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Part ©:  Process Theories




“hello™ [{ "world"

E XAMPLES
! ~N
e

g Supr Moscarpre |
| | '
trock ] [crack gram.:
while shl;l. K shldl \lP'k / ’
while \ _ R ' [Pflﬂt |
B beat 7/ f T
W"U.,Sk \pasbe
[str_] q - | . | . A decision
cryplog )

hiked J probkem.= ‘
[ Newcombs

paradox

Di, Lavore, Romda.

Looking recipe: crema. di Magcarpone.
Sobonainiski



MoNoIDAL CATEGORIES: PROCESS THEORIES

Monouial cabegories ase an algebm. of parallel and seg
String dingrams are an internal (a:;Juage of monoidal % mposiin.

T 9T 8 o

Process Pam.ud. composuhon Sequentiol composibion  Swap




MoNoIDAL CATEGORIES: PROCESS THEORIES

Monoidal. cakegories are an algeb
String ding mfr?s ae an intemal r%ax;{uaggr aﬁlftmomrllﬁldal. % composttion.

T @,

Terchonge. Law




Processes arRe PREMONOIDAL

Ruer. Robinson,. Fremonsidal Categories and, Nefions of Compitation.

Jeflrey. A Graphical View of Programs.

5] Romdn. Pomonads and String Dingrams for Effeckful ries. ACT 22,
Sakon, Megelbery. Linear Usage om%tofe. ey

“hetlo™ |{ "wordd® “hello™ | | "word®
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prink prink
THEOREM.  Olring dingrams with runkime ore the inkternal language of

premonoidal. cakegories.



Processes arRe PREMONOIDAL

{0 = do J0 = do
@t Q, - “h Q,UD“ (’et b - uworu'n
et b ="world” = leb o= “hello” o
print (0 prink (b) 7
prnk (b) prunk (o)
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i fasy, Ui operte of bnpute Hogrunaig Lggoges.
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7 T}
| ) [ [



Do -NotaTioN

RETURN
Bo:Aas..., 0n:An 2 O + relurm(a,, ..,0n) : Ag® - @A

() mem rl"t A
:(.E:, ,O.nAu»tr \“f(ao Q.n)‘* bo,... bm_s t A

GENs,T

Linear da-nntatjon S an ml:ernaL language for sym. premonoidols.

(a.a) = do
fa)>b .
g —b
reJM’n.(b b)



Do -NotaTioN

Iﬁ_% do m-tn:r’cahon s a eruétegnﬁ%m .la"ngn%@r sym. premonoidols.

X 4
X, y)=do
g g0 — a.b,w
{(a..X) —> z
hb.y) = 0
1 ( i returi, z,w) : ZOW
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Do -NotaTioN

ML%doﬁtn&tahm s eg&/eru}stergﬁkt Lajm%rultggwr sym. premonoidals.

X Y
x,y) 4 do .
] P%(b.y) 30"
{(.,X) — z
: ( K reburn, (z.w) : ZoW

Z W



Do -NotaTioN

p(o_gram

Linear Do-Nololion.
with. Inkerchange

(Symm)

Premonoidal. | SlUrng Dingrams ~ Linear Do-Nolalign.
(abegory with runtune Comm)



Part 4 :  Optics




OPTICS

permion. [et €81 symm. monoidal

fin on'L from A b B with o hole
from' X to ¥ is o pair of morphisms

f:A—XeM,  g:YeM—b,

wrilten. 03 <f19>, and quotienked
by dinokiufolity on M.

(fstideh) | @) =< | (dsh)sg).

Riley. (akegories of gplics.




OPTICS

pernmion. (et €,@,1  symm. monoidal

fin opl:iL from A o B with o hole
from' X to ¥ is o pair of morphisms

{A—=XeM,  g¢:YeM—B,

wrilten. 03 <f19>, and quotienked
by dinofiusolity on M-

(fstideh) | @ =< | (dsh)sg).




