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MoNoIDAL CATEGORIES: PROCESS THEORIES

Monoidal cakegories are an algebra of parallel and sequentinl
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Part ©:  Optics




OPTICS

pernmion. (et €,8,1  symm. monoidal

A on'L from A b B with o hole
from' X to Y is o puir of morphisms

{A—=XeM,  g¢:YeM—B,

written. 03 <f19>, and, quotienked
by dinakucolity on M:

(fsideh [ @ = {S| (ideh)sg).
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permon. (b €01 symm. monoidal
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OPTICS

perwmon. [eb €01 symm moroidal

fin oPh'L from A to B with o lule
from' X to ¥ is & poir of morphisms
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wrilten. 03 <f19>, and quotienked
by dinokiufolity on M.
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OPTICS Form a CATEGORY
Objects are paiss 3. Compasibion (s
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OPTICS Form & MonowaL CATEGORY
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OPTICS Form & DuoipAL CaTEGORY 7

Seguencing s not an opesion.: "

J [X] s not on objeck, even g
e () () is o, ¢

T|1‘iS is not n.lOﬂOidaL, bul: it s : g
still, promouoidal. J [sl 5 [cl 7 "h

[ J [y]" [H]




OPTICS Form & DuoipaL CaTEGORY 7

Sequencing (s not ax gpekion, &
defines o hom-set 1o an object {hak
does not really exist.

)\;J‘ [)\;x] isxmt (;ln o.b)ecl;,.
k. (3J<(%] +(5) s defined.

This is not monoidal, but it is
till, promonoidal.
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Seguencing (s not ax gpewkion., &
defines o hom-set to an object {hak
does not really exist.
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Part 1 : Promonoidals




MONOIDAL CATEGORY

DEFINITION. i moroidal cobegory is o cabeqory € logether with Junckors

sobisfying the pentagon and. triangle equalions.

©): CxC— O, 1:1—-0C, By);(Y;;”m

: neshng e\lYo !

ond. nokutol. isomorphisms ean. Junchor composd:‘o\:e i
%,sc: Ao(Bol)—(AoB)eC, § Xe(vev 5
Aczef - A, i XeM where M=YoZ.
p.:fox — A, ; i
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PROMONOIDAL CATEGORY

DEFINITION. A promoroidal cabegory is o. cabegory € bogelher wikh. profunchors

O(-e=): CxCxC—~SET,  (fzsn): TS, Bynﬁl:mgCiX@(YeZ). -““f
ond. nalul bijections, ; we meon pro{urwbr meOScEm’i

Ko C(X®(Yez) ) z C((xey)@z ) C(Xf(yez) ) =

2 c&Z’i )): X s f ((XeMs)xElyoziM).

salisfying the pentagon. and. triangle equations.
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PROMonoIDAL CATEGORIES

Fromoroidol. cakegories  provide a. theory of coherenk composition.. |t has

* Morphisms, G(X:A). A
» Joinks, C(X<YsA). % Gg
Htoms C(vsA). Morphism  Jounk Atom

vmm pfop«([i?wlg SP‘AH:O\Q Ainto X and “something’ M%&M&g%ﬁ%@

then. splitting th al:someﬂu@mlbg(myolmys s spibig



PROMonoIDAL CATEGORIES

Fromonoidol. calegories  provide. o. theory of coherent composition.. |t has

* Morphisms, G(X:A). A

* Joinks, C(XYsA). % qaz

’ Htoms, c(vsA). Morphism  Jownk Atom
MMM'Q PrOPQ'hj‘

MeG MeG

f C(A;XeM)xC(MsYeZ) = [ C(A;Me2)<C(M:XeY)s

f MlC*:-G(FI;X®M)"€J(I‘1:I) = C(A;X) &
MeG

[€lamox)<cin) = A



Part 2 : Conkext Jor Cakegories




CONTEXT For (ATEGORIES

(onsider ‘expressions with. holes in a. cabegory, ke the following

wesvimsw,  f:mza, azmsb;mscemsd.
These contexts form. o promonoidal cakegory.
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CONTEXT For (ATEGORIES
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CoNTOUR 15 ADIOINT To SeLice

Whak is o. caronical. algebra of context on top of o monaidal cakegory
*Each cabegory gues o cofree promonoidal, confext.
* Each promonoidol gwes o free cabegory, conbour.
Conbext

——— FeomoNoIDAL

CatecorY < T
ATEGOR
—— CATeGORY



Cnntourag promoroidal. cakegories genertes o catego@
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NEXT

Mon.. Conbext
MoNowaL ———  Feovoipac

Carecory «——  CATecory

Mon.. Conkour l N
l : "~ DUOIDAL
ek o wwopaL  CATEGORY

CATeGORY ~——
— ATEGORY



Part 4 : (onTexT FoR MONOIDAL
(ATEGORIES




MonoIDAL CONTEXT- ConTOUR

Whak: is o canonical. algebra of decomposition. on. bop of 0. monoidal. category?

