd I

F
e




Feeoack

Th [N.C1 already has o “delay’ fonctor 9:[N.€1-INC]),
d@?mmoqa(m.a.,ﬂz.%(ﬁ%u%@ e

Tf o v bo consruc brams,  the foedback
0 a1 oty of s, g iy v A

DLAFR). Extensional. stx th hi the
e i cob ot mer 3 TP f

. SO, You hove olready simulaked. extensional streams.



Feeoeack




ExrensionaL STREAMS

0 n
FBY
1 wait
p
FBY
i

!
TS

FBY




OeservarioNaL Equivaence

So, we wark, ok least, extensional equivdlence. (an we refine it7
Savirg to ithouk oukoulking is, observalionally,
e e oty & oy, ]

siding will help us equabing these bwo.

LB‘I + l *




ParT 3 : OBSERVATIONAL STREAMS




OeservarioNaL Equivatence

So, we wark, of leask, extensional equivolence. Con we refine it7?

DEFINITION.  The ~ tth- bruncabion of an extensionol stream <fn) is
the fist n components, up to any continuation.

I

e

:.‘..-

In_

Two st bsenabiondll i theic nth
it 5 g ol otk

2 S....:

510

This is ot only o. reasonable-sounding cule,. This

makes observabional Steeams 0. canonical fixpoint.



OrsERvATIONAL STREAMS

Intensiool stveums were te cononical fixpoint of the equakbion
T (X.‘/) = Z hOM(Xo.MQYO) x T (MGX..Xt,Xs,...;Y.,Yg ,Ys,...) .

Me€

THEOREM (DLAFR). Observokional skreams, in ‘E:mu, well-behaved
cokegories (produckive) are bhe mnmwil fixpoint of the equakion

QUNE [ Ham(hMoW) = QMR X Ko, Y1 Vs,

W in all ies? You cold cralt where there i
w:lj;j é':kgom{m%ﬁ wit?:abco Knmf:fg H:e?ﬁ ! ) e

1.0. theve are infiribely descnding chains for . Lochrer-tke order



OrservaTIONAL STREAMS

Why not in all s? You cowld cralt heve Lhere i
T B e, s ok . oy e B v

f Mi\im(Xo.Ma‘l.)x Uﬂ'l‘euf e !!j‘ hOM(Mc«@Xa.Ma@Yi\
Z Vv {ine

M:€ M,,... My n
T ™™ hom(oMeW)» [ hom(M..6X. Mo
% X only discrete coproducts commube with comecked limiks

™ ™" hom(Xo M) 1 hom(McX.. Mco¥:)
L. there are infiitely descending chains for 0. Lochrer ke order
Nobhing bo worry in semi castesian, compack csed and fredly geneschd. mordidals.




Part 4 : EXAMPLES




CausAL Srream FuncTions

Theorem (DLAFR). Monoidol streams in o cortesion cabeqory ove

cousal. stveom Junctions.

QN S hom(h %)« QUMK KoY 1 Ys.)
T o M hom(Xo ) x QUM K Ko .Y Y, Y. )
2 hom(Ko o) x Q (XN Xe s sV K Ys,.)
By fdamek's Theorem, we an compute the finol conlgebra bo be
QN E [ hom (Xex-=Ka, Vo).

{4



Srocuastic Processes

DEFINITION. A controlled. stochastic process {:X =Y is a. fomily of
stochastic funcbions  fin: Xox--xXu—> D(Yox--x¥u) sokis{ying the’ following

property,

Koo Xu =2 D(Yox-x¥)  Cousoliby: Hhe fubure Xno should

"l lD“ b influen l'-"le k\lo,...,Yn.
Xox Xy == D(Yorx--xYa). ot influence the pas

THEOREM (DLAFR).  Monoidal streams over KL(D) coincde with anteolled

skochastic processes.

PROOF. Non Lriviol. Somehow, the awisnliby condibion means thak the family can

be wrillen ariguely 05 o monoidel skream.



