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“ Fyom o _Hlegg i processes

/ bo a@rg of streams.
\

Monoidal cabegeries Stream-bosed progromiming
encode l:hem‘i;ho?}roccsses. in woroidel cobepries.

Consrruction. Lot € be o symnetric monaidal cabegory. ~ Seean €) is
symmebric mmiﬂnl cotegory with feedback and an id-on-objecks functor
of the form €' Srrean(C).



Pﬂ RT O :
Monorpar Cameconies.



MONO \DAL CGTEGOR\ES

Mongidol cakegories encode theories of processes tho compose. Seuentially and

in parallel.  Each theory of processes gives rise o 0 symmebvic monsdal :
Monoidal mhgociamewi&o.rwqugmfhkd mlafﬂs o

ExAMPLES: Fred. Cyclicity of the
3 0 et b
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* Relakional guevies. (Rev, x) 1 B te(AB) =t-(RR)

¢ Stochaskic ong (Sroem, x) b
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PF\R.T 1.

Stream-Basep Procranmme



STKEAM- BASED PROGRAHMING

In cousal slrean-bosed progrumming, every declarabion is o stream thak depends
on iks previous volues.

H Lucid
n=0 fby [ne1]

swn x = x+ L@ fby [50m x ]]
Fih =B Joy [1 fuy [ Fib + rext Fib]]

ﬂsheam {whon {mm X=Xo. Xs.... Ep Y=Y..Y.,... PrduceS, d: each ‘:m\e.
t=04.., an oubput Yp from oll previous inpuls XoX,....Xq.



STKEAM- BASED PROGRAHHING

In cousal stream-bosed programming, every declovabion is o. stream thak depends
on iks previous volues.

Hlucd oy
n=B fby [ne1] — 0123

gum X = X + [ '-H'El [ﬁum X ]] —Smn=0,436,10,..

. - H i -,\
Ho =B foy [1 fby [ Fib + vext Fib]] fib=0,442358,13...

A stream fonction fom X =Xo X, b V=Y, V.... produces, ot each bive
t-04.., an oul:ruk Yo from all previous l'nfuls Xo, Xao-oe. X

HOW EO bfu\s Sl:reams l‘.o Quy monoidal Cate\r’ovj?




STKEAM- BASED PROGRAMHING

PLAN FOR THIS TALK.

. Consbruck o Ehesry of streams over an arbibracy theory of processes.
Describe the theory of shreams with a coronicdl coinduckive definition.
Ex&mp\ez Recover the clossicol l‘.heor_q of ‘costesian sbreams.
Example:  Oblain & nobion of ctochaskic. slrear.

. Feedback syntax for sbreams.

o e



Pﬂ RT 2:
GTREAM TRANSFORMERS



STREAM TRQNSFORMERS

CONSTRUCTON (S?rnnger, Msumfn.. 101‘!). A stateful morphism sequence s o

family of morphisms that, ok each instank: in bime £=0.1,2,..., read from 0. memory
Me... l'nkemarl\?‘\hful: Xe, produe anmoul:pul:th, and write to a vew 'o“:ms M.

Xo — z,* QuesTioNS.
oxXa = Yyx 4 * Can we generalie ko monoidal cakegories ?
1x 2 - Lx F R
sz. Xs - ys"Ms * How to }usb'{«, this consbruckion?

* Technical foinl:: when are two sequences eﬂuo.\"

Frd. Stakeful sequence.



Srream TRANSFORMERS

CONSTRUCTION (Sanger, Msum(’n.. 101‘!). A stakeful n\ovp\rlism sequence s o

family of morphisms thak, b each instank in bime £=0.1,2,.., ead from 0. temory
Mk-s. lfnk:‘o:!\?‘\mf& Xe, PTOJUCQ anmsoul:pukah and write to a vew ron‘:movg Mg,

Xo = Yyx QuesTions.
oxx* = ){x 1 * Can we 3enmh=|e to monoidal mteson's?
X : zx 2 Yes (Romoﬁn, 207.0).
MIX X3 - Y;,"M3 ¢ How ‘:o }05!’}'(‘3 l-.h:s (ohsbfw.h'ou?

It's a fival coalgebva. (OFR,2024).
* Technical poink: when are two sequences equal?
Fred. Stateful sequence. D;Mg:«uj kil stuge n (DFR, 2024).



Srream TRANSFORMERS

consTRUCTION (OFR, ),  Let C,o be . symmebric wansidal cabegory.
The syrmekric monoidal. cabegory Steeam bas the sume dhjecks as (
and stabeful. morphism Sequences as morphisms,

Ma
Sl:ream(X-.Y) = lj;‘\‘\'\ ]1 hom(M;.PX;,Y oM.).