OPTICS

pernmion. (et €,,1  symm. monoidal.

fin opl:iL from A o B with o hole
from' X to Y is o pair of morphisms

f:A—XeM,  g:YeM—B,

written. 03 <f19>, and quotienked
by dinokiufolity on M.

(fstideh) | @ = S| (dsh)sg).




OPTICS Form a (ATEGORY

I" f
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OPTICS Form A MonowaL CATEGORY
Tensoring is (§e(¥] = (3o, and
L |ﬂ'

S| ,
el et
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OPTICS Form a DuoipaL Catecory 7

Seguendng (s 10¢ ot opesakion.: M

[)\;] [XJ s not an object, even 9
when [v] (5] +(§) is defined. |

This is not monoidal, but i is - __:
still promonoidal . ] [B [)\SJ [c] PR

[ ] [y]“’ [HJ




OPTICS Form a DuoiAL CATEGORY 7

Seguencing (s ot an gpeation, &
defines o hom-set o an object {hat
does not really exist.

1Ly is v o djec:

but (3]<(3] +[g) s defied.

This is not monoidal, but i is
still promonoidal .

1< 2



OPTICS Form & DuoipAL CaTEGORY 7
Seguencing (s ot ax opekion, & X §
defnes o, hom-set to an object {hak ey
does not veally exist. 9:
o83 i o on s
but. ($Jo(§] (8] is defined.. X

Y
This is not monoidal, but it is b
still. promonoidal. e c .
[y]‘ vi~ [CJ




OPTICS Form & DuoipAL CaTEGORY 7

Seguencing (s not an. opemtion, i
defines o hom-st to on object {hat
does not veally exist.

] [XJ s not onob)ecl;
buk [J ) +[§) is defed.

This is not monoidal , but i is
till, promonoidal .

[ J [y]" [H]



Promonoidal (ategories




MoNoIDAL CATEGORY

DEFINITION. A morwidal cobegory is o. cabegory € together with Junchors

B
: ' e(Yol),
. mean Junchor "

ond. nobucl. isomorphisms ' composition,
Ko AQ(BQC) - (HQB) @C’ § XQ(\/QZ) =

A.:10fl - A, . XeM whee M=YolZ.
Pazn@I -» A, %

ashing the porgon. aol gl b,

................................................



PROMONOIDAL CATEGORY

DEFINITION. A promoroidal cabegory is o. cabegory € Logelher wikh. profunchors

Co) GOC=ban Gld: €28 [ ey,
Md. WOL bged:wn.s WQ. mean P" uncl:or CO“\POS!': m.:.

oot GXOYOT)") — C((Xa\/)@z ), § EXeWoz)s) =

o 8&:? Ry ), § [ExeMs)=lyozim).

satisfying the pentngon. and. triongle equabions.

‘.-- ey R T Y RN TR R Y X W - peesy B X X NN ITYY N XX BE N XLY N J



MALLEABLE MuLTiCATEGORIES

[ggni;;qogiﬁgh ﬂgm%&udﬁmiegorg (s o mulkicategory where dinofuol

@) : ("M@« MAYEL) — MATLAD).

{{é/ P (& ] { }WWM

- The full. subrakenory.of malleable. mulicotegories is equi
R i et , e, muliategeries s equbulert




Part 2 : Context Theory




CoNTOUR. 15 ADIOINT To Seice

What is o caronical. algebra. of context on bop of 0. cakegory?
* Each, promonoidol. guwes o free cabegory, confour.
*bach cabegory ges o cofree promonoidal, confext.

Context
= FroMONoIDAL

CATEGORY «_ ™ (atecory
Conbour



Conhoumy promoroidal. cakegories generokes a mtegoty

RN Xeu %
J(@f °= “_,5 JC+)! :na Xa O:“X‘—»X".

