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ONE-TIME PAD

Broauibcalrl}:Q Kar\/onen propase o.{ormahzabon of the one-time pad in o
monoidal. category with o. Hopf‘algebra. with an integmt .

A

We. can reason. about securily using string diagrams.
5| Broadbent & Korvonen. Galegorical Compusable (ryptography.
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ONE-TiME PAD
This is not only about string dingrams; this is about code modulaihy and separabion.

oneTimePad(msg) = do
key <- randomBit

crypt <- xor(msg,key)
msg <- xor(crypt,key)

Do-notakion is a syntax for (pre)monoidal ies; following string diagrams.
We con extend it gd:h meossa;e-passmg, wcitq;;rhh inko mmnmu‘?

tthub..com/ mromanti2/

gi;Heunngacobs,Hugm, Sl’albnELug.Roma'n. Ne I one-time-pad-example




ONE-TIME PRD

This is nok only about string diagrams ; this is about code modulaihy and sepaabion.

oneTimePad(alice,bob,eve,msg) = do alice(msg, key) = do
key <- bobe() J crypt <- xor(msg,key)
crypt <- alice(msg, key) return crypt

() <- eve(crypt)
msg <- bobi(crypt)

return msg \
bob() = do

key <- randomBit
'key
2crypt
eve(crypt) = do msg <- xor(crypt,key)
return crypt return msg
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2 M.R. OPmDmgmmsvm.Coed(nlaJus.

Whmh structure do they form?
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PROFU NCTOR.S (Funcrors €D —~Ser)

Projunchors are seks of processes  P(x:Y) indexed. conbsovariontly by o.
iputs XeC" and. covarianbly by outpuks, YeD. They hwe adiors,

(): C(X;X)xPX;Y) —= POGY),
©: P(x;y) * D(Y;¥) -~ PGy,

salisfying
§>(p<g) = >p)<g s complibily
1>4>p=sH>p &1>p =ps lZ'ItOLhOn
P<9°<3‘=P<(3°;3‘); p < id =p. (ight ackion



PROFUNCTOR. (OMPOSITION

| process of th Q iso process i P communicaking with one in Q).
That is, <P ;.)cz (X z) t.s gwen bgpr;fg(x Y) followed by 0€QM,2) for some Y.

Gi ePXxy), qe Q(Ys2),
PR | gt i e
o b g o, b fm’ )<Q(Y;1)
" X
- ng&&hfbgetayq POGY)-QLY;
9
(P<f1q) ~ PS> YI_E! P(X;Y)*Q(Y;Z)/,% :

These ofe. ‘dinatually’ eguivalent.



DINATU DINATURALITY

We could Jdme contexts as paics of DEFINITION. oj bj
marptisns, bk ve would, Uke e (A:B) oS o
{oUoEnrggméJo o b:eqm morB it ?{ h;&,; . a’ o’

e Mok ol g: M b
qmwabg?ﬁmn@ )
<fsthoid)|9> ~ <f |(hoid)sg>.

» , In, other words, it is an dement of
: MeC
C(A;XeM) x C (YoM:B).




OPEN DIAGRAMS

E;l] ~r / hom(AsXoM) x hom(YeM;B) ~




OPEN DIAGRAMS
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Part 2 : PROMONOIDALS




MoNoIDAL CATEGORIES: PROCESS THEORIES

Monowlal cakegories axe an algeba ollel and sequential
String ding roxer?s are the ml:ennldn;J. (a:;{uag:r of monoidal ugll:egorwcg mpostion.

N

Process PmLLd. composdaon Sequentiol. composition




MONOIDAL CATEGORY

DEFINITION. i moroidal cobegory is o cabeqory € logether with Junckors

sobisfying the pentagon and. triangle equalions.

©): CxC— O, 1:1—-0C, By);(Y;;”m

: neshng e\lYo !

ond. nokutol. isomorphisms ean. Junchor composd:‘o\:e i
%,sc: Ao(Bol)—(AoB)eC, § Xe(vev 5
Aczef - A, i XeM where M=YoZ.
p.:fox — A, ; i

................................................



PROMONOIDAL CATEGORY

DEFINITION. A promoroidal cabegory is o. cabegory € bogelher wikh. profunchors

Bl CxOxCISET,  Qlse)s €TGer, (07T
iXelYo
ond. nabual. bijeckions, 52 nﬁg’ng prC(uncg\Sycotﬁas‘ tion, !
et OleiXo(Yoz) — Ols(Xov) o), § 6 xelyoz) =
2 8(( igié:&(é 5 f(;( XeM)x G(M:YoZ).

salisfying the pentagon. and. triangle equations.

................................................



