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MoNoIDAL CATEGORIES: PROCESS THEORIES

Monow\al cabegories are an algeb of parallel and spquentinl
diagrams ae an  intemal (a:;{uage of monoidal ugll:egonecg mpostion.
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MoNoIDAL CATEGORIES: PROCESS THEORIES

Monoidal cakegories oxe an algebra of parallel and sequential composition.
String ding rwev?so e an mteﬁlgleb (ar;{uage of monowlnl. cakegories. P
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Sugar”  Mmascarpone.
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TIME 7

Three ideas from Timing in Span(Graph).
4 Waiking, &-transttions, help synchreniziag. (a
2. Two boundories : synchroniting vs sequential.
3. Synchronization is ndt /0.

& Cherubini, Sabadini., Walters.  Timing wn the CosPan'Span. model..
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TDEA: SYNCHRONIZATION

We use the string disgmm caloulus of double  categories.
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TIMING N DouBLE (aTEGORIES

A polygraph P is o signatute for o monoidal category : <

n

- 0. set of objects Gobj ; and
* 0. seb of genefators for each two words of objects. 7
'G, (xo, ceny Xn 5 ya, ...,\/m). Yo Ym

Additionally , we assign Q. weght to each _qenefofof ;
We define o weighted ™ polygraph,

w G(XO,...,X\-\;Yo,...,ym) — N.



TIMING N DoUBLE (4TEGORIES
TiMeo PROCesses.  [IMECP). Single- objec(: double cafeqory with

biecks
arrg)aur’?owso '(’he morwui of tﬁe
reely generated by a wagkted pol_:_.ggra.ph, plus ‘waiking’.
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PINWHEEL DoUBLE (4TEGORIES

l"fgrm”‘ﬁf ﬂd,uueihm ?mwhed. ae the only obstades to the string

E{Lﬂ}%rm ﬂlee{me the ndbo&
FinwheeLs v %ﬁ?x w;.:ﬂ\
bi.caszegor:es instead..

22| Dawson




PINWHEEL DouBLE (4TEGORIES

Lh:ﬂrm}ﬁl, ﬂduueﬁ% ?inwhed ae the only obstades to the string

Either define the ndtion

“double ofu with
;{ix\wheels "c:?am‘?x with
bi,co.teaories instead..

#1] Delpeuch, Vicary

£z Dowson.




TIMING N DouBLE (aTEGORIES

oy S & P e i oen ot

morph.: Tie(G) — Free (Utine §)

: ime(G) — B




TIMING N DouLE (aTeEGORIES

We impose an order welation between timed processes: =5 whenever

e morph (r) = morph (s)
.+ timp (c) € ggg(s),’ oec.
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TlM\No N DouBLE (4TeEGORIES

mﬁ F‘?ggfnssis’ n;{majimg ‘hme, bounalnrg LineN Time (3 jn),

T r']{l- . r'] -

n+m mox(n ; m)
Se,qvex\’ﬁok Parallel. IJenﬂg
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TIMING N DouBLE (aTEGORIES

The interchange law is oy an inequality.



Part 2 : DUOIDAL




Duoan (ATEGORIES

A . is a cabegor ith two monoidal structuces
(€,e,1) %%.ugoﬁq ) (ssudt that” the ln.l:tzr ?.bumtoes over sth‘;.l former

£: (A<B) ® ((4)) — (Ae()<(BeD)
m: N®N — N,

U: IaI — I,

c: T — N,

T'El“efé are subject o some “coherence conditions™ as lox monoidal
Hvocd. EcKmom Hillon by being lox.




DuoipAL (ATEGORIES,  INTUITION
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parallel Sequertial interupt  doing rore
nothing  dependencies
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DuoiDALs v ADJOINT MoNoIDS

. The endocells jourt pseudomonoi duoidal
o o oyt predonenci. fo o dusidel el
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) Garner, Lopez Franco



ADIOINT MoNOIDS o MAP MoNOIDS

In o mnnmdal, bicategory, an adjoint monoid s a monoid - comonoid

Oddo
YA gt
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ADJOINT MONOIDS o MAP MoNOIDS

In o mnnmdal, bicategory, an adjoink monoid (s & monoid - comonoid.

ﬂddo
YA b

2 o] [l 4

& Morehouse. & Carboni., Walkecs




EXAMPLE

Notuol vumbess with sum ond moximum ore o. pasetal duoidal
max (a+C, b+d) =< max(a,b)+max(c,d).

Endorelations over o commulative monoid . A
ey N
{ay {b,c} 3 (f\ 0

Endoprafunctors over o. monoidal cateqgory.



DUOlDaL (ATEGORIES : (OHERENCE

Coherence ony two parallel mops constriucled.
out of staudure maps and formally @ped. commute .

In the Ukerature, 1his is well-Known. ﬂppears in prnk.



DuoibAL (ATEGORIES : (OHERENCE

(oherence : Two parallel trucled
out of stramuaém«ups nmr {or««{nll_qaps 'fgpﬁ comurute .

In the Ukermtuce, this is well-kaown.. prears in prnk.

prorosirioN.  That coherence. oloes not hold..
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DuoiDAL (ATEGORIES

» We do ndt need morphisms now, poselal
LS enough

. We want (1) to P\OUC Q-'(ﬁPed ComPosi'h'on.
- The duotdal needs to occur beluveen
(9) O.Y\d (‘9’) = (4) .






l_.ix_ FUNCTOR

DEFINITION. et (€%)
A lox funckor F:€—D
that moreover satisfies

F({) s F(9) < F({29) and, id « FQid).
We moy consider mafural {ransformabions betieen Them.

+ Normal. lox functors preseve. iderttities.

méis (ﬁzhs) Buo poselally-enriched monoidal calegories.

be
assungment on objects ond morphisms




LAX-INTERCHANGING MoNOIDALS

DEFINITION . A loxly interchanging monoidal oy S O Loca!.g oselal
oo (€53 dmact. i o unc F

@: ExC—C oad 1:4—C,
thok, for vow, we assume to be stridly essociative and wutal.
Loxiky implies :
e(,9); e(fig) = o(fsf’; 339 Moy of these are

d =z e(d,id burmal':aﬂc;Kwe
id-2 d- = Wd con jusC pic
%ﬁ: ’2 Cdi[; : nor rrJuL LEX -functors.



LAX-INTERCHANGING MoNOIDALS

perNmon. A loxly interchonging monoidel ory S O Localg osebal.
cafegory C€,2) (éjudnwed wﬁlmug‘bno lax {mﬁg 7 i

@: ExC—C and 1:4—C,
thok, Jor now, we assume to be strdly associative and wntal.

Laxiky implies :
e ({'@q) = ({3{1eQ;39 M these are
%c{i@ag )&’(ig‘{ c%f ) /370439 burqe%gcgitcc 3Kwe.
Ld+ 8 ( = ( can usC ple
lfcd(: % iy ' norrgul, Lgx funclors.



FUTURE Work

Ttme, Tlfm
OJPOBG( = ] DOubc — Lox|ritMon

v J/ \l’ Vorl
PolyGr 2 MonCot
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