The calegory provides ,, ﬁ (z)
imple porsing algebra. bo =0y
t?ﬂj promnoﬁ "’ e (G 2
or any mulkicokegory. (09)

| ™ "4 (xy) )"



CONTEXT For (ATEGORIES

(onsider ‘expressions with, holes in a. Category, like the Jollowing

UmgvemswW fomza, I, a:msb:mscmsd .

These contexts form. a. promonoidal cakegory.

Xl‘l XY X' Xy »w x"[/“
(Am (u; E_v—-‘ ™ asmsb;escsmszd)
ale ale ale als

A A ) R W R N s )



CONTEXT For. (ATEGORIES

®
D ®

\‘_ = w;fsKsgsvshsw
Uy asv; Esw
ale

These contexts form o promonoidal cakegory.
X|Y XY Xy Xy ¥y Xy
(Am 139 ™ E_v_-‘ sw) a; s Z‘Ti\l_s?:'l';"d')

als ale ale als

I I N o I W




CoNTOUR 15 ADIOINT To (ONTEXT

What is o caronical. algebra. of context on bop of 0. cakegory?
*Each cabegory gues o cofree promonoidal, confext.
» Each promonoidol guwes o free cabegory, conbour.
Conbext

= FeomoNoIDAL

CATeEGORY «_— CAtecoRy
Conkour



Part 3: ConNTEXT FoR MONOIDAL
(ATEGORIES




MoNoIDAL CONTEXT- CoNTOUR

What is o, canonical. algebra. of decomposikion. on. bop of a. monoidal. cakegory

- Ench monoidal cabegory gives a. cofree produsidal, monoidal context.
* tach produoidal gwes o. free monoidal cabegory, monoidal conbour.

st
MonoioAL ~—— FkobuoioaL
Catecory ~——" CATEGORY

Monotdal.
Conbour



PropuoipAL CATEGORIES

perinmoN. A produoidal is a pair of promonoidals

DK \\/of\\/x\\/-.SET’ V(e sn) : V™= Ser, "sequentiaj.”,
Vo) : VEVeY=Ser,  Wesx):V'=Ser,  “parallel”

Ore loxly distcibutes over the other, %

Y: @apro(CaD) — He(ra(BeD) ,

b dayec Vsequmhm

le: — 4
Py : — :':e: Q 4 'PQ!’OU,CL



MoNOIDAL CoNTOUR

Contouring produoidal. cabegories generotes a. monoidal category,

(+) %kt @/ X=X



MoNOIDAL CoNTOUR

Contouring produoidal. categories generales a. monoidal category. Example.




MONOIDAL ConTEXT

Consider ‘expressions with. holes in. a. monoidal category, like the following
Uy msv; EswW, K, f:(-®-)33, Pl 9.

These Coul'rxts form o produoudal cabegory.

X[y X\ UV
(») i 7;(Fon)sq -
AvB ade

W@ - -6 G- I-[BJ



MoNOIDAL  ConTEXT

& Cela)

(u:\-?\"?zswl

zﬁ

}

ﬁ’(h®(u3K;v:pgqgw)sg =

XY X WV
(] G Iﬂiﬁiisl (e1a]

AvB Al ale Ate

@ -l B-E BB =




MoNOIDAL  ConTexT
eorem . Opliced. moroidal. ascows are the cofree produwidal. on a monoidal.

| A
ea <IN i B =
(SR & "o 7
vh ?B q ° S{B

TR R I R B X I N



MissING

Splxced, monoidal Qryows hnve some (ssues :

e Th oke bial allel units iy .
: Prgmm inl:rosﬁggn a. lnta#bfraeraucra@ on l?;nn'}],s. iy
: A

bod:we
L E s BB N

O I R A I




NEXT

M P («ﬂhzal:wn NORMAL

MoNoipaL 6ODUOIDHL FeobuoipAL
CATEGORY  w— CATEGORY | =~ CATEGORY -
l . > NorMAL
e ~  DUOIDAL DUOIDAL