PROMonoIDAL CATEGORIES

Fromoroidal. cakegories - provide a. theory of coherent decomposition.. |t has

» Morphisms, G(XsY). G
» Spliks, €(XsYel). g‘y

* Hl:oms C(X ;1) Morphtsm SPU:

(oherence. ProPerly Le. Sphftmg Aino X and someﬂwn Oﬂd-"}‘al mg)mm meﬂum
YordZ can be done in the N%ungond.z
the. splitting th al:somd}u@mbxrm o s o pilling



PROMonoIDAL CATEGORIES

Fromonoidol. cabegories ~ provide. . theory of coherenl: decomposition.. |t has

'Morphi.sms, GOGY). '
+ Spliks, C(X;Yel). ?
’ ﬂtoms, C(X;1). ph\sm Sphk

(cherence. propertyy:

MeC MeC

f C(A:XeM)*C(M:YeZ) = f C(A;MeZ)<C(MiXeY)s

f :Cecc(iﬂ iXeM)€(M:x) & C(A:X): &
[€amon<cttin) = Chixs
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OPLICE- CONTOUR

What is o, canonical. algebra of decompasition. on bop of a. abegory?
* Each promorocdal gwes o free cobegory.  Contour
bach cobegory gives o cofree promonoidal. Splice

Conlour
e

Car  + _PromoNCar

~—0_"7
Spluce




@ F Q/ X=X

Contowmg Qa promomdol
gives 0. cabegory thak follows
decompasifion,,

Promon — (AT



Splice (8 right adjoink
;3;h393ViPsmsasw) 3 l:oPc(:)rri’aur.‘g 04

l Car —= Provon.

| )




OPLICE- CONTOUR

We can rewre Mellies & Zeilberger for promonoidals instead o] mulbioategories.

* Universal conbext = cofree  promonoidal. .

» Morphisms with. hales : w;msv;msw,
Splme(C) is the moroid of the duskity C+C.

* Con we do the same for monoidal cabegories?

7] Mellies & Zeilberger. Parsing as a. Lifting Foblem .
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WHAT NexT

MooioaL = Peoouorpa
CAtecory «~——  CATesoRy

Mon. Contour .
l . l "~ DUOIDAL

—— PamonooAL  UATEGORY
Catecory ~—— (ATecoRy

0



DUOlDHLS fin, exlo. dimension side-steps Eckmann.- Hilkon.

peFNmioN. A duoidal cabenory is 0. cakegory V wilh two promomoidal. sbruckures

a VsV =V | “segsplit” N o=V, “seq unik”
o VsV =V, “parsplit’ r 1=V, par unit’
such Thol. one laxly distribubes over the other,

Y faprelGaD) — (he(ra (BeD) |
l"o’ I —™ N,

P: N — NaN ,

Y I — 101 .

We ask coherence for these maps.



PropuoipAL CATEGORIES

oeFvmioN. A prduoidal kegory is o cabegory V with two promonoidal. sbruckures

Vees o)« VIVAY ~Ser, g split”  Voesn) Vv Ser, g
Ve ) VEVV et Psﬁégw \‘/€' ::; V7St ot unit”

such Thol. one laxly distribubes over the other,
Y: V(X5 haBr o (GDY) — V(X;heCra (BoD)),

P V(x51) — V(X;101). Q
We ask coherence for these maps.



MONOIDAL  SPLICE- CoNTOUR

Whak: is o canonical. algebra of decomposition. on. bop of 0. monoidal. category?

- Eoch produoidal gwes o free monoidal cokegory.  Contour
* Ench monoidal. cabegory gues o cofree produoidal . Splice

Mon. Conlour
ez

MonCAT_ + _ProbuoCar
Mon. Splice
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MONOIDAL SPLICE- CONTOUR
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OPLICED MoNopaL ARROWS
s & B P g

96l (%s’*f) 9 C(g,ﬂ"v ) C(%ﬁ@v SQC (%‘,N) SQC (%-,:)

pen el puld sl el

M (EHRD3).  Spliced. moroidal. arcous ae the cofree prducical on o movoidal..



MissING

opliced monoidal Oxrows have some issues:
- 1 ily.
L o e 8
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1 -a- e =
. s [0 et et mxm
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C(E%) SC(EmeY) SC(E%en) S,C(4mexen) ME(4;%)
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WHAT NexT

von szm P sotute NORMAL

MoNoipaL 6ODUOIDAL PeobuoipaL
Chtecory ~——— MR, = ~— CATEGORY «
. attn NORMAL
Srm ~  DUOIDAL L DUOIDAL

: P&OI'ONOIDHL CAresoRy =~ CATEGORY
ATEGORY  ~—r—

Conkour



NormALIZING DuoIDALS

A duoidol. (4,N,®,I) (s normol whenever T —N is an (so.

