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NEWCOMBS PROBLEM

What shoud,te age do?

° TWO‘bOX: leis ,76&21' than noHtitg.
104€ is belter than 400€. No
mokter what I do, I cannot chava&

whakever s in the boxes.

y gnnf't\‘:’eoc: L wl:ol?toh(:-box s

mnfﬂ P‘Ed)&tO' )
means that T gek 400¢, instead of 4. .

The idea. is always to find the argument
thak waximizes some expected. value™ function.
The debake isin inlerpreting whak thak funckion is.



CALCULEMUS

leibniz's d bo see philasophical. dispubes veduced. bo mathematical calaulabion.
An ab:rimogas{igw?gﬁ;dufo?&e corvect Pos‘:'.tion :

Wishlist.

* Formal. synkax and, axioms for stochastic
processes ond. bayesian. inference.

* Systemakic dedision. theory.

* Compositional ond, obstrack theor i
sgm{fux probability .S Y odmdig




CALCULEMUS

leibniz's d bo see philosophical. dispubes reduced, bo mothematical calaudation.
An a\gzrimo:ms{igux?gp‘;dufo?&e cortect Posrétion : &

Wishlist.
R
obsewe(-(—ac.b‘bn-:x) * Systemabic. decision. theory.

observe (action = predicl'ion) .
eturn. (G960 ackion predickion) © Compostbionol and, obstrack theory edtending
reburn ) pr n) sg:lkpl:)esﬁc by .s eory ex
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PROCESS THEORIES &) Joa, St

f e theory consists of a. set of vesource tipes, f,B,C... osek of processes, each one
with a list of inputs and oulpuls, e.9. §:A.0~@An—>B.0--@Bn'; and an algebm
of string diagrams: every directed, agyclic graph,where each vertex is [abelled. by a
process and, every edge s labelled by its input and. output resources, repeated. wuilkiple

times, determines o, PIOCesS.
hI~X AT

Ei:]‘l“"x =XQX~»X
O:XeX~I




PROCESS Flsomfs

_..{
_JI_JS..S_J = S_J;
(bmeBihDﬂ'c B c |
lﬂ A lﬂ
{18 L1 = _J_.J. _JL_'I
ls s
Pamllzlmh.on

R‘

G)py . Dcscarot Swap (o) ldmhl:g(d)

Frocess theories are symmetsic monoidol calegpries
with copy and. delefe morphisms.

MonoioaL Axioms.

{s(ﬂsh\=(:fs Yshs Je(goh)=(feq)oh;
J ,‘I@(d.x-j-(d-x@.{a
G@{) (guf) (fs)@(ls ;
3 0aa= §a3

o:\% -(o-medc\s(d ®0,);3
0. -((deO'\ (0' @Ld.)s
84 (e @d\ Ld-q=sa (Cd. 66\’

5 6.0id.) = §,:(id.® 5,).

(H * 'J\Yr'ﬁ wa QA Tueorem. Slring diagrams ase sound. and

Copy-discard. axioms.

complete. for sgnmeb'w monoidal, cabegeries.



SPLITTING

Whntwedouorbkemmmmisthe{owwing:
Ell|EN :
Copying Discarding

ome theories assume. thak can. be copied. and. discarded.
These m carbesion mmmoﬁes. P
This is bue for funckions or Junctional programs, but i foils in other contexts.



SPLITTING

What we do Nor take as an axiom is the Jollowing:
do do
X, 4 _X&«] ioe—j’ = éﬁm()

X & " reburn (xX) 3 return ()
rebura (X0 Xa)

Copying Discarding

otme theories assume thak con be copied and discarded.
Trese e called, catesian, mmmaﬁes. P
This is bue for ;(und:-:ons or junchional progroes, but & fmls in other Conkexts.
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(when discording fails)

Pl Py




PARTIALITY o} ey

22| Cockelt , Guo, Hofstca.

h lnctions —Y.
t-r[teso%lh:orm%uot{s iy o ontains Juctins, sy, §:K—Y., tol an diege