FBY

LD

FBY

x4 FBY




Part 5 : CoinpucTion




Comnouctive MonoibaL Streams

Reasoning with mongidal, sbrears is easy: they are @ final coolgebru..
QO [ ham(ko HeX)s QNR KoY. % Yi.).

DEFINITION %{R\Q A monoidl chream  FeSbream (Yo X,...;YoYe) s
° memm.‘“ ¢

e o now(): Xo— M{f)eY,,

» ond o latec(f) e Shm(MOX..Xz...:ﬂ.Yz.m‘.

Quotiented by {= g, meaning

» the existence of  r:M({) = M(9),

¢ such thak now(f); (reid) = now(s),

o ond Such bhat later(f) = v. laker(q),

Most of the kime, we veason with streams of the form

A ,X|,...\) — Yo.y ), y l:f lu\ ov ‘}
Thig sal:rxe:ghtms the(coin]iubbn hyﬁom.wbk«% ek A-1.




Conouctive Monoipar Streams

SE§UENT\2|B. ComMposSITION with mengry of § & Stream (A-X,Y) and
ﬂ:{ nadbeg“ Y,2) is written os (4729*)e Stream ((eB- X ,2), and

M) = Mo MG).
* (aker e°=lnha-{"mglal’e(ﬂ)m,)l: induction;
. mw(g,:s%\ 0 r g e

g.\ A)Bx.

’

ov §

( Yo

nov g

M Mia) 2o




Comnpuctive MonoipaL Streams

SequenTiAL CoMposirion s well-defined., Biven gemmhs 'ETE R
and. gx b-g', we can show that GP-98)'% (aeb)-(f%-g"*).

A B X% A&Xo A B X RBXo

J J J 2*| By coinduckion,
( ( ( 21 ( 5 @ ng)
now § ow § row f'] pou §' latec({) - (nkef@

2

z Y. = ﬁ y, = Ne g = - (r@s)- (laker ({)o lnhu@"“).
| o< 3 s 3 w3 using hhzr({) 2. 'Al'zr(f'
cqs¢ g later(q) % 5- laker (9").

M) M@ 2o MW M) 2o M) MY 2o M) M) 26

In Fnrl:imhx, when a=idg, b=ids, we haw
fxYr(qxg) = 3" ={"<g"



Part 6 : EXTRA




PreMonoipAL CATEGORIES
Asyn. peoidel. aligy (€,8.2) 50 sym. monoidl. category wikloul the inkerchame. low.

x X They usually hove o. family of “pure morphisms
; l ! l:haef:lJ do sakisfy inkerchange, {ofmivg a monoidal V.
re 7 [ \V — C
y J. ]’ Pure — id-on-objecks Junctor — ErrecrruL

v This is called o Freyd alegory.
MAIN ExaMpLe. The Kleisli cakegory of o stong monad,, Sev — Ku(T).

put “Hello" pub “World"
#
put “World" puk “Hello"




PReMONOIDAL CATESORIES  cark n prges)

g‘in?m}&{n'&etsf{o{ premondidal. streams in o, Freyd cakegory V> € is

QUNZ S hom, (K oW« QNS Koo, 1 Vs

Only pure morphisms should slide. L L
] R G

is construcked by observabional Sbreams.

THEOREM. I Vis cartesian, then this fival calgebra. E[ﬂ




I MPLEMENTATION

Obvious cardiclale: Haskell Arrows give bwo wobakions for Set-bosed. Freyd catagories.

4. Arrow rokokion (», ***) mimics string diagrams, We use it on the
poper for this reason.

* Prorowloop is{orbmadahaoﬁa,inuneo‘y;ihw‘/s{orkedbuk.
2. Do-nobokion (+&4=<-) gives oubomakic coherence. It is the

inkernal Freyd. cokogories buk ik is inexplicably estricked
Il: Sel:ba\mg% OJCM we have acausal nwm“ﬁ%wm

ke oinduckion in Hada.. , coend quoki inful. is
ﬁﬁ%@&dﬂ in flode.  However, coend quobients are oinful. (cherence



E xpreSsVITY

Ort the the paper.  Whak is the wity o
mﬂaig& ov:regl:So:l{ generabors?  The 40 much%n G{BEIh:rS his.