* Being normol. is a praper(y (idempotent monad?).
* However, we conrot normolize any duoidol. .

e, Lipz Fan). ek (V0,74 . duidl, il el oequal
el (. e Bk e ) el "

& Gorner & Lopez Franco.  Commubbiviky.




NorMALIZING Propuoipals

We aan awiavs rormalize o produsidol cabeory (V o 1.4.n)
Every dwidal is indeed mr«&hmb\e,me res'mcl’blc'Ima;1 pe "0 produoidal .

weoren (EHR D). Lt (Vio,1,4,N) 0. produsidal cabegory. Then, (NV, ©w,24.N)
is a normol. Produm'dal.. Moreover, WN: Prodvo — Prodwo is an idempobent: monad..
NV(xs) = V(xsNeYeN),
NV(X3¥4,2) = W(x;(NeYoN)«(NeZoN)),
NW(X5¥e,2) = V(X; NeYoNeZoN),
NVXsN) =N W(X51) = V(X; N,



RecAp: OPLCED MonoipAL ARRoOWS
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M (EHR'3).  Spliced. moroidal. astows ase the cofree prducidal. on a waroidal..



MoNoipAL ConTexr
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M (BAR'B).  Moroidal. context is the free rormolization. of of spliced morvidal orcous.
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WHAT NexT
5 NorRMAL

HHETRIC Man._spce. 5 YMMETRIC @l SYMMETRK
ONOIDAL T DUOIDAL 4 DUOIDAL
CatecorY oo CaTEcORY T CATEGORY

1 Mon. Splice 1 «alizakion NO L
MonoaL. === Peoouoma. === Paogioipn:
Carecory ~—— CAtesoRY ~~—_— ChTeGoRy « .

l o et NORMAL
l e “DUOIDAL — . ™| DUOIDAL

P P&omm_ CAteGoRY ~~z— CATEGORY
ATEGORY

-~

Catecory ~——

Conkour



NorMALIZING SYMMETRIC DUOIDALS

A duoidol (4,N,@,1) s e-symmeic whenever @1 is symm. monoidal..
» We con normalize symmetric duoidals as usual .
* However, there is o more specidlized. procedure.

( - dug
el 8 PRl on s & o A

71 Goyner & Lopez Franco. Commukabiviky .




RecAp: OPUCED MonoipaL ARRoOWS

SC(0:%)  SCE¥e%) SClver) SN 5£(s1)
pe sl pldl sl el

=FHefF T
Q.H_t
~F

M (EHR'3).  Spliced. moroidal. astows ase the cofree produidal. on a weroidal..



MONOIDAL LENSES

A
i 2]

B
B

LC (%szf) LC (g,,v"v LC (%,,vﬁv LC (%‘:N)

morphism squnuhgl. pogp ¥ segmhl.

M (EHR'23).  Spliced. moroidal. astows ase the cofree pruducidal on a mevoidal..



Recap
NoRMAL

?\mnmc oo, ontoue Svnncmc il SYMMETRIC
OIDAL T IDAL 4 IDAL
CFR'EGORY e 8ar£eouv - &reeom/

1 OgA l LA 1

o, Contos it 1 NORMAL
MonoibaL = P&owonom. S P&owomm.
Careeory o LATEGORY = CATEGORY -

IB (i) " . ﬂﬂb ME) TS -
l too Wotealization NORMAL
oo ~  DUOIDAL 1 DUOIDAL
foroon. Catecory ~——— (CATEGORY

— R
Catecory ~——  CAresoRy
¢ plice SC



Part 7 SESSION TYPES




OESSION TYPES ~ @Houd kel ;520

I the category of lenses, we can write exchanges, e.g. A
Lc(s’v“z)"V) L

Pttl‘:)onpn?su{ra|fN\m.l-:lliie (%) g(lglse.s ’?3%5 U

LC (B’ yez < v)

Pao ler t {uncko (’ 7).0%

LC (B’ IX< ?(Ye2)4!U<?\/).



ONE-TIME PaD

Bob : LDist(z —B;'Ba?B)

We can i ohism. and. th
of o prmty ca!;egorg %{roéu':;; b;t sk(mmmdmeimem V. the laxloes
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71 Gorver, Lopez franco.  Commulnbivily.

7l Mélies, Zeilberger. Possing as a lifling problem.
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ReLaTion 10: WIRING DineRAMS

T Spivak., VasilaKopoulou,, Ropel. .

'lﬁem g o M: /rorr;o rt;. eét:rga%’ esnyd'znntekrw prodwdal. extracts a



RELATION To: (ORNERING DiaGRAMS

We can also split processes
in the free proarow equipment.

Double cateqosical CRALs.
8

Limited, bo the symmekric case.
The following is ok expressible.

M (Nester, Boisseou, Romin). In the symmebric case, conkexts and. one-sided
corttering cells coincide. Thus, they form Ehe free normal symm. cofree producidal .