In particular, the following comparutor is a. partial, function .
M when Xi# Xz,
‘?, (Xii Xz) = { }

X4 When X1=Xa,

(cay, Tws&@m% P iy pr"l"dafisd miishic process thot divege




COMPARATORS

Axom. We assume the edstence of a comparator, 'Y, sakisfying the
"Frobenius axiom”,



Part 3: MARKOV CATEGORIES

(when. copying fails)




SrocuasTic FUNCTIONS

Joﬁe\,ltheo:y %e sljoui}:as;ic funckions  conkains, as processes from Xo,..., Xn

{(fo, TR s Xk XY e Y— [0,1]
Sudl. thak, {or ear,h xoeXO, .., xn€Xn;
Yo een o J(xo s Xulyayym) =1

Y £ Yo Bme Yo

We assume thok the distribubion is finite (i-e. has finte support), so
thot the sum is well-defined .



ReADING SrocasTic DiAGRAMS
Specific way of readivg dingrams of sbochastic. funckions.

C(st)= Z;D I(d)-P(sld)-T(Etlsd)

Every node N:X.o---@X.—7 debermines o condibional
probobiliby NGlx,,...x) for each yeY and each xieX:.

For insharce, the test T Disease ® Sywprom — ResuLT gives
conditionas
T positive | disense, symptom) and. T (negalivel disense., sumptonn).




ReADING SrocnasTic DiAGRAMS
, T()-P(sld)-T(rls,d)
DISEASE R(cils,r) } a§; T()-P(sld)-T(rls,d)

sv;mons Wlis. @ l:uov:o.l, S c\'losen So l:h&(:
- \’eadAﬂj &@m 3Ce\ds

R.(cils,r) : ;;D T(L)-Psld)-T(rls, d)
T()-P(ld)- Terls,d)

(on we do biis syntheically, taking some axiom obout processes?



BayesiAN INVERSION

DEFINITION . let f:I-X be o, distribubion. and It g:X—Y be a. stochastic
charriel. The Bayesion Inversion of g with. respect bo { is"the map 9},Y—»x

such Hm;h % In the case of discrete stochasbic. Junckions,
Bayesian uwersions exist

9 ¢ (xly) = {(x)-g(ylx)

? FE‘.D A T ()-9(lx)

4 X

\
v _ P(R)- PBIA)
PAIB) = 0@ PRIy




Part 4 : PARTIAL MARKOV

(mixing probabilistic and. partial Processes)

¥, F
o o







MoDELLING NEWCOMBS

Basic building blocks .
¢ L—>fcr :ﬂc'r@ﬂc'r—»@

(U
E-'—-:l:l-*ﬂcr

Instonbiabion. in stochastic Junchions: both Predictor
and. hoe o wniform prior, the boxes' decide
the bosed an the "ackions of both.




MoDELLING NEWCOMBS

= Distribubion \case

OneBox » Y2
Y\me X = TwoRax =~ Yo,
zctwn.é-n—: & = Distribubion \cose
observe (action=x) OneBox = /2
observe (action = predigb‘m) TwoBax = Yo.
reburn. (@@)(achbn,[)redicl’ion.\
O o GueBon
neBox ,OneBox —
ﬂrgmax(ng this {unc(:(pn does veburn OneBox , TwoBox —
OneBox os the correct answer: TwoBox, OneBox —

TwoBaox, TwoBox —



BAYES THEOREM

THEOR Ob X prior {:4-~>A though o chamel g:A~>X updnl:es it,
up l:: S?Jnr seg:ng B’;;escir:m m%erswn evaluaked. :t.ugt}waobsew 9 1():1~A,
)

Eg = S o
R

IIE



BAYES THEOREM

THEOREM.  Observing xeX or 1:4~+A through
up bo scalar, bﬁmﬁaimmm JJM :tugﬂle

i Ef@ i
‘%rﬁ o J < i 9, =
37‘{ 37‘{
Y Y



BAYES '|HEOREM

THeore.  Ob X from o prior J:4~>A though o. channel. 9:A~*X updales it,
up bo saalay, toset‘:emgB’;;esciTn mot;erswu M‘MM;:@ ob v:hm? gf(x) A~f.