PemonooL ~ CATEGORY ~——— CATEGORY
Catecory &n'g

Conkour



Part 4 : DUOIDALS




DuoibAL  CATEGORIES

Duoidal categories have two tensoms and. one. dishribukes over
the other. We inberprek

(@ N) oS sequentio). tensor; “X, ond then Ys
- @)3) s pololel {ensor, X and ¥ ot e same tine”

When the unit distribukor is an isomorphism, T=>N, £ is normal
A norial, -symmelvic dwoidal, is o physical. duoidal .

i M. 10



NormaLIZING DuoiDALS

Teorem (barre, Lopez frano). leb (V.o,1,4,N) o duoidal wikke veflexive

Copguolizers, preserved, by (®).  Ther , (Bimod R, 0w, N, <,N) is & vormol
duoidal..

N is The unik of the cwkegory of N@-bimodules, which is wmoneidal,,
Ne(fAqaB)oN — (NaN)@(A4B)e (NaN) — (N@AeN) 4 (NOB®N) — AdB,

but we requite reflexive coequalizers o define the new ensor (@),
ond, these czgquoli}uar.sJ need l:?iqe Presewed bj[l(ca) ,

leNeP = fleB —= feb .



NorMALIZING Propuoipals

meorem. We can ALWAYS nermalize o, Prodiwix{al Category.
Nor V(xsv) = V(x;NevYeN),

Moveover, Nor : Produo — Produo ‘ t monad.,
con(,)sl:m,cting Q. jre(e(,) normalizotio b " on. {dempoten

It is not thal only some duoidels are normolivable. Every duoidal
1S normalizable , but the fesult Moy be o procluoixlal..



MoNOIDAL  ConTEXT

TeoReM . Moroidal context is the cofree preducidal. on a moroidal..

C_:{_"l | A | A | A
); | A XE{J x,‘;.]r_.:-—l'!.x' ER
xﬁ JB g by gt gty o
s 15 13 qg

B0 -l BB D -8



NORMALIZED MoNOIDAL (ConTEXT

THEOREM . Morwidal. opbics ore. the free rorlizafion. of momoidol confext .
A

S }a
); H JI(F\
Ll ¢S
Y B
B

I I




NEXT

S NORMAL
YMMETRIC " OYMMETRIC @SR SYMMETRIC

ONOIDAL T P&ODUMDAL +  PeovvoipaL
CATeGORY Soomoe  CATEGORY v CATEGORY

1 Mon. Splice 1 Jocolizakion NORI_MAL

MonooaL ——  Peoouoipa. =2 DAL
Carecory ~——— nrseonvs ~ nreeouv -~
) > NorMAL
S > DUOIDAL DUOIDAL
Fbuce.

PemonooaL ~ CATEGORY ~——— CATEGORY
Catecory \/ “ﬂ]’g



NORMALIZED SYMMETRIC MoNoIDAL ConTexT
THEOREM . Monoidol oplics ore the froe Tornulization. of oroidol context.

G-l B B0 e



OPTICS aRe UNIVERSAL

| NorMAL
IS,\VMMEmc Moo spie  QYMMETRIC @i SYMMETRIC

oNobAL _ v . Peoovopar ~ ~ . PeoovoipaL
Catecory Mhon. Conous ATEGORY  Forgt ATEGORY

1 Mot Solice 1 cadizokion NORlMAL

MonoioaL. —— PEoouolom. = DAL
Carecory ~——— nrseouvs ~— nrseouv -~
. ~~ NorMAL
. . DUOIDAL DUOIDAL
Phce.

P .Dﬂ._ CATeGORY >~ Carecory
Carecory \_/ 8“' onio



TOWARDS MESSAGE  THEORIES

Optics are the free normalization of the cofree produoidal.
over o. monodal cokegory.

- This explains optics as supermaps or data-accessors .

- BuL oplics also decompase  commurnication. protocols.

O
. / s s tEar‘C

brinas us -
sbmgsdg Message
passuy.