RELATION To: LINEARLY DisTRIB. CATS.

linear ackegories provide semanbics for concurrency. Can. we compase?
* Types track polaribies assigned. by the user, instead of send /receive.
* Much, richer struchure : choice, fixpoints, ...

Surpﬁ's(:g(ﬂ, {he\'e is some cleas malthemah'cql. connecbion .

CONJECTURE. _|SOMiX cnhegorws are normal duoidal categorw.s
A normal duoidal (C,x,aN) is iSomix (C,@-x,¥-q,N).

@) Cocketh et ab 5 Bluke, Cocket, Seely
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ProbuoiDAL ALGERRA

B o oF MoNoiDAL CONTEXTS
| &2 Earmshow, Hefford, Roman .
Composibion ' derity

ParALLEL ProTeENSOR
SequenTiaL PROTENSOR




Algebro. of parallelsequentiol decomposikion. (FoYduoidal cakegories.
Semantics of incomplete diagfams . Monoidal contexE .

Message- passing. Serd - Receive. {ypes.



E NDORELATIONS IN A MoNoiD

let M be any monoid. Endorelations Jorm a. duoidal pasek. Commitative d M is.

R4S (x,y) = 3z. R(x2)a5(z4). N(x,y) = (x=y),
ROS (x.8) = Torxexs) R(x8) A SGusdr (useg), T Gog) = Cecens)

For instance the ficst laxator says
R(x:2.) AS(21:40)

(R<Sr8 (R4S (x,y) = Ixxeyge2za. xoxo 4 R beiz) A5 aige) * 9:9:29 -

2.2 R(x::2.) S(@y)

e Sy
— Bx.ng‘ylz'z,:'. XXXy A R.(Xz'.Zg)A ZIzz‘:lelA S(Zi 581,) A 3.31‘.’3 .

Normalizakion gives offine elafions or biaffine velabions.



PROFUNCTORS

ae::'l;l&mr A Frojw\ctor P:C»D
P:(™*xD — Ser.

E | , 0.jom sets P sY)
e e
with actions
(>): hom(X;X) x PCx;y) = POGY),
©: Px.y) * hom(Y;¥) = PG;y"
thok ore Junchorial. -

1>(p<9) = (>p)<
i’igﬁg=(£si)>Pp .

Frojunctors compose via. coends
PQL) = PixeY)=QET)
= |Y_B| P&Y)*QMY;1)w,, .



NormaLIZING DuoiDALS

Consider . duoidal V. 0,1.4,N), | Lo rormal , we reed.
l:ochangﬁ@wcﬁtt:f@hl iso.unil?.N v va o rorel gy, e

*N is already & ®-mowid, wth NON-N and T-N.
* The cakegory™ of N@-bimodules is monoidal:

Ne(AdB)eN — (Nan)@(A4R)e (NaN) — (NeAeN)4 (NeREN) — fAdB,

o, e e e ot ekt oo e e frex (0,

AleneB = fleB —* Aeb.

Gaeer, Lo ). b Ve, 1.4,N) o duoidal wi i izecs,
e s, o & i e ez



NORMALIZING PRODUOIDALS Moot e,

Consider o produidal category (V. 0,1,4,N), We can awwavs” rormalize it
There is a. “bimodule promonad’, and, ifs categoy gives @ nofmelizakion.
NV(X;9) = W(xsNeveN), NVXsY) = WxsNeY),
NWV(X;¥+,2) = V(x;(NeYon)<Nozon)), NV(X5¥<,2) = W(X;(NeY)<(NeZ)),
NWV(x;Ye.2) = V(X; NeYoNoZoN), NV(X3Ye,2) = V(X5 NoYol),
NVsn) =NV(X5T) = W(xs N), NVOGN) =NVXGT) = V(X N).
weorem (EHRLD). Lt (Vio,1,4,N) 0. produsidal cabegory. Then, (N, ow,24,N)

is o, normal Pfoduoidal.. Morever, WN: Prodvo — Produo.

weonen (EARLD). Lot V0, T.4.N) 0. prodhoidel. clegory. T, (Y, 0, 40,)
is 0 no"nd.sympfodum}dnl.. Moreover, W: Prodvo — Produo.



NorMALIZING SYMMETRIC DUOIDALS

&nsgggz s%n?mmlr?ri i.\\/vﬁf.d’m. H we wark o vormal. cabegory, we reed.

* N is aready & @-monoid, with NON-N and T-N.
'The‘fnhegou:‘jyo} N®-modules s monoidal s

N@(A4B) — (Nan)@(A4B) — (N@A)a (NOB) — fAdB,

o, e e el Ly Cof e e e e (00

leNeh = feh —» flob .

ipgzFon). e (V0,7,4,n) o syn” duoidal. it vl opualizes,
el Rl vl e i