) Ay

Axiom: Copy, obsexvahom.



BAYES THEOREM

THEOREM. Ob X from o, prior 1:4~>A though o. channel. 9:A~*X updales it,
wp b salar, bo ser«mg xeesninmmo\;erswu evaluaked ;:‘9 % v:hm? gf(x) A~A.

) A gy

ﬂXlDﬂ\’ X S Copyab\e



BAYES THEOREM

™ 0b eX 44 th chanel. g:A~>X it
. | mesiﬁ’“;%m’m g o A AN o
§

)R

Axiom: we work up bo a coef/c,aenl:.

ne



BAYES 1HEOREM

THEoReM. Qb eX prior J:4-~A th chamel q:A~X 13
. h“arﬂg;yemm WM Pion A MY o
f

)R

This ocks as a. synthetic version of Bages theorem.



REASONING

The best answer to Newcomb's problem is the same we would. give the predickor
{ they were o ack after the agent.



SUMMARY

Minimol. algebro. for evidenbiol. decision theory.
& Tnbuibie diogramabic syabox.

® Trmslakm3 to actual code.

Synbrebically proving o. Bayes' theorem.

Factiol Markov categories extend. synthetic probabili
to allow a;bs;.lwahwns r & et o pro ‘hhj ogebre




EVIDENTIAL Decrsion Teory via PreriaL Magkov
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PROCESS THEORIES

Frocess theories are symmekcic mowidal cabegories wiith copy and. delete morphisms.

hich. gg chochr - chchs $1

e b,

* chhuimug, Q. §s-cakegory.




COMPARATORS

Tmagine we have bwo values thak we waml:l’ocnm v ond w.
Ourcomparo.(:or AC,. ,reha.mso.ryo{l:l\e L{H‘egmeqm

Y N X

D=wl  [v=w)

'F:?M eaxafmm oJa.comparo. r, ¥, sakisfyc s the

(observe (x=4),Y) =  (x, observe(x=y)) .



EVIDENTIAL DECISION THEQRY

Evidentiol decision bheory presceibes the action thak we would. observe bo have done
in the best possible oubcome.  This contrasts with dassical decision theory, which
prescribes the ackion that causes the best gukcome.

7| flhmed.

argmoxex E (ouk(- [x;in)).

C described. by the
Skakement

“What is o minimal mathemakical fcamework whese this
stotement can be {Jormalized ?



| ChO. JWS

GONDITIONALS

Stochastic processes should have conditionals: they splik with the following shape.

s 245

In terms of sliochaShr.{WhO"S Hhis is

R ) Y(xly,2) J("ﬂi
Plugl) = 22 ¥lo) g,y =2 Y gl




GONDITIONALS

Stochastic processes should have condikionals: they splik with the following shape.

do do b
: Y —4,(x) 2 —fX) o
302) “‘I(X) - 2 (_61(‘:('3) = Y “‘C,_(Xo?.) ’
ekucn. (y,2) ekus. (4,2) tebucn. (y,2)

In terms o stochastic fundiions, s s

2) =Y ; ._ﬂj(_"‘ﬂ_,_ oy Yxly,2)
LI’(X.HI) Lz LI’(x\g,z) Zz"l’(x\g,‘z.‘) Hze:yq’(x\g,z) Héyq”(x\u'.z) .



NEWCOMBS PROBLEM

What should the agent do?
* (lassicol. decision theory, in a.
Nnaive formulation., prescribes
two-boxing: wholever happened.

before, it “is better to take everything . @ @
e g
0. single box will “find it full. .

The idea. is aluays to find the aggument
thak waximizes some expected. value ™ function.
Tre debate s i how o brantlate problems o funchiore.