Part O: Message Theories




MESSAGE  THEORIES

Seb of lypes, representing resource ypes: X,V,Z,..
Two ackions for each resource: send. and receive,
X* meons “send X
X° means “Teceive X
Lists of actions represent sequencing of the ackions.
['=X0,Y T W mens “ask for X; send Y and then Z; finally, receive W



MESSAGE  THEORIES

XX A I' A

- NOP LNR

e X T A [T Al

SWFo

Uy nothing is o. session.
: We can, creake. 0. receive-serd, “echo” session.

« We con receive what we just senk.
+ Events con be m&rleaved in, ony order.
* This presenks o. monoidol  multicalesors .



MESSAGE  THEORIES

Duolities Shuffling
r )
A/ TEEA_ T Al
¢ CKKA [LA [TAL
* Doing rothing is o session..

» We can creake o, receive-send “echo” session..
« We con receive what we just senk.

+ Events can be inferleaved. in any order.
* This presenks o. monoidal mulicaliegord .



SHUFFLES

XXXXXX

uuuuuu



SHUFFLES

L) ) O

e

(¢ [ &7 o &« 3] = (o o o] (¢ & ] 3

AL oy

THEOREM. Stuffles form, the free phusical monoidol multicokegory .
. 0 hosackerizafion. of the | to
o, o [ e 4 o i




POLARIZATION

"lBPo lorization tés Leftby
1 T
Tttadgqmt toking MonGal' ™ MonGak

The ree polarized. monoidal. ke over o. monoidal has & duality
(A*4A°, ea.na) for each object A, and pair of fundions {:A—B
ad {>B=A° that are duals.

Q " I [ a
- | . 4\,:._ bl =(19 ;3
ﬂ& , | m




MESSAGE  THEORIES

LN®

o A
A [LA [[ Al

SWFey

A XX A I
WK

Dervokions of the logic of message heories are multimorphisms
of the free polarized. phgsmolrrwnmdaL mulkicategory over o set d types.

» (o, we chosocterize these?



PolAR. SHUFFLES

X 92 ¥z wve
A, L& Polar stuffles are bijections
As+-+AptX° — Aot +AR+ X
w*}:*v. o vt gegt

Polar shwfles  coincide. wikh dervodions of a message theory.

;?Log’ shugles form {he free polarized. physial monoidal




PolAR. SHUFFLES

x H Z° H° 7Z°* W ve
L& Ty Clienk (ue, x2, v*) {
ﬂa.( X% Y°, 'Z°),
Az(ve, z2, ue, ve)
..).
u x° V*

)otlﬁrr shhﬁﬂf/ws coiride with defvodions of hﬁs Lcn;fssage {llmry.
olar stugfles form e free polarized. prusiel monot
Eeobeqory P




MESSAGE THEORIES vs Process THEORIES

Sessions of The free message

theory over 0. process theory

e sting dingfoms extended

vibh, “enc” ond “ecee” effects.
R

AR 3
for each objeck Ae Moy

The cofree process theory on
o message theory has as morphisms
the “receive-then-send.” sessions:

X, Y°.
THEOREM, .. .
OYMMoN - _ Ms6
Serd-Recelve



Part 6: Examples




ONE-TIME PRD

BroadbenhQ Kor\/onen pase a.formaluab.on. ofﬂmombme pad na
gmﬂma, nlgebm.w oan inbegml .

Frib it

We. can reason. about securily using string diagrams.
& Broadbent & Korvonen. Galegorical Compusable (ryptography.




MuLTI-ParTy PrOCESSES

Ve v bkt e ok o b s s o ol e o

keeps a bik (n memory.

o L) % f}?