- Ench monoidal cabegory gwes o. cofree producidal, monoidal conbext.
* Each produoidal gives o free moroidal cobegory, monoidal conkour.

g
MonoiDAL ~—— FrobuoioaL
Carecory ~——" CATEGORY

Monoudal.
Conbour



PropuoipAL CATEGORIES

pernimon. A produoidal. is a pair of promonoidals

Vieuis) VIVY=Ser,  Wesn):V™=Ser,  “sequentinl”,
Vis-o): VaVu/+Ser,  Wisz): V™= Ser, "paralLel”

One loxly distributes over the other, %

Y: @apro(GD) — (fe()<(BeD) ,

b darec Vsequenth
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MoNOIDAL CoNTOUR

Contouring produoidal. categories generobes a. monoidal. cabegory.,

(+) %X, (Y)x,:x‘-»x*
 fB
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MoNOIDAL CoNTOUR

Contouring produoidal categories generates a. monoidal category . Example.,




MONOIDAL ConTEXT

Consider ‘expressions with. holes in a. monoidal category, like the following

weusvsmsw, K,  Ji(m

©m)sq, Pl 9.
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MoNOIDAL ConTEXT

(x)
f:(h@(ugl(gvg P39 gw)gg = k111:}7"‘) w]
l__ﬁ
These conto(ts form a. produoidal aategory.
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MoNoIDAL CONTEXT- CoNTOUR

Whak: is o canonical. algebra. of decompusition. on. top of a. monoidal. category?

- Ench monoidal. cabegory gives o cofree produoidal, monoidal context.
* Each produoidal gwes o free moroidal cobegory, monoidal conkour.
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MonoiDAL ~——— FkopuoioaL
Carecory ~——— CATEGORY
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MoNOIDAL ConTEXT

M (EHR'Z3).  Spliced. movoidol. arcous ase the cofree produoicl. on a manoidl
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MissING

opliced monoidal Oxrows have some issues:
- 1 ily.
L o e 8
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1 -a- e =
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Part 5:  NORMALIZATION

0pTICS For  MoNoIDAL (ATEGORIES



NormALIZING DuoIDALS

A duoidol (a,N,@,1) is normal whenever T >N .

* Being normol. is a praper(y (idempotent monad?).
* However, we conrot normolize any duoidol. .

eorem (Darver, hipez frane). leb (Ve,1.,4,N) o duoidal with ‘g,[o(m
coequolizers, preserved. by (@),  Then , (Bimod %, on, N,a,N) is o, normal.

duoidal.. Similacly for Symmebric. duoidals.
- Ganer & Lopez Franco. Gomrmubnbiviky .




NorMALIZING ProDuoIDALS

symmetric produo

THEOREM (EHR%?}). We can Awavs hotmolize o produsidal calegory .
Moreover, Normalzokion: Prodvo — Pfooluo LS an Cdempo(:ent
monad., mm&% o free normalizabion. Similarly for

Every duoidal is indeed normolizable, but the fesult may be a. produoidal.

NV(xXsY) = V(xNeYeN),
NV(X3¥<,2) = V(X;(NoYoN)<(NoZoN)),
NW(Xs¥e,2) = W(X; NeYoNoZeN),
NV(Xsn) =NV(x51) = V(X N),

NV(XsY) = V(xsNeY),
NV(%3Y5,2) = V(x;(NeY)<(NeZ)),
NV(Xs5¥s,2) = Y(x; NoYel),
NVOGN) =NV(X51) = V(X5 N).



NEXT
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NEXT
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MoNOIDAL  ConTexT

1M (ER'23).  Movoidol context is the cofree preducidal. on a. moroidl
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NORMALIZED MoNOIDAL (ConTEXT

m (EAR'Z3).  Moroidal. opics are the fiee vormalization. of moroidal. confext.
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NORMALIZED SYMMETRIC MoNOIDAL ConTexT

m (BAR'23).  Moroidal. oplics are the fiee rormalization. of moroidal. context.
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Part 0: EXAMPLE




ONE-TIME PaD
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] Broadbent & Karvonen.. (ategorical Gomposable (ryptography.



ONE-TIME PRD
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ONE-TIME PAD

Broauibcalrl}:Q Kar\/onen propase o.{ormahzabon of the one-time pad in o
monoidal. category with o. Hopf‘algebra. with an integmt .

A

We. can reason. about securily using string diagrams.
5| Broadbent & Korvonen. Galegorical Compusable (ryptography.




ONE-TIME PAD

Wew&bsdiﬂm%r%n&dmbé%aqﬁi i c;lno;smg&cmtrot the broadcast ;




ONE-TIME PaD
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ONE-TiME PAD
This is not only about string dingrams; this is about code modulaihy and separabion.

oneTimePad(msg) = do
key <- randomBit

crypt <- xor(msg,key)
msg <- xor(crypt,key)

return msg

Do-nofation. is a synfax for (pre) monoidal ies; following string diagrams.
V?e can umioé sgil:h meosrsagpefpass&tg, mclﬁ.tq;;rhh inko ;mn:tsm

£ Heunen & Jacohs, Hughes, Staton & Levy, Romak .




ONE-TIME PAD I e

This is nok only about string diagrams ; this is about code modulaihy and sepaabion.

oneTimePad(alice,bob,eve,msg) = do alice(msg, key) = do
key <- bobe() crypt <- xor(msg,key)
crypt <- alice(msg, key) return crypt

() <- eve(crypt)
msg <- bobi(crypt)

return msg \
bob() =

key <- randomBit
lkey
?crypt
eve(crypt) = do msg <- xor(crypt,key)
return crypt return msg




FURTHER WORK

I the category of lenses, we can write exchanges, e.g. A
1.C (B v“z)"V) g
PROPOS The © o qxeseutnble, -
monowllT(:wal:lm (%) g(lglse.s 58815 U
v

.C(§s % v)

P le t {mb (' 7):0%

I Send ;_C(B,lxq?w@z)«su«?v)

7 Recewve | £ Honda, et al..
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