STREHM TRQNSFORMERS

consTRUCTION (DFR, ),  Let C,o be . symmebric wonsidal cabegory.
The syrmmekric. monoidal. cabepory Strenm, , bas the sume dhjecks as €
and shobeful mo(‘:\lism sequences S morphisms,

. 'Mo,,Mn“
Sl:ream(X.Y) = l.l‘,‘\'t\ ._,"'E:I[::kom(Mi-PXi.yi.oMi).
mit oo ) e 4 VN
For each n, describe Inpuk  Tnpub. Oubpub. Oubput
the sequence until n. metory. ) y Jmemog.

Coend. Diraltural existential Stakeful Sequence..

wantifier. Choose memor
qchnn‘{e\s. J



STREHM TRANSFORMERS

Streams have o coinduckie defivition.  Sbr(A0,,..)= AnSt-(0,,..).

(4
A stream with byoes A=A A A, .. is an element of Ao tagekher with
o Shream with _.,‘;s AA,..." - : '

Sl:rem kmmgormel’s can be also 8iv¢v\ o Conductive deQiu(\:(oV\.

”A Sk\r‘e&m (:vams-?ov-we.r -Yrom X=Xo,X;.... to Y=\Io,\l.,... S a ‘wocess
?rom Ko ko Vo ammmiukiﬁ n.\omﬁ o memorg with o stveawm
bransducer -(‘fom X.,X,,... ko Y Ya,...."

M «———— Memory chawmel,

h
Stream (X-.Y) = | hom(X, ,eflﬂ xStream (MeX, Y., i Y. Ya.).

C :
e Ly P o e e

base cmbv.aov«s




STREHM TRQNSFORMERS

M — Memor_5 channel,

V
Sl:ream(X.Y = hOW\(Xo, o@M) Stream (Moxuxz 'Y y'z )

Coend: natuval f 7\
exishential qupkifier o 3;:; °“§M Another stream

THiS CONSTRUCTION:

Generolizes the stakeful sequewces oa? S or & Katsumako..
Coinductive definition. “ i e

Provides a. nakweal nokion o;? stream eguivalewce .
WorKs in arbitrary moveidal cakeqovies,

Egpars



PRRT3 :

ExaMpLES



CARTES IaN PRocasses

OEFWNITION (Uvstalu, Vene, 2008, odogted ). A camsal skream
function is o movphism of the coKleisli cotegovy of M: CN —~CN

X =Y o MX—Y Staun bushos
Y0CessS e

XO - yo e?ﬂésns‘.P Xo - YO iﬂ. cokl:::li(ﬂ).

X1 - Y1 Xo’x‘l - Y1

X2 — Yz Xo"Xa"X,_ — V.

x:i —' ).Is xo")g1"xfx3 - 73

THEOREM (DFR,202). There is an equivalence of catespries
Skveam (Se,l:) ~  colleisti (M).



STOCHAST\C PRoccsses

OEFWNITION (Ross, 1996, adapked ). A stochastic. process fom X o ¥
is o sequence of funckions fu: Xox-rxX, —= D(YoxxV.)  such bhak fo is the
Mra'\m\. disteibution of -f,," in the {irst n variables.

For
Xo"“"‘qu - D(Yo"""‘\/mt)

) l 4 l‘Dn

XQ“""‘XV\ i’ D(Yo"""‘\/n)

THEOREM (DFR.QOM\. There is an eguivalence o;? cokeqovies
Stream (Stoch) = SkachasticProcesses



PHRT L{:

(GRAPHICAL SYNTAX
f FuRTHER WORK..



GRQPHIcaL SSNTAx

Stabeful sz«mes come with o convenient graphial colculus where
nput/outpuk goes bop-bottom and. mewory qoes left to vight.
Xo

X4 Xa

Fred. A stabeful sequence
-[n’ M!\-ig Xn _’seq\/n ® Mn
and, o s(:al'zfulsequence
Sn:Nu-ig\/n_’ Zn@Nn
compose. into 0. stakeful sequence

(‘]‘39)\1: N ..M n-sOXn_'z '\QM'\@NV\ .

H,

Formolization in terms of ‘open diograms”:  Romén 049, Zono.



SSNTAX: CQTEGORIES WITH FEEDBACK

CaN WE HAVE A WORE ConpRcT NoTATION?  Cakeqories with feedback are
0. weaketing of traces with o qrophical caloulus @ berms of loops.

é@ é] t’ ® + h
f = | f .

) + W {f
FIG 1. Some oxvoms Pov “Foinhd“ oc 'lswdd‘ fedbat.k

Reci.Pet use cukeﬁovles wiﬂ\ &d&m\( Far ssnl:ox and skream ':rms':ormm
for semantics.




SSNTAX: CQTEGORIES WITH FEEDBACK

TneoRem (OFR, H). The monoidal cabeqory  Skrears , has foadback .
Thes, theve exists 0. feedback- preservirig functor Jrom the $3n|:acb:c
Cabegovy with -[eedbad( to Sl:reamc o

G o gﬂ., (T (
f —_? 3 + £, + £ 1|

i tUTUTL




DIﬂGRﬂMMAT\C STREAM PROGRAHHING

b -0 fhy [1 fhy [ Fib + rext Fib )]
H Lucid



DIHGRHMHAT\C STRERM PROGRAHHING

i

Fib =0 {foy: E00s: [ Fo%met Fib 1)
*eaa® . /
#H Lucid



DIHGRHMHAT\C STREHM PROGRAHMING

u% -
\ o y
Fib =0 by [4iTby: L Foi¥mext fib 1]
H Lucid




DIﬂGRHMHAT\C STRERM PROGRAHHING

A

\..