MuLTI-ParRTy PrOCESSES

alice(msg, key) = do
crypt <- xor(msg,key)
return crypt

oneTimePad(alice,bob,eve,msg) = do
key <- bobe()
crypt <- alice(msg, key)
() <- eve(crypt)
msg <- bobi(crypt)

return msg \
bob() = do

key <- randomBit

'key
2crypt
eve(crypt) = do msg <- xor(crypt,key)
return crypt return msg

These ollow for code modulariby.  Send, and, veceive ypes arise natuvally.
0 gifhub.com/ meomarl? / P(oduoidal- dgebra-wale



NexT Steps

* CONJECTIRE . Rurtime. wie, dingrams for Fremowidal # Freyd, bicitegories wock ‘ss expected”.

Strong Beudomonads and. Remonoidlal Bicategpries.
Gmsb.el: Symmetric Monoidal. 2-(afegpries via. Wice Diogroms.

* congecToRE.  [ype theory for message passing over a. Mmoraidol. mmcks sond [receive. bipes.

We can extend bo branching @/& and. iterabion., in multi-parly session using linear ackions ond. feedback .
& Mulfiporty Asyudlronou.s ion. Types.
e The Logw of Message Passu:cg

6 Caanur Fostar- utonomaus Categories.  unpususten.

The “Markov with conditionals"case. is of parbicular inberest - good. charuclerizabion
* GAME Semanmics,  Vast lkenture o ompore to, ouside the original. scope.



END




ProoF: folor shufiles are. Message. derivations

1. Stuffles forin. the free. physical monoidal multicategory. Prop 42

2. Message theories are shudfles with dudls, by definikion.

3. Message theories are the free. polarized. physical. moroidol mulkicategory.

4. Message theories are coherertt, by finding their nomal. form. Tim, 442

5.Rlor duffles are coherertt, by definition.. Prop 444

6. A polar shuffle bebueen. some types exists if o, message theory desveition. exists.
7. Polar shwffles are message theory dervations. Prop 449

8. Polar shuffies form the feee polarized. physical mon. multicotegory. Than 4.4.4




ProoF: Sessions andl, Rocesses forin. an. adjunction

1. We construct o effectful cabegory of sessions over a. gfrick sym.mon. ok, Def 453
2. Sessins form 0. message theoy, by topdagy. Prop 456

3. essions are combs. Prop 455
4. There exists o, unk  inProc: € — Proc(Sesson(€)). Lem. 453

5. Secsions and Pocesses form an adjunclion. Thm 459




ProoF: String diagrams for efleckful. cofegories

1. Broiding runkime forms  cligues.

2. Broid. digues on the rutime monoidal. form o effedful, EFM.G). Lem 175

3. There exists an id.on objs. Mor(V)—> EA.6) preserving mon.strudure.. [em 176
4. There exists o, wiigue efectul funclor out of Mont(V)—=EHWLG). [em 4177

5. The free efectful has morphisms A-+B {he Refl—>FeB df the runkime moroidal.. Tim 178
6. Jtring dingroms with runtime ae o language for eflectful. cafegories. cor 179



DuoibAL  CATEGORIES
Duoidol. citegories ore ot coherent, thete are tuo ormal. maps

1441 — jL .

However, physical. duoiddal categories e coherer: e fee phusical. duoidal. over a.
s of objects (s . ull subcategory of poset inclusions. There is of most a single
morphism. bebveen. &y tio objects where every type appenss exadly once with

each voriance.
e Ae(B<C) 7> (AeB)<C.
Qe ﬂ‘\
o T e # Grobowski ‘31

Gischer 33






= ap (1000€) ® (1-

2

2)p) (1€)

_E-'
Y

ey



MESSAGE  THEORIES

e LA TXXA T A
¢ XX A LA [TAl.
* Doing rothing is o session..

» We can creake o receive-send, “echo” session.
« We con receve what we just senk.

+ Events can be inferleaved in any order.
* This presenks o monoidol muicalegory .



SHUFFLES

The physicol. monoidal. multicategory of shuffles over ar. alphabet Z hos

bjecks ds of L*;
gnﬂi:unor;che m‘gorsm?t’( (g, - W s w) 0re Shufflings ko w.

his s ot posetol, in fack,
N+ 4N ]
#FShuuf Q... Q0 5 qher=+e) o TS

El)cz&?ser ‘f@% (zuteter appears exactly once, then the suffle, if it

exameie. Unigue possble stuffle  xy, wz — xwyz.