¢ k- Linear funckions: hidden multivosioble linear recurvence equakions.

S Aw - A M
‘ W o°° n Woeoo w .
S“ E*‘ Xu‘ e°° A“u M'n LAY M“K

Oxly

(b‘) ('-P.“ cee tpm Yo ... Y } Sn
)= T : Q.
n lll"’lPO\ Meooo .mg :
Y m Y Y O




E ypressvITY

Orth the the r. What is th Wity o
Je:dbggdo(mignﬁc ov;regl: so:!e genemt? The gt(.)e ?ogel:srsuch%n jns%:rs this.

e Poolean Circuiks: controlled. deterministic aukomata (w/boolean 10).




E xpRESSIVITY
Monoidal steams over botal velakions can be. inkerpreked as Biichi aukomata.,

:A+A—A T:O—»ﬂ :A—A+A A-0  @:A-A
merge unreachable choase oncak 'x token
ExameLe: 0%1(0"4)" .
& FBY
X
Pork's equakions. :\ D @] L&
X = 0X +1Y °6@/ y) 7
Y52 N© e
2> 0Z+4W
W= 4Y




END




Rerarep Work

22| Kakis-Sobadini -Walters. (abegories with feedback, wissing delay.

[£2| Spruer-Katsurnala,, Ghica- Kaye.  Finite: memory or carbesion shreans.
22| Uustalie-Vere. Cortesion streams, dishribubive laws for effecks?

2 2| Hughes-fokerson. frrowloop are. similar, but for braces.

22| (arette- De Visme-Pecdrix. Syntax for similar streams.

22| Many others.  (akegorical datnflow. Funckional veackive prgramming .




MoTIVATION

Lenses can be. used. [:o describe o. single exchange,
Lerses( A B) - (A B:M)hom (A8 = hom(1.8)<hom(A-4,B);
but /lxpoml:mg Hle exchange, We geb causal skream funchions.
St (A:8) = om (A, BM)< St (5B = hom A8 Stesn (R038).
Stean(A:8) & Optic(Set., Stream)( (A, A5 8. B,
Given the mlnﬁv: ﬂ::h uu(l,,{ {ng funckions, the cakegory of stochastic
Sl:ochProc(ﬁ B) & Optic(Stoch, StochProc) (A, A3(8, B




MotvatioN: Datariow Procramming

fb = 0 rey(Jib+1 rev warr fib) 0

Time. fib warr({ib) {eeywar fib

e LOPBO




MotvatioN: Datariow Procrammine

fb = 0 rey(dib+ 4 ey warr ib)

Time. fib warr({ib) 4 ravwar fib
0 * 1

e LR




MotvatioN: Datariow Procramming

fb = 0 rey(dib+ 4 ey warr ib)

Time. | fib warr({ib) 4 revwar fib
0 * 1
1 C] C)

B Y SN o




MoTvatioN: Datariow Procrammine

fb = 0 ey (dib+ 4 rey warr fib)

Time. fib warr(fib) 4 eeywan fib
0 0 % 1
1 1 o )]
1 1 1 1
3
y




MOT IVATION: D(-\THFLOW PROGRAMMING

fb = O rey(Jib+4 rey warr fib)

Time. fb warr({ib) 4 eaywan fib

LOPO
RICTING
RFCTENT S
PR




MOT IVATION: DHTAFLOW PROGRAMMING

{edm delayed .

fb = 0 ey (Jib+ 4 rey warr fib)
Time. fb warr({ib) 4 eaywar fib

0 0 * 1

v/ 1 6] C]

1 4 1 1

) 2 1 1

Y 3 2 2

How o ensure the oubput is well-defined? Delaed bypes. \