R - by [1{th Fbitimet Fib]]

H Lucid

/
/
s/



DIHGRHMHAT\C STREHM PROGRAHMING

o 0 g [ [ R iipmnt i 1)
H Lucid



DIHGRHMHAT\C STREHM PROGRAHHING

2/-'/ Lu.c.ui,



DIRGRRMHAT\C STRE#\M PROGRAHHING

\_.

....... o

R - by [uxgﬁ‘,/ et Fis 1]

#H Lucid



DIF\GRRHHAT\C STRERM PROGRAHHING

o g

\..

fib =i oy [y L Fib ¥onext Fib]]
H Lucid




DIHGRHMHAT\C STREHM PROGRAMHING

Fib -0 iy [0 [ Ribeomect i 11
#H Lucid
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ProFuncTors

DEFINITION (Communicaking composition). et P:AXB—~SeT and
Q:B*C ~SeT be profunctors with 1B,© o moroidal. calepey. The. communicabing

ompositio (PoQ): AXB*B~E ~SeT is defined. by

(PoQ)880)- | P(A Belt)-QHeBC).

REMARK. Skeeam. can be oblained os @
the grea:esl: { ixpoirdf of 8
Cheears = homt © Skeeam .

P

N

-—C

Fred. Commnimhng composlfion

in the graphical coloulus of

Pro{ unctors.



STKEAM- BASED Paoeaannme

CoNSTRUCTION (Uostalu, Vene, 2016). COMSﬂ-\ skreamn gmhov\s ave movr?\‘:sms
of the coBeistc cabegowy o} a. suitoble comonad.

The movoidal cabegory c" L@s {uu{;es of morphisms of € indeved Ly lime £=04,...

A “memorg” comonad M:C = (" can endow each funckion with o context
represenking past imputs, (MX) = Xg=---* X,

X - Y MX—Y

M Stream bransformer
Xo — Yo I X — Y. i coKleist: (M).
X1 - yi xO’X‘I - Y4
X2 — Y. XO’X1’xz — V.

Xs — % XeKekshs — Y,



STKEHM- BASED PROGRAHHI NG

IDEA (an've Morio). Just substitute (x) L3 a, tensor ?rodlu.(: (0)

MX Y Ntiive Mario’s
Xo — Yo movoidal

x ox‘l — Y4 t'w“ EWM«
X GDXﬁ’)( — Y.

X4 °X @)(9)( — Ys

THEOREM (DFR,2024), The Juncdor M: "= C" defined by (MX), = Xeo @ X
has o monoidol comonad. structuse t-[o.mloa‘ﬂtf the cal:gog (Y «.saurlzsw-n

So, we vant o different 3mliul:£m b arbikcucy monoidal cakeqories.



STREAM TRQNSFORMERS

Streams have o coinduckive de?(v\((:iom. Sl:r(ﬂo.ﬂ.,...)= A‘,*Sl'x(l\.,ﬂz,...).

(4
A steeam with kiges A=A A A . is an element of A, er with
o Sbream with Jt‘;es A ® AR byt

Stream l:mv\sgomws can be also 3ivem o Coinductive d&?(u(\'.(o\n.
”A skream ':vms-?wwex -from X=XoXe,.r o Y=o ¥,,... is a process

?fom Ko ko Yo commw-icaki.\g o\e o. mem with a StMW\
teansducer from X, Xa.... bo ‘/\,‘l-;,....““:s "

Skream (xiv) = f hom (%o, ®M) = Stream (MeX, X, i ¥, Ve .



Monoioar Catecories
Ooxtesm\ monoido.l COJZ@\' S encode these theovies of rrocesses

that ollow for copying and discarding .

* Ploin Junckions are corbesian.

* Stodastic funckions ore vot carlesian.

« fartiol Junckions are ot carbesian.

ran

| | l
] = ] = 1 .
{ Jl' "l
Fiei. Capy and discard..
2o 1
P] ¢
l

f16.2. failure of stodmaskic copy; failuve of parbial discord..



Monoioar Catecories
Ooxtesm\ mono(&al co.tegonzs encode these theovies of rrocessv.s

that allow for copying and. discarding .

| |
* Ploin Junckions are corkesian. f=f1"\;f=1‘
* Stodwstic functions are vot carlesian. (H { ‘Ir
o fartiol Junckions are ot carlesion.  Fro L. Copy and discard..
suyle. two succed on [ 1 a.l.w s

Sample, ﬁ = % 4& independent  the dowain [P] # e
bwice LR ¥ B smples Off O“kPV“h

fre.2. failure of stochastic copy; -fo;lwre o] Poxhol. discord. .