NEXT

Mon.. Conkext
MoNowaL ———  FrobuoipaL

Catec0RY <——  (CATEGORY

Mon.. Conkour -
l : l "~ DUOIDAL
Sonbet oaL  CATEGORY

Catecory ~——
e ATEGORY



PrREMoNoiDAL CATEGORIES
P(emonoiAn.\. mhegorizs exlend. moroidal 001290( 2S Wiﬂh eﬂects.

T C 3
71 —J
8 g 8 g
Foillure. of  Interchonge
THeoreM,  Slving diogroms with runbime  ore the inkfernal language of

premono(dal. cakegories.

71 Jeffey €2 Romaon



NEXT

| . NorMAL
YMMETRIC Mt  OYMMETRIC @il SyMMETRIC

oNobAL _ + _ FeoovopaL ~ ~  FeoovoipaL
CATEGORY Soorow  CATEGORY ~Fo=  CATEGORY

1 Mor. Splice 1 Notaalizokion NORMA‘-

MonoibaL ——— Froovoipar =" PropuoipaL
Camesory <~ earseonvs ~ CATEORY - \
. i~ NORMAL
S ~ DWOIDAL > _ DUOIDAL
Fuce.

i Péomlm,_ CAtecORY > CATEGORY
ATEGORY

T

CatecoRY ~—0—

Contour



MoNoIDAL CATEGORIES: PROCESS THEORIES

Monoidol. cotegories are coherent« there is af most @ single morphism bebiveen, any
two objeds in the free monoidal category over some objeds.

Ae(Be() > (AeB)e(
Symmelric monoidal. calegories do ot sofisfy the some. properly
AeA T > AsA

Stll, they satisly ongther oherence propeity- there is of must . single. morghism.
beliween ary tuo objecks where every type ppenss exactly once with. each voriance.

Ae(Be() > Bel(CeA)




POLARIZATION

The second. ingredient for message possing (s the duolity Seno/Recewe.
Q uch% S o poir of objecks with two morphisms (LR, e.n)

“Polorization s
ol | g odit o tokin
E 1 el adjinks.”
The free polarized. monoidal. categog Leftby

over a. monoidal. h Mon(ak « — __ Mon(ak

Polar



MESSAGE  THEORIES: AxIOMS

Linking is Mharal with respect. 1o Slmf/kngs
s M
l-" x Xo r’z Ty, |-1 X X rl A“;Az’-
r‘., 2 DBa = [REAJGX, XL G:Al :
EI?;A«L,EG;A:]: HPH VI PANPHAY)
Spawning \SMhAral with respect to Shuﬂlmgs
r r; 4, r;. A.Az

[, XX YT, Aq,A‘L =  Cl3Ade, ClazA2e 5
[R:A4e, X, X, Cl25A20: CR:Ae, XX, Cl2s 021



MESSAGE  THEORIES: AxioMS
Stuffies  compose as in the mulbioteqy ofshu{(\es

= im
im, Emz im, 3"\3 [":”]* b
r" r;- §m3 ‘4‘” m, rl r3
Ml s =L _luble M im, o imy im,
[[.Flir‘;.]a’iﬁlt [G;LESE]‘I:’]G" r A (ﬁ.) A ‘— .

Tis ts thefree. rormal. monoidal. mullicateory on o sek of types.



MESSAGE  THEORIES : AkIOMS

-ﬁ*—‘i— b, 'Z’XZA. o
LXEXXA =:im 5 [LCXXXA =im
XA XA
Spawnirg and. lmK«g inkerchange . |
nann X 6
CXXLYYG 00 G ,
AR R AA

This s the free. polarized. rormal. monoidal, mulkicokeqory on. a seb of Hypes.











